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Chapter 1

Generalities about partial differential

equations

In this chapter we first introduce certain basic concepts and definitions of partial differential

equations (PDEs).

1.1 What is a differential equation?

An ordinary differential equation (ODE) is an equation for a function which depends on one
independent variable which involves the independent variable, the function, and derivatives of the

function:
F(t, u®), «'(t), u® @), u®(t),...,u™ (1)) = 0.

This is an example of an ODE of order m where m is a highest order of the derivative in the
equation. Solving an equation like this on an interval ¢ € [0, 7] would mean finding a function
t — u(t) € R with the property that u and its derivatives satisfy this equation for all values
te[0,7].

The problem can be enlarged by replacing the real-valued u by a vector-valued one u(z,y) =
(ui(t), ua(t), ..., un(t)). In this case we usually talk about system of ODEs. Even in this situation,
the challenge is to find functions depending upon exactly one variable which, together with their

derivatives, satisfy the equation.
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1.1.1 What is a partial derivative?

When you have function that depends upon several variables, you can differentiate with respect
to either variable while holding the other variable constant. This spawns the idea of partial
derivatives. As an example, consider a function depending upon two real variables taking values

in the reals:

u:R*" — R.

As n = 2 we sometimes visualize a function like this by considering its graph viewed as a surface
in R? given by the collection of points {(z,y,2)R? : 2 = u(x,y)}. We can calculate the derivative
Ju

with respect to x while holding y fixed. This leads to u,, also expressed as d,u, 3%, and %u.

Similarly, we can hold x fixed and differentiate with respect to y.

1.2 What is PDE?

A partial differential equation (PDE) is an equation for a function which depends on more than one
independent variable which involves the independent variables, the function, and partial derivatives

of the function:

F(J:a y7 U’('ruy)7uw($7y)auy<x7y)7uw$(x7y)7uwy(xay>7uyz<xﬂy)7uyy<xuy)) = 0

This is an example of a PDE of order 2. Solving an equation like this would mean finding a
function (x,y) — wu(z,y) with the property that u and its derivatives satisfy this equation for all
admissible arguments.

Similarly to ODE case this problem can be enlarged by replacing the real-valued u by a vector-
valued one u(z,y) = (ui(x,y), us(z,y),...,un(x,y). In this case we usually talk about system of

PDEs.

1.2.1 Where PDEs are coming from?

PDEs are often referred as Equations of Mathematical Physics (or Mathematical Physics but it is
incorrect as Mathematical Physics is now a separate field of mathematics) because many of PDEs
are coming from different domains of physics (acoustics, optics, elasticity, hydro and aerodynamics,
electromagnetism, quantum mechanics, seismology etc). However PDEs appear in other fields of

science as well (like quantum chemistry, chemical kinetics); some PDEs are coming from economics
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and financial mathematics, or computer science. Many PDEs are originated in other fields of

mathematics.

1.2.2 Some examples of PDEs

Some examples of the PDEs are given by:

Simplest first order equation: u, = 0.

Transport equation: u; + cu, = 0.

Laplaces equation (in 2D): Au(z,y) = uy(2,y) + uyy(x,y) = 0 or similarly in the higher
dimensions.

Heat equation: u; = kAu. (The expression A is called the Laplacian (Laplace operator )
and is defined as 07 4 92 + 92 on R?).

Wave equation: uy — c2Au = 0, sometimes [0 = ¢ 292 — A is called (d’Alembertian or
d’Alembert operator).

It appears in elasticity, acoustics, electromagnetism and so on.

Uy, (x,t) = 0 often is called string equation and

One-dimensional wave equation w;(z,t) — ¢
describes a vibrating string.

Oscillating rod or plate (elasticity) Equation of vibrating rod (with one spatial variable)
st + Kuge, = 0 or vibrating plate (with two spatial variables) uy + KA?u = 0.

Navier-Stokes equation (hydrodynamics for incompressible liquid)

pvr + (v-V)pv —vAv = —=Vp
V-v=0,

where p is a (constant) density, v is a velocity and p is the pressure; when viscosity v = 0 we get
Euler equation

pv + (v-V)pv = =Vp

V.-v=0.

Einstein equation for general relativity
G + Ag = KT},

where G, = R, — %gm, is the FEinstein tensor, g, is the metric tensor (unknown functions),
R, is the Ricci curvature tensor, and R is the scalar curvature, T}, is the stressenergy tensor,

/A is the cosmological constant and « is the Einstein gravitational constant. Components of Ricci
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curvature tensor are expressed through the components of the metric tensor, their first and second

derivatives.

1.3 Basic concepts and definitions

Definition 1. A partial differential equation (PDE) is an equation that involves an unknown func-
tion of two or more independent variables and certain partial derivatives of the unknown function.
More precisely, let u denote a function of the n independent variables x1,..,x,, n > 2. Then a
relation of the form

F(xla oy Ly Uy Ugey y ooy Ugeyy s Uy ey y Uz g ) =0

where F' 1s a function of its arguments, is a partial differential equation in u.

The following equations are some examples of partial differential equations in two independent
variables x and y

a) wug(z,y) + yuy(z,y) — 2u(z,y) = 0.

) yua(2,y) — zuy(z,y) = .

) Uaa (2, y) — uy(z,y) — ulz,y) = 0. (1.1)
d) u(w,y)u,(,y) + yu,(z,y) — u(z,y) = z°.

(€) e (2, y) + 2uy®(2,y) + yu(z,y) = y.

Definition 2. The highest-order derivative appearing in a partial differential equation is called

the order of the PDE.
Definition 3. The dimension of a PDE refers to the number of independent variables present.

Definition 4. A partial differential equation is usually considered in a certain domain of the
independent variables. If there exists a function u in the domain under consideration, such that u

and its derivatives identically satisfy the differential equation, then u is called a solution of the

PDE.

Example 1. Verify that the function u(x,y) = 2* + y? is a solution of equation (a) in (1.1).

Solution : the given function can be differentiated and we find

and so

T, + yu, — 2u = 22° + 2y* — 2(2* + y*) = 0.

for all x and y.
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Example 2. Verify that the function u(z,y) = e ?¥ cosz is a solution of equation in (c) in (1.1).

Solution : here we have
U, = —e"¥sinzr , Uy =—e ¥cosr, u,=—2e % cosx.

Thus,

Upg — Uy — U =

for all x and y.

1.4 (eneral solutions and auxiliary conditions

A solution of a partial differential equation that includes every other solution of the equation is
called the general solution. We recall that in the theory of ordinary differential equations, the
general solution of an nth order differential equation involves n independent arbitrary constants.
These constants are determined when the solution is required to satisfy certain conditions. For

instance, the first-order differential equation

@%—u:f(x). (1.2)

has the general solution

u(z) = /Ox e @D () dt + Ce. (1.3)

involving an arbitrary constant C'. If u is required to satisfy the initial condition u(0) = 1, then
we find C' = 1.

In the case of a partial differential equation, the general solution is found to involve arbitrary
functions rather than arbitrary constants. The number of these arbitrary functions is generally
equal to the order of the differential equation. Moreover, if the differential equation involves m
independent variables, the arbitrary functions will depend on (m — 1) variables. Thus, if the
function u in equation (1.2) also depends on the variable y, then the constant C could be chosen
as an arbitrary function of y. In other words, if u is a function of the independent variables z, v,

then the first-order partial differential equation

ou
%—i—u:f(a:). (1.4)
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has for its general solution

u(z,y) = /096 e () dt + g(y)e ™. (1.5)

where ¢ is an arbitrary function of y. It is easy to see that for any choice of the function g, u

satisfies equation (1.4).

Example 3. Find the general solution of the second-order equation
Uyy = SINT + Y

Solution : the general solution can be obtained by partial integration. That is, we integrate
both sides of the equation with respect to y, treating x as a constant, to obtain
2

uz(x,y) = ysinx + % + h(z)

h being an arbitrary function of x. Next, integrating with respect to x, treating y as a constant,

we obtain
2

u(z,y) = —ycosx + % + /h(a:) dzx + g(y).

if we write

then the general solution is given by

2

u(x,y) = —ycosw + % + f(z) +g(v).

involving two arbitrary functions f and g.

Remark 1. For a linear ordinary differential equation, the general solution depends mainly on
arbitrary constants. Un like ODFEs, in linear partial differential equations, the general solution

depends on arbitrary functions.

1.4.1 Differentiation of composite functions : the Chain Rule

Suppose that u is a function of the variables x and y in a domain D,

u="U(z,y), (z,y) in D (1.6)
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and suppose that x and y are themselves functions of the variable t,

= f(t), y=g() (1.7)

such that for each ¢ in[a, b], (f(t), g(t)) is in D. Then, in effect, u is a function of the single variable
t:
w=U(z,y) = ULF(), g(0)]. (18)

The derivative 2%, if it exists, can then be calculated by simply differentiating the function (1.8)
with respect to t. However, it is frequently desirable to obtain the derivative of u with respect to
t without an actual substitution for the variables # and y. One important and useful tool in this

connection is called the ”chain rule.”

Theorem 1. (The Chain Rule). If the function u in (1.6) and its first-order partial derivatives
are continuous in D, and if the functions f and g in (1.7) are differentiable in a <t < b, then u is

a differentiable function of t whose derivative is given by the formula

Qu  dudr dudy dUdf  OUdg

gu _Oudr  oudy 0Ud | 0Udg 1.
OF Ordt Oydt  Oxdt | Oydt (1.9)

Example 4. Show that u(z,y) = f(x — 2y) + g(x + y), where f and g are twice differential

functions, is the general solution of the differential equation
2Upy — Ugy — Uyy = 0.

Solution : we first verify that the given function satisfies the differential equation. We have

uz:f/+g,7 uy:_2f/+g/7 uzwzf,/+g/,‘

ua}y — _2f// + 'g//7 uyy — 4f// + g//.
and so

2Ugy — Ugy — Uyy = 0.
To show that u is the general solution, let us introduce the new variables
s=ux— 2y, t=x+y.

and write w(s,t) = u(z,y). Then by Chain Rule, we have

Uy = Wy + Wy, Uy = —2W, + wy.

10
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Uzy = Wys + 2wst + Wy, Uy = —2’(1)55 — Wsp + Wt

Uyy = 4Wgs — dWg + Wy

Substitution of these in the equation yields
9wst =0
whose general solution is w(s,t) = f(s) + g(t). Thus, the general solution of the equation
2Ugy — Ugy — Uyy = 0
is
u(@,t) = flz—2y) + g(z +y).

where f and g are arbitrary functions.

1.5 Linear operators and the principle of superposition

We say that L is an operator on functions if it transforms each function u of one given class into

a function denoted by Lu of another class. For example, the ”wave operator ”.

L= <%>2 - CQ(%)2. (1.10)

transforms each function u that has second-order partial derivatives with respect to x and ¢ into
the new function

Lu = uy — Py,

The particular operator (1.10) is called a partial differential operator because it involves basically

the operation of partial differentiation.

Definition 5. An operator L is said to be linear, if for any constants c; and co and any functions

uy and us for which both Luy and Luy are defined, it is true that
L(ciuy + coug) = c1Luy + coLus. (1.11)

Remark 2. [t follows readily from the rules of partial differentiation that the wave operator (1.10)

is a linear partial differential operator. Property (1.11) can be extended immediately to any finite

11
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number of functions by induction. That is, if uy, ..., u, are n-functions and cy, ..., ¢, are n-constants,

then . .

i=1 =1

We call the function i ciu; a linear combination of uy, ..., Uy,.
Let L and M denlozté two linear operators. We define their sum L + M as the operator defined
by the equation
(L+ M)u=Lu+ Mu (1.13)

for all functions u for which both Lu and Mu are defines.

In similar manner we define the product LM of the linear operators L and M by the equation
(LM)u = L(Mu). (1.14)

for all functions u for which both Mu and L(Mu) are defined. From (1.11) it follows that
(LM)(cruy + coug) = L(cr Muy + coMus) (1.15)

= cl(LM)ul + CQ(LM)UQ.

which establishes the fact that the product of linear operators is also linear.

Definition 6. Let L denote a linear partial differential operator. An equation of the form
Lu=f (1.16)

where f is a given function, is called a linear partial differential equation. If f = 0, the

equation (1.16) is said to be homogeneous; otherwise, it is called non homogeneous.

Definition 7. Let uq, ..., u, be n-functions that satisfy the homogeneous equation
Lu = 0. (1.17)

Then, by (1.11), it follows that any linear combination of these functions also satisfies equation

(1.17). This important fact is known as the principle of superposition.

Remark 3. For a linear homogeneous ordinary differential equation, it is well-known th at if

12
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Uy, U, U3, ..., U, are Solutions of the equation, then a linear combination of uy, us, us, ... given by

U = CLU] + CoU2 + C3Uz + ... + Crly,

18 also a solution. The concept of combining two or more of these solutions is called the super-
position principle.

It 1s interesting to note that the superposition principle works effectively for linear homogeneous
PDFEs in a given domain. The concept will be explained in Chapter 4 when using the method of

separation of variables.

Example 5. Find the dimension and order of the following PDEs. Which are linear, and which

are homogeneous?
(1 U = Dum: + f( )

)

(2) uy — gy = 0;

(3) Uae + Uy, = 0;
ou Ou

4) == .

@ g+ 5=
9%u 0%u
[R— y pr—

(5) 927 + eYsin Z@x@z

9%u .
(6) 900y = sinu;

(7) wy + Wy + Uy = 1.

Solution
1. Equation (1) is a two-dimensional second-order linear nonhomogeneous (for f # 0) PDE. It
is sometimes called the one-dimensional heat equation since the space variable x is one-dimensional.

It can be written as Lu = f, with the differential operator

0 02
=g Py

2. Equation (2) is a two-dimensional second-order linear homogeneous PDE. It is also sometimes
called the one-dimensional wave equation, since, again, the space variable z is one-dimensional. It
can be written as Lu = 0, with

0* 5 0°

~ o 8x2 '

13
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3. Equation (3) is a two-dimensional second-order linear homogeneous PDE, with

02 02
522 T o

4. Equation (4) is a two-dimensional first-order linear homogeneous PDE, with

0 0
L—%—i_a_y.

5. Equation (5) is a three-dimensional second-order linear homogenecous PDE, with

0? 02

L= %—l—eysinzaw% —1

6. Equation (6) is a two-dimensional second-order nonlinear nonhomogeneous PDE.

7. Equation (7) is a two-dimensional third-order nonlinear nonhomogeneous PDE.

1.6 Boundary conditions

As stated above, the general solution of a PDE is of little use. A particular solution is frequently
required that will satisfy prescribed conditions. Given a PDE that controls the mathematical
behavior of physical phenomenon in a bounded domain D, the dependent variable u is usually
prescribed at the boundary of the domain D. The boundary data is called boundary conditions.
The boundary conditions are given in three types defined as follows:

1. Dirichlet Boundary Conditions: In this case, the function w is usually prescribed on
th e boundary of the bounded domain. For a rod of length L, where 0 < x < L, the boundary
conditions are defined by w(0) = a, u(L) = 3, where a and (3 are constants. For a rectangular plate,
0 <x < Li, 0 <y < Ly, the boundary conditions u(0, y), u(L1, y), u(x, 0), and u(z, Ly) are
usually prescribed. The boundary conditions are called homogeneous if the dependent variable u
at any point on the boundary is zero, otherwise the boundary conditions are called inhomogeneous.

2. Neumann Boundary Conditions: In this case, the normal derivative fﬁ of u along
the outward normal to the boundary is prescribed. For a rod of length L, Neumann boundary
conditions are of the form u,(0, t) = «, u,(L, t) = p.

3. Mixed Boundary Conditions: In this case, a linear combination of the dependent

du

variable u and the normal form = is prescribed on the boundary. It is important to note that it

is not always necessary for the domain to be bounded, however one or more parts of the boundary

14
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may be at infinity. This type of problems will be discussed in the coming chapters.

1.7 Initial conditions

It was indicated before that the PDEs mostly arise to govern physical phenomenon such as heat
distribution, wave propagation phenomena and phenomena of quantum mechanics. Most of the
PDEs, such as the diffusion equation and the wave equation, depend on the time ¢t. Accordingly,
the initial values of the dependent variable u at the starting time ¢ = 0 should be prescribed. It will
be discussed later th at for the heat case, the initial value u(t = 0), that defines the temperature
at the starting time, should be prescribed. For the wave equation, the initial conditions u(t = 0)

and u(t = 0) should also be prescribed.

1.8 Well-posed PDEs

A partial differential equation is said to b e well-posed if a unique solution that satisfies the equation
and the prescribed conditions exists, and provided that the unique solution obtained is stable. The
solution to a PDE is said to be stable if a small change in the conditions or the coefficients of the

PDE results in a small change in th e solution.

1.9 Exercises

Exercise 1.1. Determine the order of each of the following equations and find which are linear

and homogeneous.

2y u . w2 u) _ 1. Ay du tu _ (.
D% ra—y 2 () +u(R) =1 3 I+ -0
. W)\ 2 N2
4)%+23‘fgy+%zsmx; 5) (%) —i—(%) +sinu = éev.
. : - L T : :
Ezxercise 1.2. Show that the function u given by u(x,t) = 5 + 3¢ cos(2x) is the solution of

the following problem:

ur(z,t) — kg (z,t) =0 O<z<m t>0,
u(x,0) = cos’ 0<az<m,

Uz (0,) = ug(m, t) =0 t > 0.

Ezxercise 1.3. Show that the function u given by u(z,t) = tsinmz is the solution of the following

15
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problem:
gt (2, 1) — Uy (1, 1) = T2t sin T O<z<l1l;t>0
(P) § u(z,0) =0, wu(z,0)=sinrz 0<z<1
uw(0,t) =0, wu(l,t)=0 t>0.
Exercise 1.4. In each of the following equations, find the general solution of the equation.
(a) uz(z;y) = 2° + y*;
(b) uy(z,y,2) =xz+yz;
(¢) Upee(T,y,2) =2+ Yy — 2.

Exercise 1.5. Let (E) the partial differential equation given by

ou
2 — —_— =
(z®+1) $+2xy y = 0. (E)

Find the general solution of the equation (E) using the following change of variables

Exercise 1.6. In each of the following equations, introduce the new variables indicated to reduce
the equation to one of the forms in Ezercise 4 above; then find the general solution of the equation.

(a) dupy —uyy =0; s=x+2y, t =2x—2y.

(b) Ugy — OUgy + Suyy =0 s=bx+y, t=a+y.

(¢) Upy + duyy +4uy, =03 s= 204y, t=y.

(d) Upy — 2Uyy +Uyy =0; s=z, t=x+Y.

(€) Upy + 4py = 05 8 =22 + iy, t = 2z — iy where i = \/—1.

(f) Ugw — gy + 130y =0 s =2+ 3i)x +y, t =(2—3i)z+y.

Exercise 1.7. Let the partial differential equation

P i) — Ll y) + 22w, y) + usy) = 0o (Br)
Boa T,y 8y2u T,y 5 (2, y) Ful@,y) = 0 L

1. If=ax—y,n=x+y and v(&,n) = u(x,y), show that the equation (E;) is equivalent to the

following equation

0*v ov Ov v
agan—i-a—f—i—a—n 5—0 .......... (EQ)

2. To get the solution of the equation (E,), we set the following change of the function

v(E,n) = p(&,m)e 2,

16
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a) Determine the equation satisfied by ¢, then deduce the solution of (Es) and then the solution of
(E1).

17



Chapter 2

Partial differential equations of first

order

This chapter is concerned with first-order, quasi-linear and linear partial differential equations and

their solution by using the Lagrange method of characteristics and its generalizations.

2.1 Classification of first-order equations

The most general, first-order, partial differential equation in two independent variables x and y is

of the form
F(xayauaufmuy) = 07 (.T,y) €DCR (21)

where F'is a given function of its arguments, and v = wu(z,y) is an unknown function of the
independent variables z and y which lie in some given domain D in R.
Equation (2.1) is often written in terms of standard notation p = u, and ¢ = u, so that (2.1)

takes the form
F(:c,y, u, p, q) =0. (2.2)

Similarly, the most general, first-order, partial differential equation in three independent variables

x,y, 2z can be written as

F(x, Y, 2, Uy U, Uy, uz) =0. (2.3)

Equation (2.1) or (2.2) is called a quasi-linear partial differential equation if it is linear in

first-partial derivatives of the unknown function u(z,y).

18
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So, the most general quasi-linear equation must be of the form
Cl([E,y,U)Ux + b(l’,y,U)Uy = C($,y,U) (24)

where its coefficients a, b and ¢ are functions of x,y and w.
Equation (2.4) is called a semilinear partial differential equation if its coefficients a and

b are independent of u, and hence, the semilinear equation can be expressed in the form

a(x7y)u9€ + b(I,y)Uy - c(x,y,u) (25)

Equation (2.1) is said to be linear if F' is linear in each of the variables w,u, and w,, and the
coefficients of these variables are functions only of the independent variables x and y. The most

general, first-order linear partial differential equation has the form
a(z,y)us + b(z, y)uy + c(z, y)u = d(z,y). (2.6)

where the coefficients a, b and ¢, in general, are functions of x and y and d(x, y) is a given function.
Unless stated otherwise, these functions are assumed to be continuously differentiable.

Equations of the form (2.6) are called homogeneous if d(z,y) = 0 or nonhomogeneous if
d(z,y) # 0.

Obviously, linear equations are a special kind of the quasi-linear equation (2.4) if a,b are
independent of u and ¢ is a linear function in u. Similarly, semilinear equation (2.5) reduces to a
linear equation if ¢ is linear in .

An equation which is not linear is often called a nonlinear equation. So, first-order equations

are often classified as linear and nonlinear.

2.2 Linear first order equations

In this section we shall study linear first-order differential equations in two independent variables

x and y. The general form of such an equation is
a(z, y)u, + b(x, y)uy, + c(z,y)u = d(z,y). (2.7)

where the coefficients a, b, c and d are functions in some domain D of the zy-plane. We assume

that the functions a, b, c and d are continuous and have continuous partial derivatives of the first
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order in D, and that a and b are not both zero.
We shall describe here a method for finding the general solution of equation (2.7). The method

is based on the possibility of transforming equation (2.7) into an equation of the form

we + (&, m)w = t(&,n). (2.8)

where £ and 7 are new independent variables. Equation (2.8) can now be regarded as an ordinary
differential equation with £ as the independent variable and 7 as a parameter. Hence, its general
solution can be found by the use of the standard formula pertaining to such an equation. The
integration constant in the solution must, however, be replaced by an arbitrary function of . The
general solution of the original equation is then obtained by returning to the variables x, y.

In order to transform equation (2.7) into the form (2.8) we introduce new variables £ and 1 by

the equations

The functions ¢ and . which will be subsequently determined, are assumed to be continuous and

have continuous first-order partial derivatives in D such that the Jacobian

(&, 1)
(z,y)

= Gathy — Pytbe # 0. (2.10)

in the neighborhood of some point in D. Writing u(x,y) = w(§,n), we then have by the chain

rule,

Uy = Wehy + Wty
Uy = Wedy + Wythy

and hence equation (2.7) is transformed into the equation
(ags + bdy)we + (a)y + biby)wy, + cw = d. (2.11)

The coefficients a, b, ¢ and d are now to be considered as functions of ¢ and 7. if we choose the

function ¢ (x,y) in (2.9) such that

Yo _

ath, + b, =0 or =—
wy Q/}y

g (2.12)

then the term involving w, in (2.11) drops out, and for any choice of ¢ satisfying the condition
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(2.10). equation (2.11) reduces to the form (2.8). Thus, it remains for us to determine a function
1 that satisfies (2.12).
Suppose for the moment that such a function ¢ exists with v, # 0; set ¢(x,y) = ¢, where ¢ is

any constant. Then, on taking the total differential of ) = ¢, we find

bodz + Uydy = 0.

which implies that
dy _ ¥«
dx y

Hence, if 1 satisfies equation (2.12). then ¢ = ¢ must be an integral of the first-order ordinary

differential equation
dy b
_— = 2.13
der a ( )
Conversely, if ¢ = ¢ with ¢, # 0 is an integral of equation (2.13), then by reversing the foregoing

argument it follows that n = ¢ (x,y) satisfies equation (2.12).

Definition 8. Equation (2.13) is often called the characteristic equation of the partial differential
equation (2.7). It defines a one-parameter family of curves called the characteristic curves of

equation (2.7).

These curves play an important role in the consideration of initial value problems for equation
(2.7), as we shall soon see.

Thus, in order to reduce equation (2.11) to the form (2.8), we choose 1 such that ¢ = c is
a characteristic curve of equation (2.7). The function ¢ may be chosen arbitrary, subject to the

condition (2.10). We choose ¢(z,y) = z. Then condition (2.10) is fulfilled and equation (2.11)
c d

- =|-. 2.14

wor (0)e= ) 214

Definition 9. This equation (2.14) is called the canonical form of equation (2.7) in terms of the

takes the form

which is the desired from (2.8).

coordinates (£,1n). Generally, the canonical equation (2.14) can easily be integrated and the general

solution of (2.7) can be obtained after replacing & and n by the original variables x and y.
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To obtain the general solution of equation (2.14), we multiply both sides of the equation by

ol = ecan( [ £ ac))
g%QUQmL/EdQ)::(wg+§w)man>:§v@nn

Integrating with respect to &, treating n as a parameter, we then find

the integrating factor

and observe that

1
v(€,m)

wlen) =g | [ vt de+ 100

where f is an arbitrary function of 7.
Hence, returning to the original variables x,y, we obtain as the general solution of equation

(2.7), we have

u(e,y) = e AWl v )] + S )l (2.15)

where we have set

W) = [ £ vlen) de

We note that the first term , W (z,v)/v(x, 1), in formula (2.15) is actually a particular solution of
equation (2.7), and the second term f(z,v)/v(z, ), is the general solution of the corresponding
homogeneous equation

a(z, y)u, + b(z, y)uy, + c(z, y)u = 0. (2.16)

In many special cases, it may be easier to find a particular solution of (2.7) by some other technique.
For instance, the method of undetermined coefficients used to determine particular solutions in

ordinary differential equations may be employed under similar conditions.

Example 6. Find the general solution of equation
aug + buy +cu =0

where a, b, ¢ are constants and a # 0.
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Solution : We see that the characteristic equation

dy _ b
dx a

defines a one-parameter family of characteristic curves
bx — ay = const

which are straight lines. Introducing the new variables £ = x = ¢ , n = bx — ay = 1, the given
equation becomes

&
wg—i——w:O.
a

The general solution of this equation is

w(& n) =e " f(n)

where f is an arbitrary differentiable function. Thus, the general solution of the given differential
equation is

u(@,y) = e~ f (b — ay).

If @ = 0, then the differential equation reduces to u, + (¢/b)u = 0, whose general solution is

readily obtained as

u(z,y) = e f(x).

Example 7. Obtain the general solution of the equation
TUy — YUy + U = T.

Solution: We consider the characteristic equation

dy _ y

de  z
by separation of variables we find that the characteristic curves are given by zy = c.

We therefore introduce £ = z = ¢ and n = zy = 1. The transformed equation is

1
w§+gw:1
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whose general solution is

we.n) =5+ ).

Hence, the general solution of the original equation is

u(w,y) = g + if(xy)

where f is an arbitrary differentiable function.

Theorem 2. (The Cauchy problem for a first-order partial differential equation). Suppose that C

is a given curve in the (z,y)-plane with its parametric equations

where t belongs to an interval I C R and the derivatives x((t) and x{(t) are piecewise continuous
functions, such that (z4)* + (yy)*> # 0. Also, suppose that u = uy(t) is a given function on the

curve C'. Then, there exists a solution u = u(x,y) of the equation
F(z,y,u,uz, uy) =0 (2.17)

in a domain D of R? containing the curve C for all t € I, and the solution u(x,y) satisfies the
given initial data, that is,

u(zo(t), yo(t)) = uo(t) (2.18)
for all values of t € 1.

In short, the Cauchy problem is to determine a solution of equation (2.17) in a neighborhood
of C, such that the solution u = u(x,y) takes a prescribed value ug(t) on C.The curve C is called
the initial curve of the problem, and uy(t) is called the initial data. Equation (2.18) is called the

wniatial condition of the problem.

Remark 4. The solution of the Cauchy problem also deals with such questions as the conditions

on the functions F,xy(t), yo(t), and ug(t) under which a solution ezists and is unique.

Example 8. Find the solution of the equation

2uy, — 3uy + 2u = 2x

2

which assumes the value u = x* on the line y = —x/2.

24



2.3. FIRST-ORDER QUASI-LINEAR PARTIAL DIFFERENTIAL EQUATIONS Chapitre 2

Solution: by formula (2.15) the general solution of the differential equation is
u(z.y) = (x — 1)+ e “f(3z + 2y)
Substituting y = —2/2 in the solution and setting u = x?, we have
=2 —1+e"f(20)

or

f(22) = (2% — 2 + 1)e”

() = (g — 2+ 1)et/2

thus. The solution of the problem is

let ¢t = 2x so that © = t/2 then

3xr+2y)2  (3x+2
U(l’,y)::}f—1+e—x|:( x‘z y) _ ( .T—2i— y) +1:|€(3x+2y/2)

2
w14 [(375 ‘229) (B ‘2i‘ 2y) n 1] o +2u/2

2.3 First-order quasi-linear partial differential equations

We begin this section with simultaneous DEs, which play an important role in the theory of partial
DEs. Then we shall consider quasilinear partial DEs of the Lagrange type, and show that such

equations can be solved rather easily provided we can find solutions of related simultaneous DEs.

2.3.1 Simultaneous DEs.
To solve simultaneous DEs of the form

ar _ dv_ dav (2.19)

where P, () and R are functions of x, y, u, several different techniques are known. We shall present

here only the following two methods.
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The method of grouping.

If in dz/P = du/R the variable y can be canceled or absent, leaving the equation in x and u only,

then an integration of this equation gives
oz, u) = . (2.20)

Again, if one variable, say, z, is absent or can be removed from dy/Q = du/R, then an integration

of this equation leads to

U(x,u) = co. (2.21)
The general solution of (2.19) is then the solutions (2.20) and (2.21) taken together.

Example 9. For the DE

d d d
ar_ 4 _ 4 (2.22)
wy ulx  yiw

we take first two fractions and cancel out u?, to get dr/y = dy/x or xdxydy = 0, which can be
integrated to obtain

22—y =

Again, we take second and third fractions and cancel out z, to have dy/u2 = du/y2 ory2dyu2du =

0, which on integration yields
Y’ —u’ =

3

Equations 22 — y? = ¢; and y® — u? = ¢, taken together gives the solution of (2.22).

The method of multipliers.
By a proper choice of multipliers ¢, n, m which are not necessarily constants, we write

d_x_d_x_dﬁ_édx%—mdijndu (2.23)
P Q R [(P+mQ+nR '

so that /P +mQ@Q +nR = 0. Then ¢dx + mdy + ndu = 0 and this can be solved to get the integral

¢(z,y,u) = c1. (2.24)

Again we search for another set of multipliers A, y, v

QL
&
IS

dv _dv _dv _ Az + pdy +vdu (2.25)
P Q@ R AP+uQ+vR '
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so that AP + u@Q + vR = 0. Then Adx + pudy + vdu = 0 and this can be solved to get the integral

Y(x,y,u) = . (2.26)

These two integrals (2.24) and (2.26) taken together give the required solution of (2.19).
Example 10. Find the solution of the following the DE

dz dx dz
— — . 2.27
=) T Sy ) a@+ ) (2:27)

Solution. First, let the multipliers ¢ = x,n = y, m = u so that each fraction is the same as

xdx + ydy + udu _ xdzr + ydy + udu
22(u? — y?) — y2(u? 4 22) + u2(22 +y2) 0

(2.28)
and hence xdx + ydy + udu = 0 which on integration gives

x2+y2+u2 = (.
Again using the multipliers 1/z,1/y,1/u we obtain

1 1 1
—dr — —dy — —du =10
x Y U

which can be solved to get the integral

Yu = Co.

Hence, ¢(x,y,u) = x> + y* + u* and ¢ (z,y,u) = £* are solution of (2.28).

2.3.2 (Geometrical interpretation of a first-order equation

We consider now the case of the quasi-linear equation
a(z,y, u)u, + bz, y, w)u, = c(z,y,u). (2.29)

A solution of (2.29) defines an integral surface S : wu(z,y) is the Euclidean (z, y, u) space. The
normal to this surface at each point P(x,y, ) is the vector 7ip(u,, u,, —1) and let Up be the vector
(a<$7 y? u)7 a/<x7 y’ u)? C('T7 y7 u)) *

Then the equation (2.29) can be interpreted as the condition that each point P of the integral
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surface S the vector Up is tangent to the surface S.
Suppose that P € €, where ) is a domain in the (z, y, u) space and consider the vector field

V = {vp, P € Q}. We define as characteristic curves

% - a(%%“)»
% = b(zay7u)a
du

&= c(x,y,u).

dx dy du
(o yu) b yu)  dwy )

which is an autonomous system of ODEs.
Assuming a,b and ¢ to be of class C'(R) by the existence and uniqueness theorem for ODEs it

follows that through each point Py(zo, yo, ug) € € passes exactly one characteristic curve I'y.

Definition 10. The system of ordinary differential equations of the characteristic curve is given

by
dx dy du

a(z,y,u) — blz,y,u) ez, y,u)

are called the characteristic equations of the quasi-linear equation (2.29).

2.3.3 Method of characteristics and general solutions

We can use the geometrical interpretation of first-order, partial differential equations and the
properties of characteristic curves to develop a method for finding the general solution of quasi-

linear equations. This is usually referred to as the method of characteristics due to Lagrange.
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Suppose that for P(x,y,u) € Q, V(a, b,u) # (0,0,0). The characteristic curve

can be represented as the intersection of two surfaces

r=8n3s;
Sl : ¢<xayvu) = (23())
82 . ﬂ)(fb’,y[d) =C2

for which the normal vectors 7i;(¢,, ¢y, ¢u) and 7ia(¢s, 1y, 1,) are linearly independent at each
point P, which means that

bo Oy Du
Vo hy Yy

rank = 2. (2.31)

Definition 11. A continuously differentiable function ¢(z,y,u) is said to be a first integral of

(2.33) if it is a constant on characteristic curves.

Definition 12. The first integrals ¢(x,y,u) and ¢(x,y,u) of (2.33) are functionally independent
if (2.31) is fulfilled.

Suppose ¢(z,y,u) and ¥ (z,y,u) are functionally independent first integrals and (2.30) holds.

From

it follows

Yol Ay 4 hutt = 0

where © = d_:c and
dt
¢za + Qyb + pyc =0
Yza + Yyb + e = 0.
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From (2.31) it follows that ¢ and 1 are functionally independent first integrals iff

de dy du (2.32)

b6y dal 6w 0ul oo @]
TS I SN B A

which geometricaly means that the vector n; x 7i; is a tangent vector to I' at P.

Now, the method of solution of quasi-linear equations can be described by the following result.

Theorem 3. The general solution of a first-order, quasi-linear partial differential equation
a(z,y,w)u, + b(z,y, w)u, = c(x,y,u) (2.33)
18
f(#, ) =0

where f is an arbitrary function of ¢(x,y,u) and Y(x,y,u), and ¢ = constant = ¢, and ¢ =

constant = ¢y are solution curves of the characteristic equations

dx dy du

a(z,y,u)  blr,y,u) clx,y,u)

The solution curves defined by ¢(z,y,u) = ¢ and Y(z,y,u) = co are called the families of charac-

teristic curves of equation (2.33).

Proof. Let u = u(x,y) be a function for which

F(o(z,y,u(z,y)), ¥(z,y,u(z,y))) =0 (2.34)
Differentiating (2.34) with respect to x, y, we have

Fy(dy + dutty) + Fy(hy, + thyuy) = 0.

Assuming (Fy, Fy) # (0,0) it follows

qby + ¢uuy ¢y + 77Duuy
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or

(%wy - (ﬁywu)uz + (¢x¢u - %%)Uy = (ﬁywm - %% (235>

From (2.35) and (2.34) it follows a(z, y, u)u, + b(x,y, u)u, = c(z,y, u).
Conversely let u = u(z,y) be a solution of (2.29), ¢(z,y,u) and ¥(z,y,u) be functionally
independent first integrals of (2.29). Then, by (2.32), it follows (2.35). O

Although our above discussion is only for two independent variables, it can be extended rather
easily to the case of n independent variables. In fact, analytic methods can be used to prove the

following general theorem.

Theorem 4. If ¢;(x1,xs, ..., Ty, u) = ¢;, 1 < i < n are independent solutions of the equations

dry  dry dx, du

P PR 7 P, R

then the relation V(¢q, P, ...., &n) = 0, where the function V is arbitrary, is a general solution of
the linear partial DE
Pu,, + Py, + ... + P, = R.

Example 11. Find the solution of the following equation

ou ou

Solution. The associated characteristic system is given by:

dx B @ du

Y x 0
The first integrals are given by:

q)l(xa Y, ’LL) = u,

(I)Q(:E7yau) = l'2+y

Thus, the characteristic curves associated with this equation are defined as the intersection of two
surfaces in R3:

S ={(x,y,2) : z=1¢1, c1 € R}

and

Sy = {(ZE,y,Z) : $2+y2202, (&) GR}
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Therefore, the characteristic curves are given by:
r=8ns;, = {(x,y,u) cu=cand 22 +1? =, CE]R}.
All solutions are thus implicitly defined by:
(x,y) — F (SB2 + 97, u(x, y)) = Constant.
According to the implicit function theorem, this yields:
u(z,y) = gla® + ),

for some C! function g.

Theorem 5. (The Cauchy problem for a quasi-linear equation). Suppose that xo(t), yo(t),
and uy(t) are continuously differentiable functions of t in a closed interval, 0 < t < 1, and that
a,b, and c are functions of x,y, and u with continuous first-order partial derivatives with respect

to their arqguments in some domain D of (x,y,u)-space containing the initial curve
U:x=ux0(t), yv=uo(t), u=up(t), (2.36)
where 0 <t <1 and satisfying the condition
yo(t)a(xo(t), yo(t), uo(t)) — xo(t)b(2o(t), yo(t), uo(t)) # O. (2.37)

Then there exists a unique solution uw = u(x,y) of the quasi-linear equation (2.33) in the neighbor-

hood of C : x = xo(t), y = yo(t), and the solution satisfies the initial condition
up(t) = u(zo(t), wo(t)), 0<t <1
Example 12. Find the solution of the equation
u(z + y)u, + u(z — y)u, = 2> + 7, (2.38)

with the Cauchy data v =0 on y = 2x.
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Solution. The characteristic equations are
de. dy  du
u(z +y)  ulr—y) 22492
First, let the multipliers ¢ = y,n = x,m = —u so that each fraction is the same as
dx _ dy _ du _ ydzr + xdy — udu (2.39)
wx+y) ulx—y) 22+y? 0

and hence ydz 4+ xdy — udu = 0 which on integration gives

2 — —1 2=
Ty u C1.
9 1

where ¢ is a positive constant. Again using the multipliers z, v, u we obtain
rdr — ydy — udu = 0
which can be solved to get the integral
22—y —u? =y

where ¢, is a positive constant. Hence, the general solution is

f(o(x,y,u), ¥(z,y,u)) =0

where ¢(z,y,u) = 2zy — u® and ¢(z,y,u) = 2* — y* — u? and f is an arbitrary function.

Now, using the Cauchy data u = 0 on y = 2z, we obtain 4¢; = 3cy. Therefore

1
4(2xy — §u2) =3(z* — y* —u?).

Thus, the solution of equation (2.38) is given by

2

u?(z,y) = 32° — 3y* — Sxy.
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2.4 Fully-nonlinear first-order equations

We shall now explain a general method for finding the solutions of first-order nonlinear partial

DEs which is due to Charpit.

2.4.1 Charpit’s method.

Consider the equation

F(z,y,u,uz,u,) =0, (z,y) e DCR (2.40)

where F' is a given function of its arguments, and v = u(x,y) is an unknown function of the
independent variables z and y which lie in some given domain D in R.
Equation (2.1) is often written in terms of standard notation p = u, and ¢ = u, so that (2.1)

takes the form

F(:U,y, u,p, q) =0. (2.41)

Since u depends on x and y, we have
du = u,dzx + u,dy = pdzr + qdy. (2.42)
If we can find another relation involving x,y, u, p, ¢ such as

QD(JS,y,U,p, Q) =0 (243)

then we can solve (2.41) and (2.43) for p and ¢ and substitute in (2.42). This will give the solution
provided the resulting equation is integrable.

To determine ¢, we differentiate (2.41) and (2.43) with respect to x and y, to obtain

p

P+ PuP + PpPe + Pz = 0,

(2.44)
Fy+ F.q+ Fypy + Fyq, =0,
L Py + Pud + PpDy + Pqely = 0.
Eliminating p, between the first equation and the second equation of (2.44), we get
(Fepp — 0a k) + (Fupp — 0uFp)p + (Fypp — 0Fp)g: = 0 (2.45)
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Also eliminating g, between the third equation and the fourth equation of (2.44), we obtain

(FySOp - SOqu) + (FuSOq - @qu)q + (Fp@q - @qu)py = 0. (2.46)

Adding (2.45)) and (2.46) and using ¢, = u,y, = py, we find that the last terms in both cancel and

the other terms, on rearrangement, give
(= F2) s + (= Fo) oy + (=pFp — qFg)ou + (Fa + pFu)op + (Fy + qFu)pg = 0.
This is Lagrange’s DE with z,y, u, p, ¢ as independent variables and ¢ as the dependent variable.

Its solution will depend on the solution of the subsidiary equations

dx dy du dp dg dy

—F, —F, —pF,—qF, F.+pF, F,+qF, 0

An integral of these equations involving p or g or both, can be taken as the required relation (2.43).
Working rule while using Charpit’s method:
Step 1: Transfer all the terms of the given equation to L. H. S. and denote entier expression
by F.
Step 2: Write down the Charpit’s equations, namely
de  dy du dp dq dy

—F, —F, —pk, — qfy F, + pF, F, +qF, 0 ( )

Step 3: Using the value of F' in the Step 1, write down the values of F},, Iy,..., etc occurring
in Step 2 and put these in the Charpit’s equations.

Step 4: After simplifying the Step 3, select two proper fractions so that the resulting integral
may come out to be simplest relation involving at least one of p and gq.

Step 5: The simple relation of Step 4 is solved along with the given equation to determine p
and ¢q. Put these values of p and ¢ in the relation du = pdx + qdy with on integration gives the

general solution of the nonlinear equation.
Example 13. Find the general solution of u? + yu, —u = 0

Solution. First we introduce u, = p and u, = ¢. Then

F(z,y,u,p,q) =p* +yq —u=0.
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Next we identify,
F,=0,F,=q, F,=2p, F;=y, F,=—1.

Then
—pF, — aFy = —2p° — gy,
Fy +pFy = —p,
F,+qF, =0.
The Charpit equations are then
dx dy du B d_p _dq

-2 -y -2’-qu -p O
The first conclusion is that ¢ = ¢; = constant. So, from the partial differential equation we have
u=p*+c1y.
Since du = pdx + qdy, then du = pdx + ¢1dy and therefore du — c¢;dy = pdx but p = Ju — ¢y,
hence d(u — ¢1) = y/u — ¢;ydx which on integration gives

/\/ﬁ_ dr = 2\/u—cy =1+ ¢
-y

where ¢, is an arbitrary constant. Solving for u, we have

1
u(x,y) = Z(I +c2)* + c1y.

2.5 Exercises

Exercise 2.1. Solve the following first-order linear partial DEs
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Exercise 2.2. Solve the following simultaneous DEs:

dx dy du
(1) 2 .2
x Y nxy
@) dx dy du
mu—ny nxr—Ilu ly—mz
dx dy du
B) 53— =5—""=75—
yu  y?—uzx Ty
dx dy du
(4) = — ) 22a 2
wzx+y) ulx—y) 24y
(5) dx B dy B du .
p(y? —u?) oy —a?)  u(a?—y?)
dx dy du
(6) 5 5 = =

22—y —wu?2  2xy 2zu

Exercise 2.4. Solve the following first-order quasilinear partial DEs:
(i) yz3- ~|—xz‘9“ —zyd =0
(i) —y2 —I—xau + (14 2%)% = 3zu,
(iii) yzau + a;za“ - :L'yaz +zyz =0,
(iv) z (cu — by) 2 5 +ylar — cu)gy u(by — ax).

Exercise 2.5. Solve the following first-order nonlinear partial DEs:
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where p = u, and q = u,.
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Chapter 3

Partial differential equations of second

order

Many physical problems related to fluid mechanics, heat transfer, dynamics, and electromagnetism
are described by second-order partial differential equations (PDEs). Therefore, studying their

solution methods is essential for solving real-world problems.

3.1 Classification and canonical forms of equations in two
independent variables

Here we shall be concerned with second-order equations in the dependent variable u and the inde-
pendent variables z and y. The general form of a linear second-order equation in two independent

variables is

0*u 2u 0*u ou ou

where A, B,C,D,E,F,G € C?(Q), Q € R? and A% + B? + C? # 0. We shall assume that the
function u and the coefficients are twice continuously differentiable in some domain in R2.
The classification of partial differential equations is suggested by the classification of the

quadratic equation of conic sections in analytic geometry. The equation
Az + Avy + Cy* + Dx+ By + F =0,

represents hyperbola, parabola, or ellipse accordingly as B? — 4AC is positive, zero, or negative.
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The classification of second-order equations is based upon the possibility of reducing equation
(&) by coordinate transformation to canonical or standard form at a point. An equation is said to

be hyperbolic, parabolic, or elliptic at a point (x¢, yo) accordingly as

BQ(%; yo) - 4A(l’o7 Z/())C(xoa ?Jo)

is positive, zero, or negative. If this is true at all points, then the equation is said to be hyperbolic,

parabolic, or elliptic in a domain. Thus, we define:

Definition 13. Let A(z,y) = B*(z,y) — 4A(z,y)C(z,y), then we say that the equation (£) at a
point P(x,y) € Q) is:

1. hyperbolic, if A(z,y) > 0,

2. parabolic, if A(z,y) =0,

3. elliptic, if A(z,y) < 0.

Example 14. The wave equation

o o2

1S a hyperbolic equation on the domain D = R, x R because
A(t,x) = b*(t, z) — 4a(t, v)c(t, z) = 4¢* > 0.

Example 15. Consider the equation

, 0% 0*u N ,0Pu (2 + 1)
rr— -z = sin(x ,
0x? y@x@y Y Oy? 4
we compute the discriminant A(x,y) = —3x?y?. Therefore, if x =0 ory =0, A vanishes. So, on

the domain

D={(z,y) eR’|z =0 ory=0},
this PDE is parabolic, and it is elliptic on R*\ D.

To transform the equation (£) into a canonical form, we need to perform a change of indepen-

dent variables.
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3.2 Change of variables

To transform equation (£) to a canonical form we make a change of independent variables. Let

the new variables be

§=E&(z,y), n=n(z,y).

Assuming that ¢ and 7 are twice continuously differentiable and that the Jacobian

e &
Nz Ty

J £ 0 (3.1)

in the region under consideration, then z and y can be determined uniquely from the system (3.1).

Definition 14. The transformation (§,1) = (f(x,y), n(x,y)) is called a change of coordinates
(or a nonsingular transformation) if the Jacobian J := &ny — n,€, of the transformation does not

vanish at any point (z,vy).

Proposition 1. The type of a linear second-order PDE in two variables is invariant under a
change of coordinates. In other words, the type of the equation is an intrinsic property of the

equation and 1s independent of the particular coordinate system used.

Proof. Let the equation (£) and let (£,7) = (£(z,y), n(z,y)) be a nonsingular transformation.
Write u(z(&, 1), y(€,1)) = v(§, n). We claim that v is a solution of a second-order equation of the

same type.Using the chain rule one finds that

ou ovoE  Ov @

or  0tor  onox
Ou _ Ovog  dvon
dy 0ty ooy

Based on the two equations above, and again using the chain rule, we express the second-order

derivatives as follows:
Du (06N O (06 (On) B (on)* o
0x2  \Ox) 0& ox Ox ) 0&0n ox ) On?

L (FEN v (O dv
0x2 ) O¢ ox2 ) on’
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Pu (06 (08 ¢ %€
dxdy (ax>( )(%”K ( ) <a>< )L%an
on\ (on\ 0*v 0%¢ 1\ ov
*(a_x) (ay) o *(amay> a¢ ( >an
Pu [0 o0&\ (On\ 0% on\~ 0%
o2 (5_34) 8§2+2< )(a_y) 85377+< y) n?
02¢ 021\ ov
+(a—y2)a—s+( )577

By substituting these expressions into the equation (£), the following equation is obtained:

0%v 0%v 9%v ov ov

A*a_§2+8*35377+0*377 +D*3_5+E*8_5+F*U_G* (&)
where
A A(%)ZB %) (8_ w(@)z
ox x dy oy )
oo () () o[ (5) () (5) ) (5) ()
2
) 03

_Z) w(%) (3.2
() 2 () £ (5)
e(Gh) o (5) e (5)

The resulting equation (£*) is in the same form as the original equation (£) under the general

transformation (£,7) = (&(z,y), n(x,y)). The nature of the equation remains invariant under
such a transformation if the Jacobian does not vanish. This can be seen from the fact that the

sign of the discriminant does not alter under the transformation, that is,

B2(&,m) — 4A*(&,n)C*(&,n) = J* (B*(x,y) — 4A(z,y)C(z,y))

which can be easily verified. Since J # 0, the two equations (£) and (£*) are of the same type. [

Remark 5. The classification of equation (€) depends on the coefficients A(x,y), B(zx,y) and
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C(z,y) at a given point (x,y). We shall, therefore, rewrite equation (£) as

0%u 0%u 9%u
A(l’, y)@ + B(IE, y) axay + C(Z‘, y>a_y2 - H(JI7 Y, U, Uy, uy) (5)7
and equation (£*) as
. 0%v . 9%v . 9% . .
A (5}77)8_624‘3 (57”)@—1—0 (5,77)(9—772_H (gvnavavf7u77) (8 )7

3.3 Canonical forms

Writing a second-order PDE in its canonical form allows us to reduce it to a simpler expression.
This process eliminates certain second-order derivatives and helps in finding solutions. The canoni-
cal form of a second-order PDE depends on the type of the equation. For this purpose, We suppose
first that none of A, B, C is zero. Let £ and 1 be new variables such that the coefficients A* and

en () o (5 () o (5 -
ca(a) 2 (G (G e (3) -
These two equations are of the same type and hence we may write them in the form
A(@32+B(%)(%)+c<@52:a (33)
Ox ox ) \ Oy dy

in which ¢ stand for either of the functions £ or 7. Dividing through by ¢ equation (3.3) becomes

A(%f+3(%)+czo (3.4

C* in equation (4.1.11) vanish. Thus, from (3.2), we have

Along the curve ( = constant, we have
d¢ = Cgdx + (ydy.

Thus
dy _ G
dx Cy
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and therefore, equation (3.4) may be written in the form

dy 2 dy
A (%) - B (%) +C =0. (3.5)
the roots of which are
dy B+ Vv B?% —4AC
dw 24 (3.6)
dy B—vB?—-4AC
de 24

Definition 15. The equations (3.6), which are known as the characteristic equations, are
ordinary differential equations for families of curves in the xy—plane along which & = constant

and 1 = constant. The integrals of equations (3.6) are called the characteristic curves.

Remark 6. Since the equations (3.6), are first-order ordinary differential equations, the solutions

may be written as

@Dl(% y) =0
¢1(xa y) =G

where ¢y and co are constants. Hence the transformations

5=¢1($7 y)7 77:¢2(1‘a y)

will transform equation (€) to a canonical form.

3.3.1 Canonical form of hyperbolic equations

Theorem 6. Suppose that (£) is hyperbolic in a domain D. There exists a coordinate system

(&, m) in which the equation has the canonical form

0% v Ov
8587] =G (577771}7 a_éa 0_77>

where v(€, 1) = u(z(&, n), y(& n)) and G is a function which depends on (£).

Proof. Without loss of generality, we may assume that A(z,y) # 0 for all (z,y) € D. We need to
find two functions £ = &(x,y) and n = n(x,y)) such thats

A*(€,m) = A (%)ZB (%) (%) +C (%)2 =0,
cien=a(3) +(2) (3) o () -
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The equation that was obtained for the function 7 is actually the same equation as for £; therefore,
we need to solve only one equation. It is a first-order equation that is not quasilinear; but as a

quadratic form in £ it is possible to write it as a product of two linear terms

1, (oe\, B+vEE=TAC (0e\ [, (06\  B-VBT=AC (o6\] _,
A (8m)+ 2A (ay) (8x>+ 2A (ay) =Y

Therefore, we need to solve the following linear equations:

A(g) | B+ VB 140 (g) o

Ox 2A dy (3.7)
A(g)+3—\/32—4A0(g)_0 '
Ox 2A oy)

In order to obtain a nonsingular transformation (£(z,y), n = n(z,y)) we choose £ to be a solution

of the first equation of (3.7) and 7 to be a solution of the second equation of (3.7).

d:v_ dy_ 5 d{_
E_A’ %_B—i— B? —4AC, dt—().

Therefore, ¢ is constant on each characteristic. The characteristics are solutions of the equation

dy B++VB*-4AC
de 24 '

The function 7 is constant on the characteristic determined by

dy B — /B2 —4AC
dv 24 '

Example 16. Find the canonical for the following equation:
,0%u 0%

o222
Y or2 x@yz

Solution. The discriminant is A(z,y) = B*(x,y) — 4A(x, y)C(z,y) = 4%y
Therefore, if 2 = 0 or y = 0, the PDE is parabolic at the point (x,y); otherwise, it is hyperbolic.

Let us consider a domain D in which the PDE is hyperbolic at every point. In this domain,
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the characteristic equations are:

dy 0% /4a?y? LT

de 242 Ty

Using the method of separation of variables, we obtain: 3(z? 4+ y?) = C) and §(2? — y?) = Cb,

where C; and Cy are constants. The characteristic curves are:

We define:

and we set u(z,y) = v(&,n). Using this coordinate transformation, we get:

By the chain rule, we compute:

0%u
0x?

0%*u
oy?

1(z,y) = 2® +y7,
o(z,y) = x* — 42,

§=2" 4y
n=a* -y

z? = &1,

y? =50,
or ¢ on’
ou ov

2P0 P B v O
o¢? oo~ o9& O’
0 ov ov
7 (15 13,
, 0% , 0% ,0%v Qv v
Vet agn TV o o T oy
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Finally, substituting into the original equation:

2 2 2
,0°u  ,0%u 5 o OV ov 9

Yoz~ 7 5y Y Beon W

which implies, after simplification:

v m &
o 22 —n?) 0 2(&—n?)on’

This is the canonical form of the PDE at the points where it is hyperbolic.

3.3.2 Canonical form of parabolic equations

Theorem 7. Suppose that (£) is parabolic in a domain D. There exists a coordinate system (&,1m)
i which the equation has the canonical form

0%v ov Ov
6_52 =G (5,77,2178—676—77) .

where v(&, n) = u(z(&, ), y(&, 1)) and G is a function which depends on ().

Proof. Since B? — 4AC = 0, we may assume that A(x,y) # 0 for all (z,y) € D. We need to find
two functions £ = £(z,y),n = n(x,y) such that B*(&,n) = C*(&,n) = 0 for all (z,y) € D. It
is enough to make C* = 0, since the parabolicity of the equation will then imply that B* = 0.

Therefore, we need to find a function 7 that is a solution of the equation

=) en(2) 3o (3) -5 b(3) 2B -

From this it follows that n is a solution of the first-order linear equation:

an B (0n
A — —_— — pr—
(5)-2 (&)~

Hence, the solution 7 is constant on each characteristic, i.e., on a curve that is a solution of the

equation
dy B
dr — 2A°
Now, the only constraint on the second independent variable &, is that the Jacobian of the trans-

formation should not vanish in D, and we may take any such function £&. Note that a parabolic

equation admits only one family of characteristics while for hyperbolic equations we have two
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families. O

Example 17. Find the canonical form for the following equation:

9%u 0%u *u  Ou 28u_

522 %0ay 997 ~ 9 T 2ay — "

Solution. This equation is parabolic on R2. The characteristic equation is:

dy _

3
dz ’

whose solution is 3z — y = C'. The first characteristic curve is therefore:

o1(z,y) =3 —y.

We then set ¢ = 3x — y. To obtain a second characteristic coordinate 7, there are many possible
choices. For this example, we take 7(x,y) = x. This function has continuous partial derivatives of

order m < 2, and

J=|0% % | =1#0
on 0 ’
5 B 1 0

for all points in R?. Using this coordinate transformation:

g =3r — Y,
n=4x,
and setting u(x,y) = v(£,n), we get:
=1,
y=3n-E
Using the chain rule, we obtain:
ou 38v ov
Ox oc o’
ou  Ov
oy o

ez " O%¢an T o

Pu 0 ( ov 81}) - 9% 0%v 0%
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Pu 0 (0 o) o o
oxdy Oy \ 0¢  On) O 0Lon’
ou_ o
o2 0g?’

Finally,
0?u 0%u Pu  Ou  _Ou v  _Ov  Ov
+6 +9 —=—+2=—= ,
0x? 0x0y oy?  Ox dy  On? o0& 0On

which implies:

o ov o0
on?2 06 on
3.3.3 Canonical form of elliptic equations

We should choose ¢ and 1 such that A = C and B = 0. Since B? —4AC < 0 it follows that A # 0

and the characteristic equations of the equation (£) given by

dy  B+iV-A
dr 2A

3.8
dy B—iv-A (3:8)
dr 2A

are ordinary differential equations of the complex form.
Let o(x,y) = &(x,y) + in(z,y) = constant, be the general solutions of the first equation of

(3.8). Moreover, the solutions of the two equations are complex conjugates.

Theorem 8. Suppose that (£) is elliptic in a planar domain D. Assume further that the coefficients
A, B, C are real analytic functions in D. Then there exists a coordinate system (£, n) in which the

equation (&) has the canonical form

Fu Pv_ (o
862 8772 - anvvv 867 877 )

where v(§, ) = U($(§; n), y(&, 77))

Proof. Assume that A(x,y) # 0 for all (x,y) € Q. We are looking for two function £ = £(z,y) and
n = n(z,y) that satisfy the equations

., (08 o€\ (¢ oeN* . (o)’ on\ (on o\

4 —A(a) *B(a—x) (a@)*c(a—y) =¢ ”(%) “3(%) (a—y)”(a—y> ’
0c On €E9ﬂ+5%9ﬂ 20980 _

(3.9)

B:M%%*ﬂgw ayox| T a0y
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This is a system of two nonlinear first-order equations. The main difficulty in the elliptic case is
that (3.9) are coupled. In order to decouple these equations, we shall use the complex plane and

the analyticity assumption. We may write the system (3.9) in the following form

A& —m2) + B(&&y —mamy) + C (& —m3) =0

(3.10)
214595”737 + B(&x iny + gyinm) + 205;;% = 0>

where i2 = —1. By setting ¢(z,y) = £ + i, the system (3.10) is equivalent to the complex valued

96\ > 8o\ [ 9o\*
A(a—) *B(%) (a—y)”(a—ﬂ =0

Surprisingly, we have arrived at the same equation as in the hyperbolic case. But in the elliptic

equation

case the equation does not admit any real solution, or, in other words, elliptic equations do not

have characteristics. Consequently, the characteristics are complex, and we must solve:

L (B + iVAAC — B?) 9 _,,
ox oy

The associated characteristic system is given by

dy B=+ivVB?—4AC

dr 2A
By setting
§(2,y) = Rep(z,y), (3.11)
n(z,y) = Ime(z,y),
the equation (&) takes the following canonical form
2 2
which is the canonical form of the elliptic equation. O

Example 18. Find the canonical form for the Tricomi equation

9*u 0%y

@‘i‘&?a—f:o, x> 0.

Solution. We have

B*(x,y) — 4A(x,y)C(z,y) = —da = 4i*x.
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Since x > 0, this PDE is elliptic on the domain D. At these points, the characteristic equations

are

where C' is a constant. We set

@ 3:6;81)

Ox 2" On’

v _ 30

oy 20¢’

181}

3
o=\ 2" a) 1t 1 o
Pu 0 <30v) ~ 90%

ayp oy \20¢) 40

0%u ) ( 3 16@) 9 0%

and finally

Pu Fu 90 3 v 9 o
0x? Oy? 4 0n?2 4 on 4 0
9 /0% 1ov 0%
1%@*%%+%ﬁ

The canonical form of the Tricomi equation is given by

0%y 0% 1 ov

o " o = " 3non

3.4 General solutions

In general, it is not so simple to determine the general solution of a given equation. Sometimes
further simplification of the canonical form of an equation may yield the general solution. If the

canonical form of the equation is simple, then the general solution can be immediately ascertained.
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Example 19. Find the general solution of the following equations

Solution. First we have A = y, B = 3y and C' = 0. Hence A(z,y) = B? —4AC = 99> > 0
and the equation is hyperbolic for all points (z,y) with y # 0. Consequently, the characteristic

equations are
dy BEVA 3y+3y
dr 24 2

=3, or 0.

Integrating gives

y=oc and y =32+ co

where ¢; and ¢y are arbitrary constants. In terms of these variables, the canonical form of the
equation is

§vgn + vy = 0.

Writing w = v,, and using the integrating factor gives
w=wv,==C(n)
where C'(n) is an arbitrary function. Integrating again with respect to n gives

v(&,m) = g/ n)dn +g(§) = 2f(77)+g(€)

where f and g are arbitrary functions. Finally, in terms of the original variables, the general

solution is
1
u(z,y) = ;f(y —3z) + g(y).

Example 20. If it is possible, find the general solution of the following equation
Upg + 2Ugy + dUyy + uy = 0.

Solution. The coefficients of equation are A=1, B=2,C =5 E =1, FF= G =0 and hence
B? — 4AC = —16 < 0, equation is elliptic. The characteristic equations are

dy
2 =1+2i
dx !

The curve characteristic is ¢(z,y) = y — (1 £ 2i)z = C, where C' is an arbitrary constant. Then
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we set £ =y — 2 and 7 = —2z and by using the chain Rule, the canonical form is given by

Veg + Upy = (Uﬁ - 2“?7)'

|

It is not easy to find a general solution for this equation.

3.5 Exercises

Exercise 3.1. Determine the region in which the given equation is hyperbolic, parabolic, or elliptic,

and transform the equation in the respective region to canonical form.

Exercise 3.3. Find the characteristics and characteristic coordinates, and reduce the following

equations to canonical form:

1) Upy + 2Ugy + 3Uyy + 4uy + duy +u = €%;

2 xQUx;v - yQUJ:y —u; =1+ 292’

(1)
(2)
(3) %Y tps + 27y + Uy, = 0;
(4) uyy — Yuy + Tu, = cosy;
()

9) Upy + Uy + uy = 3.
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Exercise 3.4. Transform the following equations to the form ve, = cv, ¢ =constant

(1) wpy — Uy + 3uy — 2uy, +u = 0;

(2) Bty + Tgy + 2uyy +uy +u=0

by introducing the new variables v = we )  where a and b are undetermined coefficients.

Ezxercise 3.5. Obtain the solution of the Cauchy problem

Ugg + Uyy = 0;

u(z, 0) = f(z)  uy(z, 0) = g(x),

Exercise 3.6. Transform the equation
Uy + YUyy +sin(z +y) =0

into the canonical form. Use the canonical form to find the general solution.
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Chapter 4

Method of separation of variables

4.1 Introduction

The method of separation of variables combined with the principle of super-position is widely used
to solve initial boundary-value problems involving linear partial differential equations. Usually,
the dependent variable u(z,y) is expressed in the separable form u(z,y) = X(x)Y (y), where X
and Y are functions of x and y respectively. In many cases, the partial differential equation
reduces to two ordinary differential equations for X and Y. A similar treatment can be applied to
equations in three or more independent variables. However, the question of separability of a partial
differential equation into two or more ordinary differential equations is by no means a trivial one.
In spite of this question, the method is widely used in finding solutions of a large class of initial
boundary-value problems. This method of solution is also known as the Fourier method (or the
method of eigenfunction expansion). Thus, the procedure outlined above leads to the important
ideas of eigenvalues, eigenfunctions, and orthogonality, all of which are very general and powerful

for dealing with linear problems.

4.2 Separation of variables

Fourier’s method for solving the heat equation provides a convenient method that can be applied
to many other important linear problems. The method also en-ables us to deduce several proper-
ties of the solutions, such as asymptotic behavior, smoothness, and well-posedness. Historically,
Fourier’s idea was a breakthrough which paved the way for new developments in science and tech-
nology. For exam-ple, Fourier analysis found many applications in pure mathematics (number

theory, approximation theory, etc.). Several fundamental theories in physics (quantum mechanics
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in particular) are heavily based on Fouriers idea, and the entire theory of signal processing is based
on Fouriers method and its generalizations.

Nevertheless, Fourier’s method cannot always be applied for solving linear differential problems.
The method is applicable only for problems with an appropriate symmetry. Moreover, the equation
and the domain should share the same symmetry, and in most cases the domain should be bounded.
Another drawback follows from the representation of the solution as an infinite series. In many cases
it is not easy to prove that the formal solution given by this method is indeed a proper solution.
Finally, even in the case when one can prove that the series converges to a classical solution, it
might happen that the rate of convergence is very slow. Therefore, such a representation of the
solution may not always be practical.

Fourier’s method for solving linear PDEs is based on the technique of separation of variables.
Let us outline the main steps of this technique. First step, we search for solutions of the homoge-
neous PDE that are called product solutions (or separated solutions). These solutions have
the special form

u(z,t) = X(x)T(t),

and in general they should satisfy certain additional conditions. In many cases, these additional
conditions are just homogeneous boundary conditions. It turns out that X and T should be
solutions of linear ODEs that are easily derived from the given PDE. In the second step, we use
a generalization of the superposition principle to generate out of the separated solutions a more
general solution of the PDE, in the form of an infinite series of product solutions. In the last step
we compute the coefficients of this series.

The following examples illustrate the general nature of this method of solution.

4.3 Examples

4.3.1 Heat equation: homogeneous boundary conditions

Consider the following heat conduction problem in a finite interval:

with Dirichlet boundary conditions

uw(0,t) =u(L,t) =0, t>0, (4.2)
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and the initial condition

u(z,0) = f(z), 0<az<L, (4.3)

where f is a given function and k is a positive constant. In order to make (4.2) consistent with
(4.3), we assume the compatibility condition f(0) = f(L) = 0.
Step 1: Our goal is to find the solution of (4.1)—(4.3) using the method of separation of

variables or Fourier method. A separable solution is a solution of the form
u(z,t) =X (z) T (t) (4.4)

where X and T are functions of the variables x and ¢, respectively. At this step we do not take into
account the initial condition (4.3). Obviously, we are not interested in the zero solution u(z,t) = 0.
Therefore, we seek functions X and T that do not vanish identically.

Differentiate the separated solution (4.4) once with respect to ¢ and twice with respect to x

and substitute these derivatives into the PDE. We then obtain
X(:U)T’(t) = kX”(x)T(t), O<ax<L, t>N0.

Now, we carry out a simple but decisive stepthe separation of variables step. We move to one side
of the PDE all the functions that depend only on = and to the other side the functions that depend
only on ¢ . We thus write

) _ X'(z)

i) - X)) O<zx<L, t>0. (4.5)

Since = and t are independent variables, differentiating (4.5) with respect to t implies that there

exists a constant denoted by A (which is called the separation constant) such that

T() _ X'(x)
K1) X(z)

=-\ O<z<L, t>N0. (4.6)

Equation (4.6) leads to the following system of ODEs:

d2il(x(x) =-XX(z), O0<z<L, (4.7)
dr(t) _
— = kAT(D), >0, (4.8)

which are coupled only by the separation constant A\. The function u satisfies the boundary
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conditions (4.2) if and only if

Since u is not the trivial solution u = 0, it follows that X (0) = X (L) = 0.

Therefore, the function X should be a solution of the boundary value problem

EX@) L AX(z) =0, 0<z<L,

(4.9)
X(0) = X(L) = 0.

Consider the system (4.9). A nontrivial solution of this system is called an eigenfunction of the
problem with an eigenvalue . The problem (4.9) is called an eigenvalue problem. The boundary
condition X (0) = X (L) = 0 is called (as in the PDE case) the Dirichlet boundary condition.

Note that the problem (4.9) is not an initial boundary problem for an ODE (for which it is
known that there exists a unique solution). Rather, it is a boundary value problem for an ODE.
It is not clear a priori that there exists a solution for any value of A. On the other hand, if we can
write the general solution of the ODE for every A, then we need only to check for which A there
exists a solution that also satisfies the boundary conditions.

Fortunately, the first equation of (4.9) is quite elementary. It is a second-order linear ODE

with con-stant coefficients, and its general solution (which depends on \) has the following form:
o If A <0, then X(z) = C cosh(v/=X z) + Cysinh(v/—X z) = CyeV % 4 Che V2,
e If A\ =0, then X(x) =Cy + Caz.
o If A > 0, then X () = C} cos(vV/A z) + Cysin(v/A ),

where (] and Cs are arbitrary constants.

We begin by solving the system (4.9).

A nontrivial solution of (4.9) is called an eigenfunction with eigenvalue A\. We distinguish three
cases:

Negative eigenvalue A = —pu? < 0. The general solution can be written

X(x) = ae ™™ 4 pet®
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where «, (§ are arbitrary real constants. From the boundary conditions, we have

a+B=0,

ae M 4 Berl = (.

From the first equation, we have o = —f. Substituting into the second gives ae™"* = aetF, and
if a # 0 then e?*! = 1. This is not possible since u and L are both nonzero. Hence, a = 3 = 0.
So, in this case, X = 0 and u(z,t) =0 for all 0 < 2 < L and ¢ > 0. Thus, the system (4.9) does
not admit a negative eigenvalue.

Zero eigenvalue A\ = 0, then, the general solution for is
X(z) = a+ Bz,
where «, § are arbitrary real constants. The boundary conditions imply:

a+B-0=0,
a+ 6L =0.

Since L # 0, it follows clearly that a = f = 0. Thus, again X (z) = 0 and u(x,t) = 0 for all
0 <z <L andt>0. We must also exclude the case A = 0.

Positive eigenvalue A = ;2 > 0. The general solution is

X(z) = acos(uzx) + [ sin(pux)

where «, (8 are arbitrary real constants. Substituting this solution into the boundary condition,

we obtain

If =0, the solution is trivial. For nontrivial solutions, 8 # 0, hence, sin(uL) = 0. Consequently,

2
ul=nm, = (T) , nez
L
It follows that
nm 2
- ()
L
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are the eigenvalues, and the corresponding eigenfunctions are

Xn(x) = sin <@> , nez.
L
Since sin(—z) = —sin(z) for all x € R, the solutions of problems (4.9) are, therefore

Xp(z) = By sin <?> , neN-.
Let us deal now with the ODE (4.8). For A, = ("—L”)Z, the general solution has the form
T(t) = %efk(%)%, n € N*.
where 7, is an arbitrary constant.

Step 2: We have thus obtained the following sequence of separated solutions

nmx )2
Up(z,t) = §, sin <T> e () ‘. neN-
where 6,, = B, 7n.

Since equation (4.1) is linear and homogeneous, by the superposition principle, the infinite

series -
nmx o )2
1) = d,, s <—> —k(5E)"t
u(z,t) 3:1 sin (—— )

of separated solutions is also a solution of the heat equation that satisfies the Dirichlet boundary
conditions.

Consider now the initial condition, we have
- nmx
,0) = = = O, Si <—>
u(z,0) = f(z) = f(z) ; sin ( —
Step 3: In other words, it is possible to find constants ¢,, such that:
- nmx
=2 dnsin (57)
f(z) ; sin ( —

Such a series is called a (generalized) Fourier series (or expansion) of the function f with respect
to the eigenfunctions of the problem, and §,, for n = 1,2,... are called the (generalized) Fourier

coefficients of the series.
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Observe that:

L
0,
/ sin (mmc) dx—z5 / sin <—$> sin <@> dr = m#n
0 L L %, m=n
Therefore, the Fourier coefficients are given by:
L L
2
6n:f0 TH(L>f() :—/ SiIl(@)f(l“)dl’.
g sin® (Z2) da L Jo L
Finally, the explicit formula of the solution of the problem (4.1)—(4.3), is given by:
- nmx |2
D=3 gusin (1I) )
) ; sin (—— Je L
where .
2
Op = z/o sin <?> f(z)dx
Example 21. Consider the problem:
Ou_ Ou 0, 0<zx< t>0 (4.10)
— —— = x )
ot 0x? ’ i ’
with Dirichlet boundary conditions
u(0,t) = u(m,t) =0, ¢>0, (4.11)
and the initial condition
x 0<x<Z%; t>0
u(z,0) = f(z) = -T2 (4.12)
T—x 5 <z <.

Solution. The formal solution is

oo
= Z 8, sin(na)e ™"
n=1

z 2 (7 4
/ zsin(nx)dr + — / (m — x) sin(nz)dr = — sin nr
0 T

72r 7rn2 2

61



4.3. EXAMPLES Chapitre 4

But
. nw 0 n = 2m,
sin — =
2 (—1)m+1 n=2m-—1,
when m = 1,2, .... Therefore the formal solution is

4 00 m+1 [(2 1) ] —(2m—1)2t
= — E ———sin m — xre .
T m:1 2m —1)2

4.3.2 One-dimensional wave equation

Imagine a tensioned guitar string of length L that can vibrate. We will only consider vibrations in
one direction. Let x denote the position along the string, let ¢ denote time, and let y(x,t) denote

the displacement of the string from the rest position. See The equation that governs this setup is

T

0 L x

Vibrating string of length L, x is position, y is displacement.

the so-called one-dimensional wave equation:

2
Yt = Q@ Ygo,

for some constant a > 0.

The intuition is similar to the heat equation, replacing velocity with acceleration: the accelera-
tion at a specific point is proportional to the second derivative of the shape of the string. In other
words, when the string is concave down then y,, is negative and the string wants to accelerate
downwards, so y;; should be negative. And vice versa. The wave equation is an example of a
hyperbolic PDE.

We will again solve for y in the region 0 < x < L and t > 0. Assume that the ends of the string

are fixed in place as on the guitar:

y(0,t) =0 and y(L,t)=0 for t>0.
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We have two conditions along the x-axis as there are two derivatives in the x direction. There
are also two derivatives along the ¢ direction and hence we need two further conditions here. We
need to know the initial position and the initial velocity of the string. That is, for some known

functions f(x) and g(z), we impose

y(x,0) = f(x) and wy(x,0)=g(z) for 0 <z < L.

The equation is linear and homogeneous, so superposition works just as it did for the heat equa-
tion. Superposition also preserves the homogeneous side conditions y(0,¢) = 0 and y(L,t) = 0.
Again we will use separation of variables to find enough building-block solutions to get the par-
ticular solution also solving the nonhomogeneous initial conditions. There is one change however.
We will solve two separate problems and add their solutions.

The two problems we will solve are

Wy = AWy for 0 <z < L andt >0,
w(0,t) =w(L,t) =0 for t >0,
(0,6) = w(L,?) )
w(z,0) =0 for 0 <z <L,
wy(z,0) = g(x) for 0 <z <L,
and
24t = A2y for 0 <z < Landt >0,
0,t) = 2(L,t) = 0 for ¢ >0,
2(0,4) = 2(Ly1) : "
2(x,0) = f(x) for 0 <z < L,
2(2,0) =0 for 0 <z < L.
The principle of superposition implies that y = w + 2z solves the wave equation and the

homogeneous side conditions. Furthermore, y(z,0) = w(z,0) + z(z,0) = f(z) and y(z,0) =

wi(z,0) + z(x,0) = g(z). Hence, y is a solution to

Yit = @ Yua for 0 <z < Landt >0,
0,t) =y(L,t) =0 for t >0,
y(0,t) = y(L,1) (4.15)
y(z,0) = f(x) for 0 <2 < L,
yi(2,0) = g(w) for 0 <z < L.

The reason for all this complexity is that superposition only works for homogeneous conditions

such as y(0,t) = y(L,t) = 0, y(x,0) = 0, or y(z,0) = 0. Therefore, we can use separation of
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variables to find many building-block solutions solving all the homogeneous conditions. We can
then use them to construct a solution satisfying the remaining nonhomogeneous condition.

Let us start with (4.13). We try a solution of the form w(z,t) = X (x)7T'(t) again. We plug into
the wave equation to obtain

X(2)T"(t) = a®* X" (2)T(t).

Rewriting, we get
T//(t) B X/I(x>

a?T(t)  X(z)

Again, left-hand side depends only on ¢ and the right-hand side depends only on x. So both sides

equal a constant, which we denote by —A:

T"(¢) o
a?T(t) A X(z)

We solve to get two ordinary differential equations

X"(x) + AX (z) =0,
T"(t) + \a*T'(t) = 0.

The condition 0 = w(0,t) = X(0)T'(t) implies X (0) = 0 and w(L,t) = 0 implies that X (L) = 0.

n2n?

L2

Therefore, the only nontrivial solutions for the first equation are when A = \,, = and they are

X, (x) = sin <n%x> :

The general solution for T" for this particular A, is
T, (t) = Acos (?t) + Bsin (n_zat> :

We also have the condition that w(z,0) = 0 or X (2)7'(0) = 0. This implies that 7/(0) = 0, which

in turn forces A = 0. It is convenient to pick B = n—ia (you will see why in a moment) and hence
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We differentiate in ¢:

%(x,t) = sin (%x) cos (%t) .

Hence,
ow,,

W(x, 0) = sin (%x) :

We expand ¢(z) in terms of these sines as

Using superposition we write the solution to (4.13) as a series

() 0 L
n=1 n=1

We solve (4.14) similarly. We again try z(z,y) = X (x)T'(t). The procedure works exactly the

same at first. We obtain

X"(z) + AX (z) =0,
T"(t) + \a*T'(t) = 0,

and the conditions X (0) =0, X(L) = 0. Again, A =\, = ”2’;2 and
X, (x) = sin <%x) :
This time, the condition on 7" is 7"(0) = 0. Thus we get that B = 0, and we take
nma
T () = <—t> .
(t) = cos 7
Our building-block solution is

( t)— . (mr ) (mrat>
Zn\T, = sSin i3 X ) COS 17 .

As z,(2,0) = sin (%), we expand f(z) in terms of these sines as

f(z) = g Cp Sin (%x) :
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We write down the solution to (4.14) as a series
= = nmw nwa
t) = ;cnzn(m, t) = ; Cp Sin <7x> Cos <Tt> :
Putting these two solutions together, let us state the result as a theorem.

Theorem 9. Take the problem

ytt:a2yaxc fOT O<x<Lcmdt>0,
0,t) =y(L,t) =0 or t >0,
y(0,t) = y(L, 1) f (416)
y(x,0) = f(z) for 0 <z <L,
yi(z,0) = g(x) for 0 <z <L,

where -
z:: Cp Sin ( ) and  g(x) = Z by, sin (n%a:) :

Then the solution y(x,t) can be written as a sum of the solutions of (4.13) and (4.14):
= ib L sin (Mgg) sin (@0 + ¢y, sin (Tgy) cos (wt)
-~ "nra L L " L L

= isin (Tx> b L sin (mt> + ¢y, cos (@t>

B « L "nra L " L '

4.4 Exercises

Exercise 4.1. Using the method of separation of variables, find the solution of the following

problem
Up = Klpy for 0 <x <L andt >0,
uz(0,t) = u(L,t) =0 for t >0,
u(z,0) = f(z) for 0 <z < L.
Exercise 4.2. Using the method of separation of variables, find the solution of the following
problem
U = kgy for 0 <x <L andt >0,
uw(0,t) = u(L,t), ug(0,t) =uy(L,t) for t >0,
u(z,0) = f(x) for 0 <z < L.

Ezxercise 4.3. Imagine that a stringed musical instrument falls on the floor. Suppose that the

length of the string is 1 and a = 1. When the musical instrument hits the ground the string was
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in rest position and hence y(z,0) = 0. However, the string was moving at some velocity at impact

(t=0), say y(z,0) = —1. Find the solution y(x,t) for the shape of the string at time t.

Exercise 4.4. Suppose that you have a vibrating string and that there is air resistance proportional

to the wvelocity. That is, you have

Yt = A*Ypw — Ky for 0<x<1andt >0,
y(0,t) =y(1,t) =0 for t >0,

y(z,0) = f(x) for 0 <z <1,

ye(z,0) =0 for 0 <x < 1.

Suppose that 0 < k < 2wa. Derive a series solution to the problem. Any coefficients in the series

should be expressed as integrals of f(x).
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Chapter 5

Laplace’s Equation

5.1 Introduction

Consider an insulated wire, a plate, or a 3-dimensional object. We apply certain fixed temperatures
on the ends of the wire, the edges of the plate, or on all sides of the 3-dimensional object. We wish
to find out what is the steady-state temperature distribution. That is, we wish to know what will
be the temperature after long enough period of time.

We are really seeking a solution to the heat equation that is not dependent on time. We first

solve the problem in one space variable. We are looking for a function u that satisfies
Uy = kg,

but such that u; = 0 for all z and ¢t. Hence, we are looking for a function of x alone that satisfies
uz, = 0. It is easy to solve this equation by integration, and we see that u = Ax + B for some
constants A and B.

Consider an insulated wire where we apply constant temperature 7 at one end (say where
x = 0) and T, on the other end (at x = L where L is the length of the wire). Our steady-state

solution is

T, =T
= 2 1I+T1.

u(x)

It is simply a straight line from one end to the other This solution agrees with the common-sense
intuition on how heat should be distributed in the wire. So in one dimension, the steady-state
solutions are just straight lines.

Things are more complicated in two or more space dimensions. We restrict ourselves to two
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space dimensions for simplicity. The heat equation in two space variables is
U = k(Ugy + Uyy), (5.1)

or more commonly written as u; = kAu or u; = kV?u. The A and V2 symbols both mean 59—:24—59—;2.
We will use A here. The reason for using such a notation is that you can define A to be the right
thing for any number of space dimensions and then the heat equation is always u; = kAu. The
operator A is called the Laplacian.

OK, now that we have notation out of the way, let us see what does an equation for the steady-
state solution look like. We are looking for a solution to (5.1) that does not depend on ¢, that is,
u; = 0.

Hence, we are looking for a function u(x,y) such that
AU = Uyy + Uy, = 0.

This equation is called the Laplace equation' and is an example of an elliptic equation. Solutions to
the Laplace equation are called harmonic functions and have many nice properties and applications

far beyond the steady-state heat problem.

Definition 16. Let € be a bounded reqular open set in R™ with n > 1 and 0S) its boundary. If the

unknown u(x), (x =(1,...,x,) € Q), satisfies the following equation in Q:
Au(x) =0 in £, (5.2)
where A denotes the partial differential operator, that is:
A= —.
2 52

Then, equation (5.2) is called Laplace’s equation in §).

5.2 Harmonic Functions

Let n > 2 and €2 C R™ be a bounded open set, and 02 its boundary. In the following, we denote
by X = (21, ..., Tp).

!Named after the French mathematician Pierre-Simon, marquis de Laplace (1749-1827).
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Definition 17. Let u € C%(Q) be a real-valued function. We say that u is harmonic if:

Example 22. Show that the function u defined by

1_1,2_3/2
1 —2x + 2% 4 y?

u(z,y) =

is a harmonic function on the disk D = {(z,y) € R?,2* + y* < 1}.

5.3 Dirichlet problem in the circle and the Poisson kernel

A more natural setting for the Laplace equation Au = 0 is a circle rather than a rectangle. On the
other hand, what makes the problem somewhat more difficult is that we need polar coordinates.

Recall that the polar coordinates for the (z,y)-plane are (r,0):
r=rcosf, y=rsinb,

where r > 0 and —7m < 6 < 7.

So the point (z,y) is distance r from the origin at an angle 6 from the positive z-axis.

Now that we know our coordinates, let us give the problem we wish to solve. We have a circular
region of radius 1, and we are interested in the Dirichlet problem for the Laplace equation for this
region. Let u(r,6) denote the temperature at the point (r,6) in polar coordinates.

We have the problem:

Au =0 for r <1,
(5.3)
u(1,0) =g(0) for —m <0 <m.

The first issue we face is that we do not know the Laplacian in polar coordinates. Normally,
we would find ug, and u,, in terms of the derivatives in r and 6. We would need to solve for r
and 6 in terms of x and y. In this case, it is more convenient to work in reverse. We compute
derivatives in r and 6 in terms of derivatives in x and y and then we solve. The computations are
easier this way. First,

x, = cosf, xy9= —rsinb,

Yy =sinf, yy =rcosé.
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u(1,0) = g(0)

Au=0

radius 1

By chain rule, we obtain

Up = Uy + UyY, = cos(6)uy, + sin(0)uy,
Uy = €08(0) (Ugay + Ugyyy) + SIN(O) (Uyzr + Uy Yy )
= c08%(0)Uye + 2 cos(0) sin(0)uy, + sin®(0)u,,.

Similarly for the 6 derivative. Note that we have to use the product rule for the second derivative.

Up = Uz Ty + UyYp = —1sin(B)u, + rcos()uy,
ugg = —1 cos(0)u, — rsin(f)(uo + Ugyyp) — 7 sin(f)uy, + r cos(0) (uyaTo + wyyYe)

= —rcos(0)u, — rsin(f)u, + r®sin®(0)ug, — r*2sin(0) cos(0)uy, + r° cos®(0)u,,.

Let us now try to find uy, + u,,. We start with r%ugg to get rid of those pesky r2. If we add u,.,
and use the fact that cos?(6) + sin?() = 1, we get

1 1 1
3 Uos + Upy = Ugg + Uy — . cos()u, — . sin(6)u,,.

We are not quite there yet, but all we are lacking is %ur. We add it to obtain the Laplacian in
polar coordinates:

1
AU = Ugy + Uyy = T—Qu(;g + ;ur + Upye.

Notice that the Laplacian in polar coordinates no longer has constant coefficients.
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5.3.1 Series solution

Let us separate variables as usual. That is, we try u(r,0) = R(r)©(6). Then
]' " 1 / /!
0=Au=—-RO"+-R'O+ R'O.
r r

We put R on one side and © on the other and conclude that both sides must be constant.

r

1 1
RO = — (—R’ + R”> o
T

@// B T‘R/ +T2R/I —

—-A
) R

We get two equations:

0"+ X0 =0,
r’R"+rR — AR =0.

We first focus on ©. We know that u(r, #) ought to be 2m-periodic in 6, that is, u(r, 8) = u(r, 6+27).
Therefore, the solution to ©” + A© = 0 must be 27-periodic.

We conclude that A\ = n? for a nonnegative integer n = 0,1,2,3,.... The equation becomes
©” 4 n?0 = 0. When n = 0 the equation is just ©” = 0, so we have the general solution A6 + B.

As © is periodic, A = 0. For convenience, we write this solution as
Qo

@0 — ?

for some constant ag. For positive n, the solution to ©” +n?0 = 0 is

©,, = a, cos(nb) + b, sin(nb),

for some constants a,, and b,,.

Next, we consider the equation for R,
2 pn / 2
r"R'+rR —n"R=0.

The idea is to try a solution r* and if that does not give us two solutions, also try a solution of
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the form r*Inr. We name the solution R,, as usual. When n = 0 we obtain
Ry=Ar"+ Br°lnr = A+ Blnr,
and if n > 0, we get
R, = Ar" 4+ Br™".

The function wu(r,#) must be finite (it cannot blow up) at the origin, that is, when r = 0. So
B =0 in both cases as otherwise =" or Inr does blow up as r — 0. Set A =1 in both cases; the

constants in ©,, will pick up the slack so nothing is lost. That is,
Ry=1 and R, =1r".

Our building block solutions are

uo(r,0) = % and U (r,0) = a,r" cos(nf) + b,r" sin(nd).

Putting everything together our solution is

u(r,0) = % + Z a, " cos(nb) + b,r" sin(nh).
n=1

We look at the boundary condition in (5.3),

9(0) =u(l1,0) = % + HZ:; a, cos(nf) + by, sin(nf).
Therefore, to solve (5.3) we expand g(f), which is a 27-periodic function, as a Fourier series, and

then multiply the n'" term by r”. To find the a, and the b,, we compute

ay, = l/ g(0) cos(nd) do and b, = l/ g(0) sin(nh) db.
m 7r

—T —T
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5.3.2 Poisson kernel

There is another way to solve the Dirichlet problem—with the help of an integral kernel. That is,

we will find a function P(r, 0, «) called the Poisson kernel® such that

u(r,0) = QL /7r P(r,0,a) g(a) da.

T J_x

While the integral will generally not be solvable analytically, it can be evaluated numerically.
In fact, unless the boundary data is given as a Fourier series already, it may be much easier to
numerically evaluate this formula as there is only one integral to evaluate.

The formula also has theoretical applications. For instance, as P(r,0,«) will have infinitely
many derivatives, then via differentiating under the integral, we find that the solution wu(r, §) has
infinitely many derivatives, at least when inside the circle, » < 1. By having infinitely many
derivatives, what you should think of is that u(r, #) has no corners and all of its partial derivatives
of all orders exist and also have no corners.

We will compute the formula for P(r, 8, ) from the series solution, and this idea can be applied
anytime you have a convenient series solution where the coefficients are obtained via integration.
Hence you can apply this reasoning to obtain such integral kernels for other equations, such as the
heat equation. The computation is long and tedious, but not overly difficult. Since the ideas are
often applied in similar contexts, it is good to understand how this computation works.

What we do is start with the series solution and replace the coefficients with the integrals that

compute them. Then we try to write everything as a single integral. We must use a different

2Named for the French mathematician Siméon Denis Poisson (1781-1840).
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dummy variable for the integration and hence we use « instead of 6.

[e.e]

u(r, 0) 2 Z a1 cos(nf) + b,r" sin(nh)

<2i / ) ] (l / g(afos(noz)da)jr”cos(n@)#—
(

= i ( )+ 2 Z g(a) cos(na) r™ cos(nd) + g(«) sin(na) r™ sin(n6)> do

-:1|)—‘N‘o

a) sin(na) da)jr sin(nf)

Z (cos(na) cos(nb) + sin(na) sm(n@))) g(a) da.

S/

P(r797a)

OK, so we have what we wanted, the expression in the parentheses is the Poisson kernel, P(r, 0, ).
However, we can do a lot better. It is still given as a series, and we would really like to have a nice
simple expression for it. We must work a little harder. The trick is to rewrite everything in terms

of complex exponentials. Let us work just on the kernel.

P(r,0,a) =142 Z cos(na) cos(nfd) + sin(na) sin(nd))

In the expression above, we recognize the geometric series. Recall from calculus that if z is a
complex number where |z| < 1, then

o
> =

n=1

Note that n starts at 1, and that is why we have the z in the numerator. It is the standard

geometric series multiplied by z. We can use z = re®=®) as lo and behold |re’®=®)| = < 1. We
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continue with the computation.

P(?", 9, Oé) =1 + Z (Tei(e_a))n + Z (re_i(e_a))n
n=1 n=1

i(0—a) —i(0—a)

re re
1 — rei(@-—a) + 1 — re-i0-a)
(1 — rei(e_o‘)) (1 — re_i(e_a)) + (1 — re‘i(e_o‘))rei(e_o‘) + (1 — rei(e_o‘))re_i(e_o‘)
B (1 = reil0=o) (1 — re=i0-)

— 14+

1—7?
1 — reil0—a) _ ype—i(0—a) + r2
1—17?

1 —2rcos(f —a)+1r?2

That is a formula we can live with. The solution to the Dirichlet problem using the Poisson kernel

u(r, 6) = i/W Lo (o) da

21 J_. 1 —2rcos(f — «) v r2Y

is

Sometimes the formula for the Poisson kernel is given together with the constant %, in which case
we should, of course, not leave it in front of the integral. Sometimes the limits of the integral are
given as 0 to 2m; everything inside is 27-periodic in «, so this does not change the integral.

Let us not leave the Poisson kernel without explaining its geometric meaning. Let s be the
distance from (r,0) to (1, «). This distance s in polar coordinates is given precisely by the square

root of 1 — 27 cos(f — a) + 2. That is, the Poisson kernel is really the formula

1—1r?

2

S

One final note we make about the formula is that it is really a weighted average of the boundary
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values. First, we look at what happens at the origin, that is, when r = 0:

1 [ 1-0?
u(0,0) = / 1 —2(0)cos(0 — a) + 02g(a) da

L

So u(0,0) is precisely the average value of g(#) and therefore the average value of v on the boundary.
This is a general feature of harmonic functions, the value at some point p is equal to the average
of the values on a circle centered at p.

What the formula says at other points inside the circle is that the value of the solution is a
weighted average of the boundary data g(6). The kernel is bigger when (1, ) is closer to (r,0).
Therefore, when computing u(r, ), we give more weight to the values g(«) when (1, «) is closer to

(r,0) and less weight to the values g(«) when (1, «) far from (r,6).

5.4 Exercises
Ezxercise 5.1. Using series solve Au =0, u(1,0) = |0|, for -7 <0 <.

Ezxercise 5.2. Using series solve Au = 0, u(1,0) = g(0) for the following data. Hint: trig

identities.

(i) g(0) = 5 + 3sin(0) + cos(30)

(i) g(0) = 3cos(30) + 3sin(30) + sin(90)
(i) ¢(0) = 2cos(0 + 1)
(iv) g(#) = sin*(0)

Ezxercise 5.3. Using the Poisson kernel, give the solution to Au = 0, where u(1,0) is zero for 6

outside the interval [—7, 7] and u(1,0) is 1 for 6 on the interval [-7, 7]
Exercise 5.4. (i) Draw a graph for the Poisson kernel as a function of o when r = % and

0 =0.
(ii) Describe what happens to the graph when you make r bigger (as it approaches 1).

(iii) Knowing that the solution u(r, ) is the weighted average of g(0) with Poisson kernel as the

weight, explain what your answer to part b) means.
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Exercise 5.5. Let g(0) be the function vy = cos@sinf on the boundary. Use the series solution
to find a solution to the Dirichlet problem Au = 0, u(1,0) = g(0). Now convert the solution to

Cartesian coordinates x and y. Is this solution surprising? Hint: use your trig identities.

Exercise 5.6. Carry out the computation we needed in the separation of variables and solve

r?R'+rR —n?R=0, forn=0,1,2,3,....

Exercise 5.7. Derive the series solution to the Dirichlet problem if the region is a circle of radius

p rather than 1. That is, solve Au =0, u(p,0) = g(0).

Ezercise 5.8. (i) Find the solution for Au = 0, u(1,0) = z*y® + 5x?. Write the answer in

Cartesian coordinates.
i) Now solve Au =0, u(1,0) = zFy’. Write the solution in Cartesian coordinates.
)

(iii) Suppose you have a polynomial P(x,y) = Z?:o S b0 CikyF, solve Au = 0, u(1,0) =
P(x,y) (that is, write down the formula for the answer). Write the answer in Cartesian
coordinates.

Notice the answer is again a polynomial in x and y.
Exercise 5.9. Using series solve Au =0, u(1,6) =1+ Y -5 sin(nd).
n=1

Ezxercise 5.10. Using the series solution find the solution to Au = 0, u(1,0) = 1—cos(6). Express

the solution in Cartesian coordinates (that is, using x and y).

Ezxercise 5.11. (i) Try and guess a solution to Au = —1, u(1,0) = 0. Hint: try a solution that

only depends on r. Also first, don’t worry about the boundary condition.
(ii) Now solve Au = —1, u(1,0) = sin(20) using superposition.

Ezxercise 5.12. Deriwve the Poisson kernel solution if the region is a circle of radius p rather than

1. That is, solve Au =0, u(p,0) = g(6).
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Chapter 6
Wave equation

In this chapter we study the one-dimensional wave equation on the real line. Moreover, we shall
derive simple explicit formulas for the solutions. We also discuss some important properties of the
solutions of the wave equation which are typical for more general hyperbolic problems as well. The

wave equation is certainly one of the most important classical equations of mathematical physics.

6.1 The wave equation in one dimension n =1

The inhomogeneous wave equation in one (spatial) dimension has the form

0*u 0*u
@(ZL‘,IS) - 02@(1"7” = F(l’,t)

where ¢ € R is called the wave speed. This is the equation of motion of a vibrating string,

mathematically referred to as the one-dimensional d’Alembert equation.

Remark 7. The homogeneous wave equation in n dimension is written as:

Zu(x,t) — CAu(x,t) = 0, Vx € R", ¢ € RY,
u(x, O) = UO(X)a Vx € R”,
%—?(X, 0) = vo(x), Vx € R”,

where c is the wave speed, and ug and vy are two given functions in C*(R™) and C*(R™), respectively.

Definition 18. The operator

1 0?

18 called the wave operator, or the d’Alembertian in dimension n.
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6.2 d’Alembert’s formula for the wave equation

6.2.1 Homogeneous wave equation
The Cauchy problem for the one-dimensional homogeneous wave equation is given by

2 2
%(m,t) - 02%(56,1%) =0, VreR, VteR", (6.1)
T

with the following initial conditions:
u(z,0) = f(z), and OQu(x,0)=g(x), xe€R. (6.2)

This problem is one special case where the general solution of the differential equation actually

leads to a solution of the problem.

Theorem 10. The function u defined on R x R by:

z+ct

flx —ct)+ flx + ct)} + 2% / g(s)ds (6.3)

r—ct

N | =

u(z,t) =

is a solution to the problem (6.1)—(6.2).

Remark 8. The formula (6.3) is called d’Alembert’s formula for the homogeneous one-dimensional

wave equation.

Proof. We introduce the following change of variables:

= t
§=x+ct, (6.4)
n =ux — ct.
Therefore:
0’u  0%u 0’y 0%u
922~ og " ocon o
0%u d%u 0’y 0%u (6.5)
w7 = +2 -
ot? 0¢? o&on  On?

Hence, using (6.5), the equation (6.1) is equivalent to:

, 0%u

0,
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and since ¢ # 0, we have
Pu 0
oo

The general solution of equation (6.6) is of the form

u(, n) = F(§) + Gn),

therefore:
u(x,t) = F(x +ct) + G(x — ct)

where F' and G are arbitrary twice-differentiable functions of a single variable.

(6.6)

Now, we determine F' and G such that the solution (6.6) satisfies the initial conditions (6.2).

Then, for t = 0 in (6.6), we obtain:

F(z) + Gla) = f(a),
eF'(z) — G (x) = g(a),

VreR

which implies
s [ FOre@=r@. o
eF'(z) - oG/ (x) = g(a),

Solving the linear system (5) for F'(z) and G'(z) yields:

F(x) = §f(x) + i /g(s) ds +c*,
Gla) = 51@) 5 [ alo)ds <

where ¢* is an integration constant.

Now replacing = in the expressions for F' and G by x + ¢t and x — ct respectively, and using
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(6.6), we obtain:

u(z,t) =F(x + ct) + G(z — ct)

_ _ x+ct x—ct
1 1
=3 flz —ct)+ f(z +ct) —|—% / g(s)ds — / g(s)ds
) ) 0 0
_ _ x+ct
1 1
=—|flx—ct)+ flx+ct)| + — / g(s)ds.
2| 1 2c
r—ct
This completes the proof of Theorem 10. O

Example 23. Using d’Alembert’s formula, determine the solution to equation (6.1) with the fol-
lowing initial conditions:

u(z,0) =sinz  and w(z,0) =0.
Solution: According to formula (6.3), we have

i —ct i t
u(z, t) = sin(z — ct) —;— sin(e + ¢t) = sin x cos(ct),

which is a solution of equation (6.1).

Example 24. Using d’Alembert’s formula, solve equation (6.1) with the following initial condi-

tions:

u(x,0) =0 and wu(zr,0)=sin(2z).

Solution: According to formula (6.3), we have

x+ct
1 (28 sin(9ct
u(:L’,t) e 2_c / Sln(28) dS _ Sln( x)zscln( C )7
r—ct

which is a solution of equation (6.1).

6.2.2 Non homogeneous wave equation

We consider the non homogeneous wave equation in one dimension defined over the entire real

line: , ,
)
a—;‘@,t) - c2%(x,t) = F(z,t), Vze€R, VteR" (6.8)
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with the following initial conditions:
u(z,0) =¢(x), and Ju(x,0)=a¢(r), —o0 <z <+00, (6.9)

where F' is a arbitrary function.

Theorem 11. Let F € C°(R x Ry). Consider the non homogeneous Cauchy problem (6.8)-
(6.9) with ¢» € C*(R) and ¢ € CY(R). Then, the problem (6.8)~(6.9) admits a unique solution
u € C*R x R,) given by:

x+ct t xtc(t—T)

[(x —ct) + Pz + ct)] +—/¢ ds+—/ / F(&,7)d€ dr. (6.10)

0 z—c(t—T)

u(z,t) =

l\:JI)—l

Remark 9. The formula (6.10) is called d’Alembert’s formula for the mon homogeneous wave

equation in one dimension.

Proof. We introduce the following change of variables:

§E=1x+ct,
n=ux— ct,

Then, the PDE (6.8) can be rewritten in the form:

Pu (E+n E—n\ 1 +n £—1
35877( 2 7 2 >__@F<T= % ) (6.11)

Integrating with respect to &, we get

_ ¢ _ _
§4+n €1 E+n £-1 Pu (E4+n E=n\
817< 2 7 2 ) 877( 2 7 2 )’§n+/8§8n( 2 7 2 >d€

1 9u 1 du 1 E+n E=n\ ;
o0 - 200 - o [ (S S ae
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Integrating this equation over the interval (7, §) gives:

£ £
— 1 [0 1 [0
w60 - (S50 5) =5 [ Gr@oin—5. [ Gmo

' (6.12)

p
\

Now, in I;, we have

For I, we set:

ey
—_
o

1$
2 2
—_

Hence,
) (§—m)/2c &~ct
0 n+ct

Substituting ; and I into equation (6.12), we obtain:

¢
" E+n £—n\ _1 1 [ou
2 7 2 ) 2

(§—m)/2c &~ct
+ = / /F(x,f)dxdf.
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Now, noting that £ = x + ¢t and n = x — ct, and using the initial conditions (6.9), we recover

the formula (6.10). N

Example 25. Using d’Alembert’s formula, determine the solution of the equation (6.8) with

F(z,t) =z, c =1, and the following initial conditions:

u(z,0) = uy(x,0) = 0.

Solution: According to the formula (6.10), we have:

) t z+(t—7)
u(x,t):§/ / dé dr.
0 z—(t—7)
We calculate the first integral:
z+(t—7)
_ L qeren 1 2 2
fdg =5 [0 D = S [+ (=) — (2~ (= 7)),
z—(t—7)
Then
z4(t—7) )
/ cd§ = 5 [(m2+2x(t—7)+(t—7)2) — (x2—2m(t—7')+(t—7')2)} )

z—(t—7)

2

The terms in 2% and (¢ — 7)? cancel out, and we obtain

z+(t—7)

1
| ede=g ey,
x—(t—7)
Thus, we have:
t t
1
u(z,t) = 5/4x(t—7')d7 = 21:/(25—7) dr.
0 0

The integral is straightforward to calculate:
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Therefore, the solution is: ,

t
u(z,t) = 2x % 5= xt?.

Thus, the solution to the equation (6.8) is:

xt
t) = —.
u(e,t) = 2
6.3 Exercises
Ezxercise 6.1. Solve
Yt = W for 0<x<1andt>0,
y(0,t) =y(1,t) =0 for t >0,
y(z,0) = sin(3rz) + 1 sin(67z) for 0 <z <1,
Yi(z,0) =0 for 0 <z <1.
Ezercise 6.2. Solve
Yt = Yz for 0 <z <1andt>0,
y(0,t) =y(1,t) =0 Jor t >0,
y(z,0) = sin(3mwz) + ; sin(67x) for 0 <z <1,
y(z,0) = sin(97x) for 0 <z <1.

Exercise 6.3. Let u(x,t) be thrice continuously differentiable solution of the initial value problem:
Uy — gy = 0 (| z |< 00,t > 0)

u(z,0) =0, u(z,0) = g(z) (| z |< o0)

where g is twice continuously differentiable.
Set v(x,t) = uy(x,t), show that v(x,t) satisfies the same differentiable equation and the initial

condition v(z,0) = g(z), wvi(x,0) =0.

Exercise 6.4. Find the solution of the initial value problem:

Upp — Ugy — AUz — AUy = 0 (| z|< o0, t>0)

u(z,0) = f(x), w(z,0)=g(z)

Hint: let u(z,t) = v(x,t) exp(azx + bt) and choose the constants a and b in such a way that the
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equation reduces to the wave equation.
Exercise 6.5. Let u(x,t,T) be the solution of the initial value problem:
Uy — gy = 0, (| z |< o0)
u(z,0,7) =0, w(x,0,7)=F(z,7).

Set .
v(z,t) = / u(z,t — 1, 7)dr.
0

(a). Show that v(x,t) satisfies the non homogeneous equation vy — c*vy, = F(z,t) and the initial

condition:
v(xz,0) =0 v (z,0) =0

(b). Express u(x,t,7) by using d’Alembert formula.
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Chapter 7

Heat equation

7.1 Introduction

Consider a wire (or a thin metal rod) of length L insulated along its length except at the endpoints.

Let = denote the position along the wire and let ¢ denote time. See the following image:

temperature u

o o

insulation

Insulated wire.

Let u(x,t) denote the temperature at point = at time t. The equation governing this setup is

the so-called one-dimensional heat equation:

ou 0%u

o~ o
where k > 0 is a constant (the thermal conductivity of the material). That is, the change in heat
with respect to time at some point is proportional to the second derivative of the heat in the z
direction—along the wire. This makes sense; if at a fixed ¢ the graph of the heat distribution
has a maximum (the graph is concave down and the second z derivative is negative), then heat
should flow away from the maximum and so the ¢ derivative should also be negative. Similarly at

a minimum, heat wants to flow in.
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We generally use a more convenient notation for partial derivatives. We write u; instead of g—lt‘,

and we write u,, instead of %. With this notation the heat equation becomes
U = Klgy.
The region in which we will solve the heat equation is given by
O<z<L and t>0.

We must also have some side conditions on the boundaries of that region. We assume that the
ends of the wire are either exposed and touching some body of constant heat, or the ends are

insulated. If the ends of the wire are kept at temperature 0, then the conditions are
u(0,t) =0 and wu(L,t)=0 for t>0.
If, on the other hand, the ends are insulated, the conditions are
uz(0,t) =0 and wu,(L,t)=0 for t>0.

Let us see why that is so. If u, is positive at some point z(, then at a particular time, u is smaller
to the left of x5 and higher to the right of xy. Heat is flowing from high heat to low heat, that is,
to the left. On the other hand, if u, is negative, then heat is again flowing from high heat to low
heat, that is, to the right. So when u, is zero, we are at a point where heat is not flowing in either
direction. In other words, u,(0,t) = 0 means no heat is flowing in or out of the wire at the point
x=0.

We have two conditions along the z-axis as there are two derivatives in the x direction. These
side conditions are said to be homogeneous (i.e. u or a derivative of u is set to zero).

We also need an initial condition—the temperature distribution at time ¢ = 0. That is,
u(z,0) = f(x) for 0 <z <L,

for some known function f(x). This initial condition is not a homogeneous side condition.
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u=>0 u==0

1{! = kl{xx

or or

Uy =0 Uy =0

0 u=fx) p x

7.2 Separation of variables

The method of separation of variables is to try to find solutions that are products of functions of

one variable. For the heat equation, we try to find solutions of the form
u(z,t) = X(x)T(t).

That the desired particular solution we are looking for is of this form is too much to hope for. What
is perfectly reasonable to ask, however, is to find enough solutions of the form u(x,t) = X (x)T'(t)
using this procedure so that the desired solution to the PDE is somehow constructed from these
building blocks by the use of superposition.

Let us try to solve the heat equation problem
Up = kg, with  (0,t) =0, u(L,t) =0, and wu(z,0)= f(z).

We guess u(z,t) = X ()T (t). We will try to make this guess satisfy the differential equation, u; =
ku,,, and the homogeneous side conditions, u(0,t) = 0 and u(L,t) = 0. Then, as superposition
preserves the differential equation and the homogeneous side conditions, we will try to build up a
solution from these building blocks to solve the nonhomogeneous initial condition u(z,0) = f(z).

First, we plug u(z,t) = X (x)T(t) into the heat equation to obtain
X(2)T'(t) = kX" (x)T(t).

We rewrite as

') _ X"(x)

KT X(x)

This equation must hold for all z and all t. But the left-hand side does not depend on z and
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the right-hand side does not depend on t. Hence, each side must be a constant. Let us call this

constant —\ (the minus sign is for convenience later). We obtain the two equations

_ X//(I).

In other words,

X"(x) + XX (z) =0,
T'(t) + A\ET(t) = 0.

The boundary condition u(0,¢) = 0 implies X (0)7'(t) = 0. We are looking for a nontrivial solution,
and so we can assume that 7'(¢) is not identically zero. Hence X (0) = 0. Similarly, u(L,t) = 0
implies X (L) = 0. We are looking for nontrivial solutions X of the eigenvalue problem X" +\X =

2.2

0, X(0) =0, X(L) = 0. We have previously found that the only eigenvalues are \, = "7, for

nm

7 :U) Hence, let us pick the solutions

integers n > 1, where eigenfunctions are sin (

nm

X, (z) = sin <Tx) .

The corresponding 7;, must satisfy the equation

n2m?

L2

T!(t) + “2 KT, () = 0.

This is one of our fundamental equations, and the solution is an exponential:

T.(t) =e 12 k.

where we picked the particular solution where conveniently 7,,(0) = 1. Our building-block solutions

are

up(z,t) = X, ()T, (t) = sin (%x) e 2 M

We note that u,(z,0) = sin (2Zz). We write f(z) as the sine series

That is, we find the Fourier series of the odd periodic extension of f(x). We used the sine series
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as it corresponds to the eigenvalue problem for X (z) above. Finally, we use superposition to write

the solution as
22

u(z,t) = anun(l‘, t) = Z by sin (%x) ez M,
n=1 n=1

Why does this solution work? First note that it is a solution to the heat equation by superposition.

It satisfies u(0,¢) = 0 and u(L,t) = 0, because x = 0 or x = L makes all the sines vanish. Finally,

plugging in ¢t = 0, we notice that 7,,(0) = 1, and so

u(z,0) = i by (2,0) = ibn sin (%x) = f(x).

7.2.1 Insulated ends

Now suppose the ends of the wire are insulated. In this case, we are solving the problem
U = Ktgy with  u,(0,t) =0, wu,(L,t)=0, and wu(z,0)= f(z).

Yet again we try a solution of the form w(z,t) = X (x)T'(t). By the same procedure as before, we

plug into the heat equation and arrive at the following two equations:

X"(x) 4+ XX (z) =0,
T'(t) + M\kT(t) = 0.

At this point, the story changes slightly. The boundary condition w,(0,t) = 0 implies X'(0)7'(t) =
0. Hence X'(0) = 0. Similarly, u,(L,t) = 0 implies X'(L) = 0. We want nontrivial solutions X of
the eigenvalue problem X” + AX =0, X'(0) = 0, X'(L) = 0. We previously found that the only

n2m2
L2

nm

) (we include the

eigenvalues are \, = for integers n > 0, where eigenfunctions are cos (

constant eigenfunction). We pick the solutions

X, (x) = cos (%x) and  Xo(z) = 1.

The corresponding 7T;, must satisfy the equation

n?n?

T (t) + 732

KT, (t) = 0.

For n > 1, as before,
2_2

T,(t) = ez F.
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For n = 0, we have T{(t) = 0 and hence Ty(t) = 1. Our building-block solutions are

Un(@,t) = X (2)T(t) = cos (%x) o H

and

up(z,t) = 1.

We note that u,(x,0) = cos (%x) We write f using the cosine series

= %—F;ancos (%x)

That is, we find the Fourier series of the even periodic extension of f(x).

We use superposition to write the solution as

+Zanunﬂft ———l—Zancos( )eﬂif M

7.3 Exercises

Ezxercise 7.1. Verify that each of the given functions satisfies the heat equation for 0 < x < 7

and the accompanying initial and boundary conditions.
e (a) u(z,t) = e *sinx; u(r,0)=sinz, u(0,t)=u(r,t)=0.
o (b) u(z,t) =e*cosx; u(z,0)=cosz, u,(0,t) =u,(mrt)=0.
o (c) u(z,t) =35+ 1e ™ cos2z; u(z,0) =cos’z, uy(0,t) =uy(m,t)=0

Exercise 7.2. Consider the initial boundary value problem

— ku,, = F(z,t) 0<xz<L, t>0)
u(z,0) = F(x) (0<xz<L)
u(0,1) = alt),  u(L,t) = b(1) (t=0)

e (a) Determine a function of the form ¢(x,t) = A(t) + xB(t) such that ¢(0,t) = a(t) and

¢(L,t) = b(t).

e (b) By introducing a new function v, defined by v = u — ¢, reduce problem (a) to one in

which the boundary conditions are homogeneous.
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7.3. EXERCISES Chapitre 7

e (c) Using the method of separation of variables find the general solution to original problem.

Exercise 7.3. Consider the initial boundary value problem
u —ku,, = F(z,t) (0<zxz<L, t>0)

with the boundary conditions u,(0,t) = a(t), wu.(L,t) = b(t).
(a) Determine a function ¢ such that ¢,.(0,t) = a(t) and ¢,(L,t) = b(t) and thus reduce the
problem to one with homogeneous boundary conditions.

(a)Using the method of separation of variables find the general solution to original problem.

Exercise 7.4. Consider the problem

Uy — kg, = Ae™ (a>0,0>x>L,t>0)
u(z,0) = F(x) (0<xz<L)
u(0,t) =0, u(L,t) =0 (t>0)

where A is a constant. Introduce a new function u, defined by u(x,t) = u(x,t) + ¢(x), where ¢ is
a function of only the variable x.

(a) Determined ¢ so that v satisfies v; — kvg, = 0.

(b) Determine ¢ so that v also satisfies v(0,t) = 0 and v(L,t) = 0, and thus reduce the given
problem to one with homogeneous differential equation and boundary conditions.

(C) Using the method of separation of variables find the general solution to original problem.
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