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Titchmarsh’s theorem of Hankel transform

Hankel transform (or Fourier-Bessel transform) is a funda-
mental tool in many areas of mathematics and engineering, in-
cluding analysis, partial differential equations, probability, ana-
lytic number theory, data analysis, etc. In this article, we prove
an analog of Titchmarsh’s theorem for the Hankel transform of
functions satisfying the Hankel-Lipschitz condition.
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1. Introduction

Integral transformations are widely used in mathematics and physics.
In fact, methods associated with these transformations have found a vast
field of application in recent times, such as data analysis and processing.
We distinguish several types of integral transformations [11], and the most
commonly cited in literature are:

e Fourier, Laplace and Mellin transforms [2,4].
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e Bessel Integral transformation [5], or more exactly the Hankel Meijer,
Kontorovitch-Lebedev integral transformations [3, 6].

For reasons of application, any new result in this area is of theoretical and
applied interest. Among these results is the generalization of Titchmarsh’s
theorem [10]. Titchmarsh has given a relation between a function f(z) and
its Fourier transformation f (u), where it stated in the following theorem:

THEOREM 1. [10] Let a € (0,1), and assume that f € L?(R). Then
the following are equivalents

1.
|f(x+h)— f(@)],2=0(h") ash—0

/u|zzv

where f stands for the Fourier transform of f.

f(u)rdu =0 (N>, N = oo,

Later, this Titchmarsh’s theorem had been generalized for some integral
transformations, namely:

e the Dunkel transformation |7,
e the Jacobi transformation [1],

e the Fourier-Walsh transformation [9].

2. Hankel transform

Let f(x) € L?(R,), the Fourier-Bessel transform of order p is defined
by:
> 1
o) = By [f(a)) = [ Vol en s, us0p> -5 (1
0

where J,(z) is the Bessel function of the first kind of order p. The inverse
Fourier-Bessel transform is given by:

flx) = prl [g(u)] = /OOO Vaud,(zu)g(u)du. (2)
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We call (1) Hankel transform of order p, we can write:

Hy [ ()] (u) = /OOo VEul(zu)g(uwdu, u>0,p> —%.

For f € L' ((0,00)z**!) we can give another form of the transformation of
Henkel:

H, [f(x)] (u) = /000 (zu)! J, (vu) 2 de, =€ Ry,

the inverse formula is given by:

N
N

o) = /0 " ()} I (au)du /0 " (ut)t  (ut) f (1)t (3)

THEOREM 2. [10] Let f(x) be a function with bounded variation over
any finite interval (0, R) and

| 1@t < o

If p > —%, then:

N|—

%{f(:n +0)+ f(x—0)} = /000 (:Cu)% Jp(zuw)du /OOO (ut)? Jp(ut) f(t)dt.

At the points of continuity, we have the formula (3).

Using trigonometric functions, we can write the Hankel transformation

of orders % and —% as follows:
2 [ ,
Fy(u) = \/i/ f(t) sinutdt,
™ Jo
2 (0.]
F.(u) = \/i/ f(t) cos utdt,
™ Jo
since
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We consider the normed space L? (R,) of functions f : R, — R whose
norm is given by:

1l = ( / \f(x)!2da:)2

THEOREM 3. If f(z)a?*z e L?(R,), then the Hankel transform
E[fl(wurtz € L2 (R,), where g(u) = F,[f](u) is the Hankel transform
of f(x). And we have the Parseval’s identity:

/ g(w)P 2 du = 2°0(p + 1) / @) 22 de.
0 0

As a special case, if f(x) € L? (R), then we have:

[l du= [

We define the normalized Bessel function of the first kind by:

: 2T'(p+1
oV = 2R (Ve
(Via)
This function j,(v/Az) is the solution of the Bessel equation

" 2 —|—1/
y+p y + Ay =0,

x
with
y(0) = 1,5/ (0) = 0.
For 273 f(z) € L* (Ry) the Hankel transform is given by:

ubts

g(u) = m /Ooojp(ZCU)f(x)x2p+lda:,

and the inverse formula is:

aPts

2 e) = gy [, e

The Parseval’s identity is given by

/ lg(u)|* w?* du = 22T (p + 1)/ |f ()" 2 d
0 0
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3. Construction of the W,"(D)pace. Modulus of
continuity

In L? (R,) let the operator T}, be defined as

F(p + 1) T .. 9
Ty [f(x)] = / f (\/332 + h? — 2xh cos t> sin tdt,
VaL(p +3) Jo
which corresponds to the following Bessel differential operator:
> 2p+1d
D = —.
dx? * x dx

It is easy to see that

If f € C!, then

0

ol Tl =0

If f € C? then Ty, [f(x)] = u(z, h) is the solution of the Cauchy problem

12 2p_|_1 A o 1 2p+1 !
{ Uy + Uy = Upp + Up,

We have the following properties of T}, :

e T} is continuous, linear and homogeneous.
o 11 (jp(Ax)) = jp(Ah)jp(Az), for A > 0.

o T} is self-adjoint. If f(x) is continuous, such that

/ | f(z)|dr < oo
0

and g(x) is continuous and bounded for all = > 0, then:

/mﬂumﬂmm#“sz/mfuﬂmmmw@HMa
0 0
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o ||Th[f]— fll = 0,as h — 0.
We define the first and higher order finite differences of f(x) as follows:
Anf(x) =T [f(2)] = f(=),

and

Apf(z) = A(AT f(2)
k

= Y (V)OI [f ()]

1=0

DEFINITION 1. [8] We define the k—order generalized modulus of con-
tinuity of function f(x) € L? (R,) by:

k _ k
W (f: 5) - Oilligd HAhf(x)Hp(R”v k > 1.

This modulus of continuity checked the following properties:
1. w(f,0) — 0asd — 0.
2. w(f,8) N
3. Vne N:w(nf,0) < nw(f,9).
4. ¥(61,02) € Ryt w(f, 014+ d2) <w(f,d1) +w(f,02).
5. If f(z) € Lip(«) then w(f,5) = O (6%).
6. VAER:w(Af,0) < (A + Dw(f,9).

Let W;k (D) be the class of functions f € L? (R,) that have generated
derivatives in the sense of Levi satisfying

W (D" f,8) = O (6").

where D is the Bessel operator defined before.
We have:

D /000 3p (uh) jp (uz) g(u)u*du,
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then:

T, [f(2)] - f(x) !

- BT | Gty = 1), () gy

Combining with the Parseval’s identity, we get:

I [ ()] — f(@)]? = / Gy (uh) — 1) g(u) 2w du,
for any f € Wi (D), we have

RURNTE: o r
A0 1) e gy = ) G o) = 1 g2

4. Main results

We consider the function f(x) € L? (R+,W§’k (D)> with & = 1, such
that:
w(D"f,6)=0(6).

And we have:

180D F@ s awseon = | G k) = 1P lo(w "
DEFINITION 2. Let f(x) € L? (R, W4 (D)), we say that f is a-Lip-
schitzian, (0 < o < 1), if
|‘AhDrf(x)H%2(R+,W2T(D)) =0 (), h—0.

The main result of this work is the following:

THEOREM 4. Let f(x) € L* (R, W5 (D)). The following are equiva-
lents:

1.
HAhDTf<$)HiQ(R+,W5(D)) =0 ("), h—0.

/ lg(w)[Pdu= 0O (N2), N - c0.
u>N
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PROOF. 1) Necessity: Suppose that for f(x) € L*(R,, W3 (D)) we
have:
r 2 «a
|ARD f(x)HL2(R+,W2’”(D)) =0 (h2 ) , h—0.

We know that for hu > 0

N

Jp(hu) = O(uh) ™2,

hence:

[ atrae= [ G lgtlde= [ =g gt du

— [ 0= Gy ) )] du. - (for a € R

2—a

< ( / i |g(u)\2du)2 ( / ZN(1 — jp(hu))a |g(u)\2du)2 , (by Hélder inequality),

a

:( / \g(u)\%u) ( [ i = gy gt u-<47“+2p“>du)
u>N u>N

<ty ([ jgpad) ([ a0t s
u>N u>N
Since f € WJ (D), then

[t ) gt du
u>N

< / a2 (L — g () g () du
0

For a = 1, we have

IR R

<t (g ([Carena - gl
u>N 0

/OOO at (L — iy (hu))? |g(u)| du = [|AnD f ()],
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then
[ JgwPau= [ Gyl du
u>N uzN
T ( / \g(u)\2du> |AWD" F(2)]].
u>N
Hence
[ latwldus [ i lgGP du
u>N u=N
u>N
and
[ awran<omn [ jgwfan
u>N u>N
ety ([ g fan) 180 o],
u>N
but

(1-o@n ™) / O

o (Wi ) ([ gl a) jar ).

We suppose

h = %, for all C >0, then 1 — O(C’)*pfé >

N | —

So

J—

/UZN lg(w))* du = O (N;‘(—4r—2p—1)) (/@N \g(u)|2du>2 1ALD" ()]

then

[N

10w ) ([ jgla) a0 s,
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which is equivalent to:

([ laPan)’ =0 (wicr2) ja0r ).
u>N

[ Jgtw)fdu =0 (NCTED) D @)
u>N

and

For
IALD" f(2)]” = O (k™)

4T+2p+1

with h = % C > 0, C is chosen as following C' = N~ a >0, and N > 2
such that {

1-o0(@C)*" 2> 3
SO

/ |g(u)‘2 du = O <N—(4r—|—2p+1)N(4r+2p—|—1)N—a>
u>N

2) Sufficiency: Suppose that

/ lg(w)[Pdu= 0O (N2), N - c0.
u>N

It is easy to show that it exists a function f € L? (R, ) such that D" f €
L*(R,) and

o — 1) / )t g ()

221 (p + 0

Combining with the Parseval’s identity, we obtain

18D F@IF = [ la(P (1 = o)

_ / / |g 1 - ]p(ux))2u4r+2p+ldu]
O<u<N

= ]1+127
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o= [ 1o = jpfun) Pt

I

)
— v
2

\g(u) |2u4r+2p+1du}
u>N

n+1
/ ]g(u) |2u4r+2p+1du}
n
n+1
n4r+2p+1 / |g(u)2du}
n

art ([T gpau- | gWWmQ}

n n+1

nir+2p+1 / \g(u)|2du . Z nArt2r+l / |g(u)2du}
n TL:N n

N‘“”“p“/ g (u)|*du + Z [(n 1)t n‘“"”p“} / Q(U)|2du}
n=N n

N

N4r+2p+1/ \g(u)|2du + Z n4r+2p/ g(u)|2du}

N n=N
— O {N4T+2p+1N—2a} + O {N47“—|—2pN—20z} .
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L[

with h = %, C > 0, C is chosen as following C' = h'T® > 0, such that
pr 1
I O (C) 2 Z 57

then
L=0 (h4r+2p+1 poldr2p+1) g~ (4r+2p+1) p ~2a ) ~20 h2a) I

10 ( pAr+2p  aldr+2p) p —(4r42p) =20, —20 h2a> .
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I, = O (ha(4r+2p+1)h—2a2) +0 (ha(4r+2p)h—2a2>

— 0 (ha(4r+2p)h—2a2) (ha + 1)
— 0.

Now for I, we have:

I = / |g(u)\2(1 — jp(ux))2u4r+2p+1du.
O<u<N

we say that for 0 < u < 1:

SO

1 — jpluz) =0 (hz) ;

>
N

— O( )/ |g(u)‘2u4r+2p+1du
O<u<N

n+1
/ ‘g(u)’2u4r+2p+1du
n

n+1
(n+ 1)4 2 / g Pdu

et 0" [T gtPau— [ lgtuad]

I

o
=
™=

i
o

] =

= o)

i
o

[
Q
=
] =

i
o

N o0 N o0
= O (h") ) (n+ 1) / lg(u)Pdu =Y (n+ 1) / 1g<u>2du}
n=0 n n=0 n+

((n + 1)4r+2p+1 . n4r+2p+1) / g(u)|2du}

n4r+2pn2a}

N4r+2pN—2a)

S
I
o

n
E

I
Q
=
L
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H
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NE

S
I
o

p—t

_|_
, C' >0, C is chosen as following C' = h~! > 0, such that

1
27

g
=
=
2
3|Q —

1-0(C)™ % >
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then

L = O(r') (1+Ah")
= O (h*).

Hence

12D f(2)]* = O ().
O

REMARK 1. If we consider the space ng (D), k > 1, we obtain the
following result.

THEOREM 5. For k > 1, if f € L? <R+,W2r’k (D)) then the following

are equivalents:

1.
|AED" f()||" = O (), 0<a<T1.

/>N g(w)]? du = O (N~2k) .
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