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Titchmarsh's theorem of Hankel transform

Hankel transform (or Fourier-Bessel transform) is a funda-
mental tool in many areas of mathematics and engineering, in-
cluding analysis, partial di�erential equations, probability, ana-
lytic number theory, data analysis, etc. In this article, we prove
an analog of Titchmarsh's theorem for the Hankel transform of
functions satisfying the Hankel-Lipschitz condition.
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Ïðåîáðàçîâàíèå Õàíêåëÿ (èëè ïðåîáðàçîâàíèå Ôóðüå-Áåñ-
ñåëÿ) ÿâëÿåòñÿ ôóíäàìåíòàëüíûì èíñòðóìåíòîì âî ìíîãèõ
îáëàñòÿõ ìàòåìàòèêè è òåõíèêè, âêëþ÷àÿ àíàëèç, óðàâíåíèÿ
â ÷àñòíûõ ïðîèçâîäíûõ, âåðîÿòíîñòè, àíàëèòè÷åñêóþ òåîðèþ
÷èñåë, àíàëèç äàííûõ è ò.ä. Â ýòîé ñòàòüå ìû äîêàæåì àíàëîã
òåîðåìû Òèò÷ìàðøà äëÿ ïðåîáðàçîâàíèÿ ôóíêöèé Õàíêåëÿ,
óäîâëåòâîðÿþùèõ óñëîâèþ Õàíêåëÿ-Ëèïøèöà.

Áèáëèîãðàôèÿ: 11 íàçâàíèé.
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Êëþ÷åâûå ñëîâà: ïðåîáðàçîâàíèå Õàíêåëÿ, òåîðåìà
Òèò÷ìàðøà, îáîáùåííûå ïðîèçâîäíûå â ñìûñëå Ëåâè.

1. Introduction

Integral transformations are widely used in mathematics and physics.
In fact, methods associated with these transformations have found a vast
�eld of application in recent times, such as data analysis and processing.
We distinguish several types of integral transformations [11], and the most
commonly cited in literature are:

• Fourier, Laplace and Mellin transforms [2, 4].
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• Bessel Integral transformation [5], or more exactly the Hankel,Meijer,
Kontorovitch-Lebedev integral transformations [3, 6].

For reasons of application, any new result in this area is of theoretical and
applied interest. Among these results is the generalization of Titchmarsh's
theorem [10]. Titchmarsh has given a relation between a function f(x) and

its Fourier transformation f̂(u), where it stated in the following theorem:

theorem 1. [10] Let α ∈ (0, 1), and assume that f ∈ L2 (R). Then
the following are eguivalents

1.
‖f(x+ h)− f(x)‖L2 = O (hα) as h→ 0

2. ∫
|u|≥N

∣∣∣f̂(u)
∣∣∣2 du = O

(
N−2α

)
, N →∞,

where f̂ stands for the Fourier transform of f .

Later, this Titchmarsh's theorem had been generalized for some integral
transformations, namely:

• the Dunkel transformation [7],

• the Jacobi transformation [1],

• the Fourier-Walsh transformation [9].

2. Hankel transform

Let f(x) ∈ L2 (R+), the Fourier-Bessel transform of order p is de�ned
by:

g(u) = Fp [f(x)] =

∫ ∞
0

√
xuJp(xu)f(x)dx, u > 0, p > −1

2
, (1)

where Jp(x) is the Bessel function of the �rst kind of order p. The inverse
Fourier-Bessel transform is given by:

f(x) = F−1p [g(u)] =

∫ ∞
0

√
xuJp(xu)g(u)du. (2)
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We call (1) Hankel transform of order p, we can write:

Hp [f(x)] (u) =

∫ ∞
0

√
xuJp(xu)g(u)du, u > 0, p > −1

2
.

For f ∈ L1
(
(0,∞)x2µ+1

)
we can give another form of the transformation of

Henkel:

Hµ [f(x)] (u) =

∫ ∞
0

(xu)µ Jµ (xu)x2µ+1dx, x ∈ R+,

the inverse formula is given by:

f(x) =

∫ ∞
0

(xu)
1
2 Jp(xu)du

∫ ∞
0

(ut)
1
2 Jp(ut)f(t)dt. (3)

theorem 2. [10] Let f(x) be a function with bounded variation over
any �nite interval (0, R) and∫ ∞

0

|f(x)|
√
xdx <∞.

If p > −1
2, then:

1

2
{f(x+ 0) + f(x− 0)} =

∫ ∞
0

(xu)
1
2 Jp(xu)du

∫ ∞
0

(ut)
1
2 Jp(ut)f(t)dt.

At the points of continuity, we have the formula (3).

Using trigonometric functions, we can write the Hankel transformation
of orders 1

2 and −
1
2 as follows:

Fs(u) =

√
2

π

∫ ∞
0

f(t) sinutdt,

Fc(u) =

√
2

π

∫ ∞
0

f(t) cosutdt,

since

J 1
2
(x) =

√
2

π
sinx, J− 1

2
(x) =

√
2

π
cosx.
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We consider the normed space L2 (R+) of functions f : R+ −→ R whose
norm is given by:

‖f‖L2(R+)
=

(∫
R+

|f(x)|2dx
) 1

2

.

theorem 3. If f(x)xp+
1
2 ∈ L2 (R+), then the Hankel transform

Fp[f ](u)up+
1
2 ∈ L2 (R+), where g(u) = Fp[f ](u) is the Hankel transform

of f(x). And we have the Parseval's identity:∫ ∞
0

|g(u)|2 u2p+1du = 22pΓ(p+ 1)

∫ ∞
0

|f(x)|2 x2p+1dx.

As a special case, if f(x) ∈ L2 (R), then we have:∫ ∞
0

|g(u)|2 du =

∫ ∞
0

|f(x)|2 dx.

We de�ne the normalized Bessel function of the �rst kind by:

jp(
√
λx) =

2pΓ(p+ 1)(√
λx
)p Jp

(√
λx
)
.

This function jp(
√
λx) is the solution of the Bessel equation

y
′′

+
2p+ 1

x
y
′
+ λy = 0,

with
y(0) = 1, y

′
(0) = 0.

For xp+
1
2f(x) ∈ L2 (R+) the Hankel transform is given by:

g(u) =
up+

1
2

2pΓ(p+ 1)

∫ ∞
0

jp(xu)f(x)x2p+1dx,

and the inverse formula is:

xp+
1
pf(x) =

xp+
1
2

22pΓ2(p+ 1)

∫ ∞
0

jp(xu)g(u)u2p+1du.

The Parseval's identity is given by∫ ∞
0

|g(u)|2 u2p+1du = 22pΓ(p+ 1)

∫ ∞
0

|f(x)|2 x2p+1dx.
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3. Construction of the W r,k
2 (D)pace. Modulus of

continuity

In L2 (R+) let the operator Th be de�ned as

Th [f(x)] =
Γ(p+ 1)
√
πΓ(p+ 1

2)

∫ π

0

f
(√

x2 + h2 − 2xh cos t
)

sin2p tdt,

which corresponds to the following Bessel di�erential operator:

D =
d2

dx2
+

2p+ 1

x

d

dx
.

It is easy to see that
T0 [f(x)] = f(x).

If f ∈ C1, then
∂

∂h

∣∣∣∣
h=0

Th [f(x)] = 0.

If f ∈ C2, then Th [f(x)] = u(x, h) is the solution of the Cauchy problem{
u
′′

xx + 2p+1
x u

′

x = u
′′

hh + 2p+1
x u

′

h

u(x, 0) = f(x), u
′

h(x, 0) = 0.

We have the following properties of Th :

• Th is continuous, linear and homogeneous.

• Th (jp(λx)) = jp(λh)jp(λx), for λ > 0.

• Th is self-adjoint. If f(x) is continuous, such that∫ ∞
0

x2p+1|f(x)|dx <∞

and g(x) is continuous and bounded for all x ≥ 0, then:∫ ∞
0

Th [f(x)] g(x)x2p+1dx =

∫ ∞
0

f(x)Th [g(x)]x2p+1dx.
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• ‖Th [f ]− f‖ → 0, as h→ 0.

We de�ne the �rst and higher order �nite di�erences of f(x) as follows:

∆hf(x) = Th [f(x)]− f(x),

and

∆k
hf(x) = ∆

(
∆k−1
h f(x)

)
=

k∑
i=0

(−1)k−iCk
i T

i
h [f(x)] .

definition 1. [8] We de�ne the k−order generalized modulus of con-
tinuity of function f(x) ∈ L2 (R+) by:

ωk(f, δ) = sup
0<h≤δ

∥∥∆k
hf(x)

∥∥
L2(R+)

, k ≥ 1.

This modulus of continuity checked the following properties:

1. ω(f, δ) −→ 0 as δ −→ 0.

2. ω(f, δ) ↗.

3. ∀n ∈ N : ω(nf, δ) ≤ nω(f, δ).

4. ∀(δ1, δ2) ∈ R+ : ω(f, δ1 + δ2) ≤ ω(f, δ1) + ω(f, δ2).

5. If f(x) ∈ Lip(α) then ω(f, δ) = O (δα).

6. ∀λ ∈ R : ω(λf, δ) ≤ (λ+ 1)ω(f, δ).

Let W r,k
2 (D) be the class of functions f ∈ L2 (R+) that have generated

derivatives in the sense of Levi satisfying

ωk(Drf, δ) = O
(
δk
)
.

where D is the Bessel operator de�ned before.
We have:

Th [f(x)] =
1

22pΓ2 (p+ 1)

∫ ∞
0

jp (uh) jp (ux) g(u)u2p+1du,
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then:

Th [f(x)]− f(x) =
1

22pΓ2 (p+ 1)

∫ ∞
0

(jp (uh)− 1) jp (ux) g(u)u2p+1du.

Combining with the Parseval's identity, we get:

‖Th [f(x)]− f(x)‖2 =

∫ ∞
0

(jp (uh)− 1)2 |g(u)|2 u2p+1du,

for any f ∈ W r,k
2 (D), we have∥∥∆k

hD
rf(x)

∥∥2
L2(R+,W

r,k
2 (D)) =

∫ ∞
0

(jp (uh)− 1)2k |g(u)|2 u4r+2p+1du.

4. Main results

We consider the function f(x) ∈ L2
(
R+,W

r,k
2 (D)

)
with k = 1, such

that:
ω (Drf, δ) = O (δ) .

And we have:

‖∆hD
rf(x)‖2L2(R+,W r

2 (D)) =

∫ ∞
0

(jp (uh)− 1)2 |g(u)|2 u4r+2p+1du.

definition 2. Let f(x) ∈ L2 (R+,W
r
2 (D)), we say that f is α-Lip-

schitzian, (0 < α < 1), if

‖∆hD
rf(x)‖2L2(R+,W r

2 (D)) = O
(
h2α
)
, h→ 0.

The main result of this work is the following:

theorem 4. Let f(x) ∈ L2 (R+,W
r
2 (D)). The following are equiva-

lents:

1.
‖∆hD

rf(x)‖2L2(R+,W r
2 (D)) = O

(
h2α
)
, h→ 0.

2. ∫
u≥N
|g(u)|2 du = O

(
N−2α

)
, N →∞.
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Proof. 1) Necessity : Suppose that for f(x) ∈ L2 (R+,W
r
2 (D)) we

have:
‖∆hD

rf(x)‖2L2(R+,W r
2 (D)) = O

(
h2α
)
, h→ 0.

We know that for hu ≥ 0

jp(hu) = O(uh)−p−
1
2 ,

hence: ∫
u≥N
|g(u)|2 du−

∫
u≥N

jp(hu) |g(u)|2 du =

∫
u≥N

(1− jp(hu)) |g(u)|2 du

=

∫
u≥N

(1− jp(hu)) |g(u)|2−a |g(u)|a du, (for a ∈ R∗)

≤
(∫

u≥N
|g(u)|2 du

) 2−a
2
(∫

u≥N
(1− jp(hu))

2
a |g(u)|2 du

)a
2

, (by H�older inequality),

=

(∫
u≥N
|g(u)|2 du

) 2−a
2
(∫

u≥N
u4r+2p+1(1− jp(hu))

2
a |g(u)|2 u−(4r+2p+1)du

)a
2

≤ N
a
2 (−4r−2p−1)

(∫
u≥N
|g(u)|2 du

) 2−a
2
(∫

u≥N
u4r+2p+1(1− jp(hu))

2
a |g(u)|2 du

)a
2

.

Since f ∈ W r
2 (D), then∫

u≥N
u4r+2p+1(1− jp(hu))

2
a |g(u)|2 du

≤
∫ ∞
0

u4r+2p+1(1− jp(hu))
2
a |g(u)|2 du.

For a = 1, we have ∫
u≥N
|g(u)|2 du−

∫
u≥N

jp(hu) |g(u)|2 du

≤ N
1
2 (−4r−2p−1)

(∫
u≥N
|g(u)|2 du

) 1
2
(∫ ∞

0

u4r+2p+1(1− jp(hu))2 |g(u)|2 du
) 1

2

,

with ∫ ∞
0

u4r+2p+1(1− jp(hu))2 |g(u)|2 du = ‖∆hD
rf(x)‖2 ,
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then ∫
u≥N
|g(u)|2 du−

∫
u≥N

jp(hu) |g(u)|2 du

≤ N
1
2 (−4r−2p−1)

(∫
u≥N
|g(u)|2 du

) 1
2

‖∆hD
rf(x)‖ .

Hence ∫
u≥N
|g(u)|2 du ≤

∫
u≥N

jp(hu) |g(u)|2 du

+N
1
2 (−4r−2p−1)

(∫
u≥N
|g(u)|2 du

) 2−a
2

‖∆hD
rf(x)‖a ,

and ∫
u≥N
|g(u)|2 du ≤ O (Nh)−p−

1
2

∫
u≥N
|g(u)|2 du

+N
1
2 (−4r−2p−1)

(∫
u≥N
|g(u)|2 du

) 1
2

‖∆hD
rf(x)‖ ,

but (
1−O (Nh)−p−

1
2

)∫
u≥N
|g(u)|2 du

= O
(
N

1
2 (−4r−2p−1)

)(∫
u≥N
|g(u)|2 du

) 1
2

‖∆hD
rf(x)‖ .

We suppose

h =
C

N
, for all C > 0, then 1−O (C)−p−

1
2 ≥ 1

2
.

So∫
u≥N
|g(u)|2 du = O

(
N

a
2 (−4r−2p−1)

)(∫
u≥N
|g(u)|2 du

) 1
2

‖∆hD
rf(x)‖ ,

then

1 = O
(
N

1
2 (−4r−2p−1)

)(∫
u≥N
|g(u)|2 du

)− 1
2

‖∆hD
rf(x)‖ ,
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which is equivalent to:(∫
u≥N
|g(u)|2 du

) 1
2

= O
(
N

1
2 (−4r−2p−1)

)
‖∆hD

rf(x)‖ ,

and ∫
u≥N
|g(u)|2 du = O

(
N (−4r−2p−1)

)
‖∆hD

rf(x)‖2 .

For
‖∆hD

rf(x)‖2 = O
(
h2α
)
,

with h = C
N , C > 0, C is chosen as following C = N

4r+2p+1
α > 0, and N ≥ 2

such that

1−O (C)−p−
1
2 ≥ 1

2
,

so ∫
u≥N
|g(u)|2 du = O

(
N−(4r+2p+1)N (4r+2p+1)N−α

)
= O

(
N−α

)
= O

(
N−2α

)
.

2) Su�ciency : Suppose that∫
u≥N
|g(u)|2 du = O

(
N−2α

)
, N →∞.

It is easy to show that it exists a function f ∈ L2 (R+) such that Drf ∈
L2 (R+) and

Drf(x) =
1

22pΓ(p+ 1)

∫ ∞
0

jp(th)jp(tx)g(t)t2p+2r+1dt.

Combining with the Parseval's identity, we obtain

‖∆hD
rf(x)‖2 =

∫ ∞
0

|g(u)|2(1− jp(ux))2u4r+2p+1du

=

∫
0<u<N

+

∫
u≥N

[
|g(u)|2(1− jp(ux))2u4r+2p+1du

]
= I1 + I2,
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where N =
[
1
N

]
.

We have

I2 =

∫
u≥N
|g(u)|2(1− jp(ux))2u4r+2p+1du

= O

{∫
u≥N
|g(u)|2u4r+2p+1du

}
= O

{ ∞∑
n=N

∫ n+1

n

|g(u)|2u4r+2p+1du

}

= O

{ ∞∑
n=N

n4r+2p+1

∫ n+1

n

|g(u)|2du

}

= O

{ ∞∑
n=N

n4r+2p+1

(∫ ∞
n

|g(u)|2du−
∫ ∞
n+1

|g(u)|2du
)}

= O

{ ∞∑
n=N

n4r+2p+1

∫ ∞
n

|g(u)|2du−
∞∑
n=N

n4r+2p+1

∫ ∞
n+1

|g(u)|2du

}

= O

{
N 4r+2p+1

∫ ∞
N

|g(u)|2du+
∞∑
n=N

[
(n+ 1)4r+2p+1 − n4r+2p+1

] ∫ ∞
n

|g(u)|2du

}

= O

{
N 4r+2p+1

∫ ∞
N

|g(u)|2du+
∞∑
n=N

n4r+2p

∫ ∞
n

|g(u)|2du

}
= O

{
N 4r+2p+1N−2α

}
+O

{
N 4r+2pN−2α

}
.

with h = C
N , C > 0, C is chosen as following C = h1+α > 0, such that

1−O (C)−p−
1
2 ≥ 1

2
,

then

I2 = O
(
h4r+2p+1hα(4r+2p+1)h−(4r+2p+1)h−2αh−2α

2

h2α
)

+

+O
(
h4r+2phα(4r+2p)h−(4r+2p)h−2αh−2α

2

h2α
)
.
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I2 = O
(
hα(4r+2p+1)h−2α

2
)

+O
(
hα(4r+2p)h−2α

2
)

= O
(
hα(4r+2p)h−2α

2
)

(hα + 1)

= O (hα) .

Now for I1, we have:

I1 =

∫
0<u<N

|g(u)|2(1− jp(ux))2u4r+2p+1du.

we say that for 0 ≤ u ≤ 1:

1− jp(ux) = O
(
h2
)
,

so

I1 = O
(
h4
) ∫

0<u<N

|g(u)|2u4r+2p+1du

= O
(
h4
) N∑
n=0

∫ n+1

n

|g(u)|2u4r+2p+1du

= O
(
h4
) N∑
n=0

(n+ 1)4r+2p+1

∫ n+1

n

|g(u)|2du

= O
(
h4
) N∑
n=0

(n+ 1)4r+2p+1

[∫ ∞
n

|g(u)|2du−
∫ ∞
n+1

|g(u)|2du
]

= O
(
h4
){ N∑

n=0

(n+ 1)4r+2p+1

∫ ∞
n

|g(u)|2du−
N∑
n=0

(n+ 1)4r+2p+1

∫ ∞
n+1

|g(u)|2du

}

= O
(
h4
){

1 +
N∑
n=0

(
(n+ 1)4r+2p+1 − n4r+2p+1

)∫ ∞
n

|g(u)|2du

}

= O
(
h4
){

1 +
N∑
n=0

n4r+2pn−2α

}
= O

(
h4
) (

1 +N 4r+2pN−2α
)
,

with N = C
h , C > 0, C is chosen as following C = h−1 > 0, such that

1−O (C)−p−
1
2 ≥ 1

2
,
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then

I1 = O
(
h4
) (

1 + h4α
)

= O
(
h2α
)
.

Hence
‖∆hD

rf(x)‖2 = O
(
h2α
)
.

remark 1. If we consider the space W r,k
2 (D), k ≥ 1, we obtain the

following result.

theorem 5. For k ≥ 1, if f ∈ L2
(
R+,W

r,k
2 (D)

)
then the following

are equivalents:

1. ∥∥∆k
hD

rf(x)
∥∥2 = O

(
h2kα

)
, 0 < α < 1.

2. ∫
u≥N
|g(u)|2 du = O

(
N−2αk

)
.
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