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Chapter 1

Elliptic equation

1.1 Introduction

The partial differential equation of elliptic type naturally appears in physical problems such as:
electrostatics, fluid flow studies, studies of elastic membranes, etc. A simple example of an elliptic-
type equation is the Poisson equation. More specifically, an equation written in the following
form:

92

Au(x) = f(x), in €, with A:@

(2

where () is a bounded open subset of R"™.

1.2 Laplace’s equation

Let © be a bounded regular open set in R” with n > 1 and 0f2 its boundary. If the unknown u(x),
(x = (z1,...,2,) € Q), satisfies the following equation in :

Au(x) =0 in £, (1.1)

Then, equation (1.1) is called Laplace’s equation in €.
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Remark 1. The non-homogeneous Laplace equation

where f is given, is called the Poisson equation.

Remark 2. From a physical point of view, we encounter the Poisson equation and the Laplace
equation, for example, in the following problems:

* In electrostatics: According to Mazwell’s equations®, we have rot (E) = 0 and div (E) = 47p,
where p is the charge density. The first equation implies that E = grad (¢) (for a scalar function
¢ called the electric potential). Then,

Ap = div(grad (gb)) = div E = —4mp,

and for f = —4mp, this equation is a Poisson equation.

* Study of fluid flow: Suppose the flow is irrotational, such that rot v =0, where v = v(z,y, 2)
is the wvelocity at the position (z,y,z), assuming it is independent of time. If the fluid is incom-
pressible (e.g., water), then div v = 0, which gives v = —grad ¢ for some ¢, (¢ is called the velocity
potential), and the following Laplace equation: A¢ = —div v = 0.

1.3 Harmonic functions

Let n > 2 and €2 C R™ be a bounded open set, and 02 its boundary. In the following, we denote
by x = (21, ..., Tp).

Definition 1. Let u € C*(Q) be a real-valued function. We say that u is harmonic if:

Example 1. Show that the function u defined by

1_1.2_3/2
1 —2x + 22 4 y?

u(z,y) =

1 Maxwell’s equations for an electric field E and magnetic field H are:

E; = rot (H)
H; = —rot (E)
{ div (H) =div (E) =0
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is a harmonic function on the disk D = {(z,y) € R* a? + y* < 1}.

1.4 Dirichlet problem for Laplace’s equation in the rect-
angle

Consider the Dirichlet problem for Laplace’s equation in a rectangle R (see figure 1.1).
The corresponding mathematical model is written as: find w : (x,y) — u(x,y) such that
o*u 0*u

@(x,y)jt—(x,y):(), O<z<a 0<y<b (1.2)

Au(z,y) = o7

with the boundary conditions

uO,y :Oa U(a,y):(), 0<y<b (13)
w(z,0) =0, wu(z,b)=f(x), 0<z<a, ’
where f is given.
y
!
u=f(x)

b (a, b)

u=0 R u=0
— - X
O‘ u=0 a

Figure 1.1: The Dirichlet problem in a rectangle R.

According to the method of separation of variables, we assume that any non-trivial solution

has the form:
u(z,y) = X(2)Y(y) (1.4)

which satisfies the three homogeneous conditions in (1.3). We have dropped the non-homogeneous

condition u(z,b) = f(z).
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Substituting this solution into the PDE (1.2) and separating the variables, we obtain
X"(2)Y (y) + X(2)Y"(y) =0 (1.5)

where X" is the second derivative of X with respect to x, and Y” is the second derivative of Y

with respect to y. Dividing the equation (1.5) by X ()Y (y), we get

X'@) V') X' Y'(y)
X@) Y | X@) | Y)

(1.6)

In (1.6), the left-hand term is a function of z only, while the right-hand term is a function of y

only. Therefore, these two expressions must be constant, and we can write

X'(a) _ Y'(y)
X))~ YW

— -\ A€eR (1.7)

According to the boundary conditions (1.3), the solution u satisfies the three homogeneous condi-

tions, and we obtain:

w(z,0) =0= X(2)Y(0) =0, z€][0,a] = Y (0)=0,
u(0,y) =0 = X(0)Y(y) =0, yel0,b]= X(0)=0, (1.8)
u(a,y) =0= X(a)Y(y) =0, ye€[0,b] = X(a)=0

In summary, we need to study the following problems:

X"x)+AX(x) =0, 0<uz<a,

(P1)
X(0)=0, X(a)=0

and
Y'(y) =AY (y) =0, 0<y<b,

(P) Y(0) = 0.

Solution to the problem (7;)
A non-trivial solution of (P;) is called an eigenfunction for the eigenvalue A. We distinguish three
possible cases for .

Case 1: if A = —k? < 0, with k being a non-zero real number. Then, the general solution to
problem (P;) is of the form:

X () = cre™™ 4 cpe”
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where ¢; and ¢y are positive constants. According to the conditions X (0) =0, X (a) = 0, we have
the system
C1+ Cy = 0

(5)

cre ke 4 cheke = 0.

The system (S) has only one solution, which is the trivial solution (c1,ce) = (0,0). In fact, the

determinant of the system (5) is

Otherwise,

ekt 1 =0= e?** =1 = 2ka = 0.

But this is absurd because k£ and a are not zero. Thus, we can conclude that

1 1 C1 0 C1 0
= et =
eka  gka Co 0 Co 0
. L1y, . . . )
because the matrix i W] invertible. Therefore, in the case where A\ = —k* < 0, we have
e et

X(z) =0 and u(x,t) =0 for all 0 < z < a. Thus, we must exclude the case A < 0.
Case 2: if A = 0 we have X (z) = ¢z +c2 where ¢; and ¢y are arbitrary real numbers. However,

according to the conditions X (a) = 0 and X (0) = 0, we have

C2:O CQZO
== because a # 0.
cra+c, =0 cp =0

Thus, in the case where A = 0, we have X (z) =0 and u(x,t) = 0 for all 0 < z < a. Therefore, we
must also exclude the case A = 0.

Case 3: if A > 0, the general solution to problem (P;) is of the form
X(z)=c sin(\/Xx) + ¢y COS(\/XQT)

where ¢; and ¢y are arbitrary real numbers. According to the condition X (0) = 0, we obtain cs.

Thus, a non-trivial solution is of the form X (z) = ¢; sin(\/X:v) with ¢; # 0.
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Also, according to the condition X (a) = 0, we have
X(a) = sin(\/Xa) =0= sin(\/Xa) = 0.
Thus,

Va=nr, nez.

Therefore, we conclude that the eigenvalues are given by

2
)\n:<@) Cn=1,23....
a

Thus, the eigenfunctions corresponding to these eigenvalues are

X, (z) = sin (@) . (1.9)

a

Now we move on to problem (P;). For n > 1, n € N in the case where A = )\, = (%)2, the

general solution is of the form:

nmwy

Yo(y) = Ce™a + De™ o,

where C' and D are arbitrary constants. According to the condition Y;,(0) = 0, we have C' = —D,
thus

nmry nmwy

Yo(ly) =C (e o — e_T> , with neN"

0_o—0
2

We also have the identity sinh(f) = € , for all € R, so

Y,(y) = 2C sinh (%) =12, .. (1.10)

Finally, according to (1.9) and (1.10), the general solution of the PDE (1.2) with the boundary

conditions (1.3) is written in the form:

un(z,y) = X, (2)Ys(y) = ¢ sin (?) 2C' sinh (%) , neN*

= (C,, sin <m> sinh <

a

(1.11)
@) , neN*

a
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with C,, = 2¢?C. Note that, according to the principle superposition 2

u(z,y) = f: C, sin (@> sinh <@> (1.13)

a a
n=1

is also a solution of the problem (1.2)—(1.3), where C,, are constants to be determined.

If we take y = b in (1.13), using the condition u(x,b) = f(x), we obtain:
= b
) =3 Cusin (777) s (777 )
= Z {Cn sinh (n—ﬂb)} sin <W>
— a a
= . [nTx
= ;bnsm (T) , x€l0,q]

where
nmb

b, = C, sinh <—) . (n=1,2,..). (1.14)

a

nTTr
a

b, = g/oa f(z)sin (?) de, (n=1,2,...).

1

Finally, according to (1.14), we have: C,, = mbn and substituting C,, into (1.13) gives:

a

Thus, the expression )~ b, sin ( ), for all = € [0,a], is the odd Fourier series of the function

f on [0,a], so

—‘ )bn sin <@> (1.15)

which is a solution of the PDE (1.2) with the boundary conditions (1.3).

2

Theorem 1. (Pm'nciple Superposition ) Forany k € N, if uy, ug, ..., up are solutions of a linear and homogeneous
partial differential equation of order m given by:

F (z,u,D"(u), D*(u),...,D™(u)) =0 (1.12)

. . . alely, Y aon .
for all x = (x1, 22, ...,2,) € Q, where Q is an open subset of R™ and D*(u) = T oaT = 9aTT + par U with

a=(ay,...,a,) €EN" and |a| = a1 + ... + ay, then U = ciug + caug + ... + cpuy is also a solution of (1.12) for any
constants ¢y, ¢, ..., . That is:

F (z,u,D*(U),D*(U),...,D™(U)) =0
for all x € Q.
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Example 2. Determine the solution of the following Laplace equation:
Upa (2, Y) +uyy(z,y) =0, O<z<m, O<y<m (1.16)

with the following boundary conditions:

(1.17)

Solution: From (1.15), the solution of the problem (1.16)-(1.17) is given by:

u(z,y) = Z Mbn sin(nz),

“— sinh(n)

with
2 ™
b, = —/ sin®(x) sin(nz)dr, (n=1,2,..).
T Jo
Now, we have sin®(z) = 3 sin(z) — § sin(3z), so
b= [ (Fsinfa) - JsinGo) ) sin(nopdr, - (0= 1.2,..
= — —sin(x) — = sin(3z) | sin(nx)dz, (n=1,2,...).
T Jo \4 4
For n = 1:
3 [T . I : 3
by = — [ sin(z)sin(z)de — — [ sin(3z)sin(z)dr = —.
2T 0 2T 0 4
For n = 2:
3 [T I
by = o /. sin(x) sin(2x)dz — %/0 sin(3z) sin(2x)dx = 0.
For n = 3:
b= o [ sine)sin(a)de - o~ [ sinGae) sin(3)de = -
= — [ sin(z)sin(3z)de — — [ sin(3z)sin(3z)dr = —-.
T o ), 27 J, 4

And for n > 4, we have b, = 0. Therefore, the solution to the problem (1.16)—(1.17) is:

3sinh(y) . sinh(3y)

4 sinh(m) sin(z) = 4 sinh(3m) sin(32).

u(x,y) =

10
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1.5 Dirichlet problem for Laplace’s equation in the Circle

Let D = {(x,y) € R?, 2® +y* < a?} be a disk of radius a centered at the origin. We denote by
C : 2% + y* = a? the circle centered at (0,0) with radius a, which is the boundary of D. We are

looking for a harmonic function in D that satisfies u = f on C', as shown in the following figure:
Ly

C:x*+y*=a*

—— X

Figure 1.2: The Dirichlet problem in a disk D.

The problem can therefore be written as: find a function u such that

(P) X AU(ZE, y) = uaca:(xa y) + uyy<m7y) = 07 iIl D7

U’(:E7y) :f(-T,y), on C,
where f is given.
We cannot apply the method of separation of variables because the domain D is not the product

of two intervals. Therefore, we can try to look for the solution in the form:
u(z,y) = w(r,0) (1.18)

with
rx=rcos(d), 0<r<a,

(1.19)
y=rsin(d), 0<0 <27,

Lemma 1. Let u be a function of class C*(D). Then, using (1.18) and (1.19), the problem (P)

1s equivalent to

1 1
Aw(r,0) = wy.(r,0) + ;wr(r, 0) + ﬁwgg(r, 0)=0, 0<r<a,
w(a,0) =h(0), 0<6<2m,

(P

11
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with w(a,8) = h(0) = f(z(a,0), y(a,b)).

1.5.1 Solution of the problem (P’) by using the method of separation

of variables

We begin by seeking non-trivial solutions of the problem (P’) in separated variables of the form:
w(r, 0) = F(r)G(0). (1.20)

By substituting (1.20) into (P’), we obtain

F/(r)G(6) + - F(r)G(0) + 5 F(rC"(6) =0, (1.21)

where I is the second derivative of F' with respect to r, and G” is the second derivative of G with
respect to 6. Dividing equation (1.21) by F(r)G(0), we get

F"(r) N 1F'(r) 1G"(0)
F(r)y rF(r) r G0

=0,

and therefore

D) TR Gl
The left-hand side of (1.22) depends only on the variable r, and the right-hand side depends only

) P Go) 1

on . Hence, there exists a real constant A such that:

) P Gh)

o T TE 0 =\ (1.23)

We obtain two ordinary differential equations:
r2F"(r) +rF'(r) — AF(r) =0
and
G"(0) + \G(0) =0

for the functions F' and G, respectively. However, the function w must be 27-periodic with respect
to 0, that is,
w(r, 0+ 2m) = w(r, 9).

12
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Thus, the function G must be periodic with period 27. Consequently, we impose periodic boundary
conditions on @, that is,

G(0) — G(2m) =0,

G'(0) — G'(2r) = 0.

In summary, we need to study the following problems:

G"(0) + AG(0) =0, 0<6 <2,
(P1) § G(0) = G(2m) =0,
G'(0) - G'(2m) = 0,

and
r2E"(r) +rF'(r) — AF(r) = 0,
0<r<a.

(Ps)

Solution of the problem (P}).
As is customary, different cases arise depending on the sign of .

Case 1: If A < 0, the general solution of the problem (P]) is given by:
G0) = cosh(\/—)\ 9) + ¢ sinh(\/ -\ 9),

where ¢; and ¢y are arbitrary constants. However, since G(0) — G(27) = 0 and G'(0) — G'(27) = 0,
we get ¢; = co = 0, which is impossible. Thus, the case A < 0 must be rejected.

Case 2: If A = 0, the general solution of the problem (FP)) is written as G(6) = 10 + ca,
where ¢; and ¢y are arbitrary constants. According to the conditions G(0) — G(27) = 0 and
G'(0) — G'(2m) = 0, we obtain ¢; = ¢3 = 0. Therefore, the case A = 0 must also be rejected.

Case 3: If A > 0, the general solution of the problem (F}) is

G(0) = cos(\/x 0) + ¢ sin(\/x 0),
where ¢; and ¢, are arbitrary constants. The conditions G(0) = G(27) and G'(0) = G'(27) give us

c1=c COS(ZT(\/X) + ¢9 8in (27T\/X)

D v = Vil cos(2avi) — e sin(2evi)]

13
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which is equivalent to

c1 (cos(27r\/X) — 1) + o sin(QW\/X) =0

(5): —c1 sin(QW\/X) + ¢ (COS(Q?T\/X) - 1) = 0.

If the determinant of (s) is non-zero, then ¢; = ¢; = 0, and G = 0. Non-trivial solutions are

obtained if det(s) = 0. We then have

cos(2nrvA) =1 sin(27VA
detls) =0 = —im(zm)/i) cos(25n/X) )— 1. ’
= (cos(2mVX) — 1) +sin? (27V) = 0
= cos?(2nVA) — 2cos(2nVA) + 1 +5in?(21vVA) = 0
= —2cos(21VA) +2=0
= cos(2mV)\) = 1 <=2V A =2nm, neN,

= N\, =n% neN.
Thus, the non-trivial solutions of (P]) for the eigenvalues A\, = n?, n € N are the eigenfunctions
given by:
G.(0) =C, cos(n@) + D, sin(n&), (n=0,1,2,...),

where C), and D,, are arbitrary constants.
Resolution of the problem (P).
Substituting A\, = n?, n € N into (P}), we get the equation

rPE(r)+7F(r) —n*F,(r) =0, neN. (1.24)
1) If A, =n =0 in equation (1.24), we get

/
rFy(r) + Fy(r) =0 < (T‘Fé(?”)) =0
<= rF{(r) = By
< Fy(r) = Ao+ Boln|r|,

where Ay and B, are arbitrary constants.

(07

2) If A\, = n, with n € N*, the equation (1.24) is an Euler equation. Let us assume F,(r) = r

14
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in equation (1.24), and we obtain

2

ala—D)r* +ar® —n*r*=0<=ala—1)+a—-n*>=0,

so that a = 4n, and the solution is of the form: F,(r) = A,r™ + B,r~", for n > 1, where A,, and
B,, are arbitrary constants.

Finally, the general solution of the problem (P’) is given by, for r > 0:
wy(r, 0) = Ag + By In(r) + (Anr" + B,ﬂ"‘") (C’n cos (n@) + D, sin(n@)), n € N.

However, according to the problem (P)]), we must set B, = 0, for n € N, to ensure that the
product F(r)G(6) defines a continuous function at the origin of R?. Thus, the final general solution

of the problem (P’) by the method of separation of variables is written as:
wy(r, 0) = r" <C’,’L cos(nf) + D, sin(nG)), n €N,

where C!, and D!, are arbitrary constants with C! = A,C,, and D] = A,D,. Also, applying the

Fourier method, we seek the solution « in the form:

w( = 70 + Zr" (C'/ cos(nb) + D, 5111(n9)) n €N, (1.25)

n=1

which is a solution of the problem (P’) that defines a continuous function w at the origin of R2.
The next step is to choose the coefficients C! and D}, for n = 0,1,2,..., such that w satisfies the
condition w(r =a, 0) = h(0), for 0 < 6 < 2m, i.e.

w(r=a, §) = :_+Z (C'/ cos(nb) + D, sm(n@))

= % + ;<an cos(n@) + B, Sin(n0)>, n € N,

where «,, = a"C! and f§, = a"D!. The coefficients «,, and (, are thus proportional to the

trigonometric Fourier coefficients of the 27-periodic function that coincides with h on [0,27]. In

15
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this case, they are determined by:

1 2m
oy = —/ h(0) cos(nd) db, (n=0,1,2,...),

™ Jo,, (1.26)
Bn = —/ h(0)sin(nd)dh, (n=1,2,3,...).

T Jo

Consequently, by substituting (1.26) into (1.25), we obtain

w(r, §) = QL /027r h(0) do + 2 <£>n<an cos(nb) + B, sin(n@)),

T

which is a solution to the problem (P’).

1.6 Poisson kernel
There is another way to solve the Dirichlet problem—with the help of an integral kernel. That is,
we will find a function P(r, 0, «) called the Poisson kernel® such that

u(r,0) = oy

! /W P(r,0,a) g(a) da.

While the integral will generally not be solvable analytically, it can be evaluated numerically.

In fact, unless the boundary data is given as a Fourier series already, it may be much easier to

numerically evaluate this formula as there is only one integral to evaluate.

3Named for the French mathematician Siméon Denis Poisson (1781-1840).

16
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We must use a different dummy variable for the integration and hence we use « instead of 6.

u(r, ) = % i 7 cos(nb) + br™ sin(nd)
<2i / ) ] (l / 9(a) cos(na) da)jr”cos(n@)%—
(% o) sin(na) da)r sin(;e)

= i ( )+ 2 Z g(a) cos(na) r™ cos(nd) + g(«) sin(na) r™ sin(n6)> do

Z (cos(na) cos(nb) + sin(na) sm(n@))) g(a) da.

S/

P(r797a)

OK, so we have what we wanted, the expression in the parentheses is the Poisson kernel, P(r, 0, ).
However, we can do a lot better. It is still given as a series, and we would really like to have a nice
simple expression for it. We must work a little harder. The trick is to rewrite everything in terms

of complex exponentials. Let us work just on the kernel.

P(r,0,a) =142 Z cos(na) cos(nfd) + sin(na) sin(nd))

In the expression above, we recognize the geometric series. Recall from calculus that if z is a
complex number where |z| < 1, then

o
> =

n=1

Note that n starts at 1, and that is why we have the z in the numerator. It is the standard

geometric series multiplied by z. We can use z = re®=®) as lo and behold |re’®=®)| = < 1. We

17
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continue with the computation.

p(?", 9, Oé) =1 + Z (Tei(o_a))n + Z (re_i(e_a))n
n=1 n=1

0—a) 0—a)

reil re i
[— e T e i
B (1 — rei(e_o‘)) (1 — re_i(e_a)) + (1 — re‘i(e_o‘))rei(e_o‘) + (1 — rei(e_o‘))re_i(e_o‘)

B (1 = reil0=o) (1 — re=i0-)

— 14+

1—7?
1 — reil0—a) _ pe—i(0—a) + 72
1—17?

1 —2rcos(f —a)+1r?2

That is a formula we can live with. The solution to the Dirichlet problem using the Poisson kernel

1s
1 [7 1—r?
ulr,9) = o /7r 1—2rcos(f — )+ 7’2g<&) da

Sometimes the formula for the Poisson kernel is given together with the constant %, in which case
we should, of course, not leave it in front of the integral. Sometimes the limits of the integral are
given as 0 to 2m; everything inside is 27-periodic in «, so this does not change the integral.

Let us not leave the Poisson kernel without explaining its geometric meaning. Let s be the
distance from (r,0) to (1, «). This distance s in polar coordinates is given precisely by the square

root of 1 — 27 cos(f — a) + 2. That is, the Poisson kernel is really the formula

1—1r?

2

S

One final note we make about the formula is that it is really a weighted average of the boundary

18
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values. First, we look at what happens at the origin, that is, when r =0

1 [ 1-0?
u(0,0) = / 1 —2(0)cos(0 — a) + 02g(a) da

So u(0, 0) is precisely the average value of () and therefore the average value of u on the boundary

This is a general feature of harmonic functions, the value at some point p is equal to the average
of the values on a circle centered at p

What the formula says at other points inside the circle is that the value of the solution is a
weighted average of the boundary data g(). The kernel is bigger when (1,«) is closer to (r,0)

Therefore, when computing u(r, ), we give more weight to the values g(«) when (1, «) is closer to
(r,0) and less weight to the values g(«) when (

«) far from (r,0).
1.7 Laplace’s equation in three dimension

In this section, we focus on solving Laplace’s equation in dimension n = 3 using the method of
separation of variables. The mathematical model is written as follows

Au(z,y, 2) = Uge (2, Y, 2) + uyy (2,9, 2) + Uss(z,y,2) =0, in D

(1.27)
where D {0 <z<m O<y<m 0<z< 7T} with the boundary conditions
u(07 y7 Z) - 07 U(7T7 y7 Z) - 07 u('r? 07 Z) = 0 (1.28)
u(z,m z) =0, wu(z,ym)=0, u(x,y0)=g(zy)

where ¢ is a given function.

According to the method of separation of variables, we assume that any non-trivial solution
has the form:

u(z,y,z) = X(2)Y (y) Z(2) (1.29)

which satisfies the three homogeneous conditions in (1.28). We have omitted the non-homogeneous
condition u(m,y, z) = g(y, 2)

By substituting this solution into the PDE (1.27) and separating variables, we obtain

XN 2)Y () Z(2) + X (2)Y"(y) Z(2) + X(2)Y () 2"(2) = 0 (1.30)
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where X" is the second derivative of X with respect to x, Y is the second derivative of Y with
respect to y, and Z” is the second derivative of Z with respect to z.

Dividing equation (1.30) by X (x)Y (y)Z(z) gives:

Xa) Yy 27) . X'@) Y'y) __Z7(2)

X(x) = Y(y)  2(2) X(x)  Y(y) Z(2)

(1.31)

In (1.31), the left-hand term is independent of z, whereas the right-hand term is a function of z

only. Consequently, both expressions must be constant, and we can write:

X//(aj) Y//(y) B _Z//(Z>

= =\ A1 € R. 1.32
X "YWz M© 132
Similarly, by following the same reasoning, we obtain:
X”(:U) Y//(y)
=)\ — =\ Ay € R. 1.33

Also, according to the boundary conditions (1.28), the solution u satisfies the three homogeneous

conditions. Thus, we obtain:

p

0,y,2) =0= X(0)Y(y)Z(2) =0, x€l0,7] = X(0)=0,
Ty, 2)=0= X(m)Y(y)Z(2) =0, z€l0,7] = Z(
0

) ( m) =0
2) = 0= X(0)Y(0)Z(z) =0, yel0,]=Y(0)=0 (1.34)

b

\
In summary, according to (1.32), (1.33), and (1.34), we need to study the following problems:

X"z) = XX (z)=0,0 <z <m,
X(0) =0, X(m) =0,

(pl)

Y'(y) — (>\1 - >\2)Y(y) =0,0<y<m,

(r2) Y(0) =0, Y(r) =0

and
Z2"(z)+MZ(2) =0, 0<z<m,

(ps) Z(r) = 0.

Solution of problem (p;)

20
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We distinguish three possible cases for \y. Case 1: If Ay = k? > 0, with k being a nonzero real

number, then the problem (p;) admits a general solution of the form:
X(.CE) = Aleikx + Agekx

where A; and A, are positive constants. According to the conditions X (0) = 0, X(7) = 0, we

obtain:
Al + AQ - O

(51)
Ale_k” + Agek” =0.

The system (S57) has only one solution, which is the trivial solution (A;, A2) = (0,0). Indeed, the

determinant of the system (S;) is:

2k7r_1

—km km ekm

Otherwise,

T _1=0= " =1= 2%kr =0.

But this is absurd because p is different from zero. Thus, we can conclude that:

1 1 Ay 0 Ay 0
= — =
e"‘” €k7r AQ 0 A2 0
1 :
since the matrix i is invertible. Thus, in the case where Ay = k? > 0, we have X (z) = 0
e " eltm

and consequently u(z,y,z) = 0 for all 0 < x < m. Therefore, we must exclude the case Ay > 0.
Case 2: If \y = 0, we have X(z) = Ajz + Ay, where A; and A, are arbitrary real numbers.

However, from the boundary conditions X (7) = 0 and X (0) = 0, we obtain

AQZO, A2:07
=
A17T+A2:0 A1:0

Thus, in the case where Ay = 0, we obtain X (z) = 0, leading to u(z,y,z) =0 for all 0 < z < 7.

Consequently, we must also exclude the case \y = 0.
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Case 3: If A\, = —k? < 0, the general solution to problem (p;) is given by
X(z) = Aysin(kz) + As cos(kz),

where A; and A, are arbitrary real numbers. From the boundary condition X (0) = 0, we obtain

Ay = 0. Hence, a non-trivial solution can be written as
X(z) = A sin(kz),

with A; # 0.

Moreover, since X (m) = 0, we must have sin(lmr) = 0, which implies k7 = n7m, with n €
Z. This leads to Ay = —n?  The values Ay = —n? are called eigenvalues, and the functions
X (x) = Al sin(nx) are the characteristic functions of problem (p;), where A} are constants. Since
sin(—z) = —sin(x) for all z € R, it is sufficient to consider the eigenvalues Ay and the characteristic
functions X for all n € N*.

Solution of problem (p2)
Let A = A\; — X\o. As before, we distinguish three cases for \.

Case 1: If A = 2 > 0, where p is a nonzero real number, then problem (p;) admits a general
solution of the form:

Y(y) = Bie ™ + Bge!?,

where B; and B, are constants. From the conditions Y (0) = 0 and Y (7) = 0, we obtain the
system:

By + By, =0,

Bye ™ + Byel™ = 0.

(52)

The system (S3) has only one solution, which is the trivial solution (By, By) = (0,0). Indeed, the
determinant of the system (S5) is given by:

]. 1 621“7 _ ]_
= el —eTH =

e HT  opT eHT

£ 0.

Otherwise, we would have:

T 1 =0= " =1= 21 = 0.
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However, this is absurd because p is nonzero. Thus, we conclude that:

1 1 B 0 By 0
e — —
e P ehT BQ 0 B2 0
since the matrix
1 1
e HT kT

is invertible. Thus, in the case where A = p? > 0, we obtain Y(y) = 0, which implies that
u(z,y,z) =0 for all 0 < y < 7. Therefore, we must exclude the case A > 0. Case 2: If A =0, we
have Y (y) = Byy+ Bs, where By and B, are arbitrary real numbers. However, from the conditions

Y(7) =0 and Y(0) = 0, we obtain:

32:07 BQZOa
Blﬂ'—l—BQ:O 3120

Thus, in the case where A = 0, we get Y (y) = 0 and u(z,y,2) = 0 for all 0 < y < 7. Therefore,
we must also exclude the case A = 0.

Case 3: If \y = —k? < 0, the general solution of problem (p;) is given by:

Y (y) = Bysin(uy) + Bacos(py),

where B; and B, are arbitrary real numbers. From the condition Y (0) = 0, we obtain By = 0.
Hence, a non-trivial solution is given by Y (y) = Bj sin (uy) with By # 0.
Additionally, since Y(w) = 0, we have sin(wr) = 0, which implies yr = mm for some

m € Z, leading to A\ = —m?.

The values A = —m? are called eigenvalues, and the functions
Y (y) = B} sin(my) are the characteristic functions of problem (p,), where B} are constants. Since
sin(—y) = —sin(y) for all y € R, it suffices to consider the eigenvalues A and the characteristic
functions Y for all m € N*.

Now, if we consider problem (p3) for eigenvalues A\; — Ay = —m? with A\, = —n?, for all

2

n, m € N*, we obtain A\; = —m? — n?, and the general solution of problem (p3) is given by:

Z(2) = Cre?V/mFm | OVt Fm?

where C and Cs are arbitrary constants.
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Moreover, we have:
Z(r)=0—= Cre™mHm? 4 Coe™ ™ Hm? — () — Oy = — 2TV
Substituting this into the solution for Z, we obtain:
Z(Z) :ClezvnQ—l—mQ _ Cle2wx/n2+m26—zx/n2+m2
:Cle7n/n2+m2 [e(z—ﬂ)\/n2+m2 . e—(z—w)\/n2+m2]
=20, eV sinh(\/ n?+m?(z — 7r)>
=C" sinh(x/ n? 4+ m?(z — 7r)>, where C7™ = 20V ™
Since
o _ o0
sinh(0) = 5 for all 0 € R.
Finally, combining all the results, we obtain a solution of the form:
u(z,y,z) = X(2)Y(y)Z(2) = Cpp sin(nzx) sin(my) Sinh(\/ n? 4+ m2(z — 71')), (1.35)

which is a general solution to the PDE (1.27) for n, m € N*, where C,,,,, = A7 B*C}"™ are constants.

This problem is linear and homogeneous. In this case, the principle of superposition applies,

and:

u(z,y,2) = i i Crm sin(nzx) sin(my) sinh<\/m(z - 7r)>

n=1m=1

(1.36)

is also a solution of the problem (1.27)—(1.28), where C,,,, are constants to be determined.

Setting z = 0 in (1.36) and using the condition u(x,y,0) = g(x,y), we obtain:

g(z,y) = i i Chrm sinh<\/m(7r)> sin(nx) sin(my)

n=1 m=1

_ i i {Cnm sinh(x/m (w)ﬂ sin(n) sin(my)

n=1m=1
o)

= Z Zanm sin(nz)sin(my), z €[0,7], y € [0, ],

n=1 m=1

where:

Oy, = nmsinh(\/n2+m2(w)>’ (n=1,2,...), (m=1,2,..).

(1.37)

(1.38)
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Multiplying equation (1.37) by sin(pz) and integrating over [0, 7], we obtain:
/ (x,y) sin(pz)dr = Z Z Qi [/ sin(nx) sm(p:c)dx] sin(my).
0 n=1 m=1
But we have
2, if n=
/sin(nx) sin(pz)dxr = ™/ Boner
/ 0, if n#p
thus,
. = m .
/g(x, y) sin(px)dx = Z Wy sin(my).
" =
Also, by multiplying this equality by sin(¢z) and integrating over [0, 7], we obtain
// x,y) sin(pz) sin(qy)dzdy = Z Qpm = /Sln my) sin(qy)dy.
Now,
r 9, if m=
/ sin(my) sin(qy)dy = ™/ !
] 0, if m=#q.
Finally, we obtain:
: . 7’
| [ sta.sintpo)sintap)drdy = a7
0 0
From which we deduce
4
Chrm sinh(\/ n? + m2(7r) = Om = — //g x,y) sin(nz) sin(my)dzdy,
0 0
where n, m € N*. Finally, we have
% % sinh (vn2 +m?(z — 7r)>
(x,y,2) = Z Qm, sin(nx) sin(my) (1.39)

N =1 mzz:l sinh <\/m(ﬂ'>)

which is a solution of the PDE (1.27) with the boundary conditions (1.28).
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1.8 Fundamental solution and Green functions

1.8.1 Green’s formulas

We first give a theorem without proof, which will be used as a basis for the proof of Green’s

formulas.

Theorem 2. (Ostrogradski’s Theorem). Let V= (Vi,..., V) be a vector-valued function of

class C" in a bounded open set Q C R™ and continuous on Q. Then:

/deda;:/(V,ﬁ)Rn do, (1.40)

Q o0

where 7 is the unit normal vector at each point on OS2, oriented outward from ), and do represents

the surface element.

The First Green’s Formula. Let 7 = grad . Suppose that ¢ is of class C2(€2). From
(1.40) and since div(grad ¢) = Agp, we obtain:

O
/Agodx— /%da. (1.41)
o0

Q

The Second Green’s Formula. Let ¢ be of class C'(Q) and 9 of class C?(). Applying
Ostrogradski’s theorem for 7 = p grad 1, we obtain:

/(,OAV,ZJ dw+/(gradg0, grad )p, dr = /gog—zﬁ do, (1.42)

Q Q [2/9]

because divl) — (grad ¢, grad ¥)g. + @A.
The Third Green’s Formula. If p and v are of class C?(f2), then, from (1.40), we have:

/(@Aw —YAp) dx = / (gpg—:ﬁ - wg—z> do. (1.43)
Q o0

Remark 3. From Green’s formulas, we obtain the following properties of harmonic functions:

(1) Let u be a harmonic function on §. If we take p =1 = u in the second Green’s formula, we
get:
0
/|gmdu\2 dr = | us" do,
on
Q 9
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since Au = 0. Therefore, harmonic functions satisfy the following inequality:

ou
/uandJ_O

o0

(2) If ¢ =wu and ¥ =1 in the third Green’s formula, then:

for all harmonic functions u. This property is called Gauss’ Theorem for harmonic func-

tions.

1.8.2 Green functions

Let (&¢,7) and (x,y) denote an arbitrary fixed point and a variable point, respectively, in the

xy-plan. We recall that in polar coordinates with pole at (£, 7), Laplace equation takes the form
1 1

Au(r, 0) =t (1,0) + ~u,(r,0) + —uge(r,0) = 0, (1.44)
r r

where

(v —n)
(x—¢)

If w is a solution of (1.44) that depends only on r, then u satisfies the ordinary differential equation

d2u+1du_1d du _0
dr2  rdr  rdr Tdr -

r:\/(x—£)2+(y—n)2 and 6 =tan!

thus, v must be of the form

u(r,0) =ciIn(r) +co, r>0

where €} and Cy are arbitrary constants. If we choose C = % and (', = 0, then the particular

solution

Ulr, 0) = % In(r) (1.45)

is called the fundamental solution of the two-dimensional Laplace equation.

Remark 4. The fundamental solution has the property of being harmonic throughout the xy-plane

except at the pole (§,m), where it becomes logarithmically infinite. It is the simplest conceivable
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solution having this type of singularity at a point. The essential role played by the fundamental
solution (1.45) is that it leads to an integral formula that expresses the value of any harmonic
function u inside a domain in terms of the values of u and its normal derivative % on the boundary
of the domain. This makes possible for us to obtain explicit representations for the solutions of the
Dirichlet problem and the Neumann problem in terms of kernel function as Green function and

Neumann function, respectively.

Our basic tool is the Green’s second identity

é / (uAv _ vAu) drdy —

over a domain D with a smooth boundary C, for all pour functions v € C?(D) and v € C?(D).
We shall take v in (1.45) to be the fundamental solution U with the pole (£,7) in D. Since U

ov ou
/(UO_H — va—n> ds (1.46)

c

is singular at the pole, we delete from D a small disk about (£, ) with radius € and boundary Cj

Co

0

Figure 1.3: Fundamental solution.

Applying (1.46) to the punctured domain D’ bounded by C' and Cj, and noting that AU = 0
throughout D', we find

— // In(r)Audzdy =

where we have dropped the common factor 5-. This relation holds for all values of € no matter

Oln(r) ou
/ (ua—n — ln(r)a—n> ds (1.47)

C+Co

how small. We shall show that the integral along Cj yields the value —27u(§,n) when ¢ is allowed
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to approach zero.
On Cy we note that r = ¢ = const and the outward normal vector is opposite in direction to

the radius vector. Thus,

J01n(r) d
= _ —_
on | dr n(r) B €
So, by introducing polar coordinates, we see that
o1 7
1
lim [ u n(r)ds = lim /u(f +ecosf, n+ esin 9) (——) edf = —2mu(&, n). (1.48)
e—0 e—0 £
Co 0

Since the first derivative of u are continuous in D, there is a constant M such that g—z < M on Cj.

Therefore,

27
< M/’ln(a)’sd@ < 2rM|n(e)| — 0, when & — 0. (1.49)

Jln(r)
/u o ds

Co

which tends to zero with €. Thus letting € approach zero in (1.47) and using (1.48) and (1.49), we

obtain the integral formula

u(&, n) = %/(uﬁlanr(lr) — In(r ) )d +—//ln )Audxdy. (1.50)
c

This expresses the value of u at any point in D terms of the values of v and % on the boundary

C and of Au in D. In particular when u = 1 we obtain an important property of the fundamental

i/@ln(r) 1
2 on

C

solution, namely

Formula (1.50) does not immediately yield a representation for the solution of the Dirichlet problem
or the Neumann problem, since it involves the values of both u and its normal derivative % on C.
We shall therefore convert it into an integral formula from which it will be possible to eliminate u
ou
or -
Let ¢ = g(x,y,&,n) be a function of (x,y) that depends on the pole (£,7n) such that g is

harmonic throughout the domain D. Applying the Green formula for the function u and g, we

dg ou B
// gAudzrdy + /(ua—n — 98n>d5 =0. (1.51)
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Combining this with (1.50) with (1.51), we thus obtain

oG 0
u(&, n) = /(ua—n - Ga—z>d8 + // GAudzdy (1.52)
D

C

where G = G(z,y,&,n) with

1
G(x,y; &n) = 5—In(r) + g(z,y: & ). (1.53)
Now, if the harmonic function g can be determined in such a way that G or g—g vanishes on C' ,

the term involving g—g or u in (1.52) disappears, and the resulting formula yields a representation

for the solution of the corresponding Dirichlet or Neumann problem.
We focus our attention here on the problem of determining the function g such that G vanishes

on the boundary C of the domain D. It is clear that if g is a solution of the boundary value

problem
2 2
Ag:a—‘z—l—a—‘zzo, in D,
o Oy*, (1.54)
9(%97577]) - _%ln(r)y on C

for each point (£,7) in D, then the function G defined by (1.53) vanishes when (x,y) lies on C.

Thus , we obtain from (1.52) the specific representation formula

u(, n) Z/U(x,y)g—i(x,y; f,n)der//G(:c,y; &,n)Au(z,y)ddy
D

c
for the solution u of the Dirichlet problem

Au = q(z,y), dans D,
u= f(z,y), sur  C

in terms of the function (1.53) and its normal derivative on the boundary.

Theorem 3. Let D be a bounded domain with a smooth boundary 0D, q € C(D) and f € C(0D).
Let u € C?(D) be a solution of the following problem

Au = q(z,y), in D,

(1.55)
u= f(x,y), on OD.
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Then
u(€, n) —/f(x,y)g—i(x,y; S,n)d8+//G(:€,y; &,n)q(x,y)dxdy (1.56)
oD D

where G is Green function defined in (1.53) and (1.54).

1.8.3 Proprieties of Green functions

1) For each (£, ) € D, G satisfies the Laplace’s equation

0*°G  0°G

W+6_y2:0’ V(Zb,y)ED

except at (§,n).

2) G(:p,y; f,n) = 0 for each (z,y) € OD.

3) G has logarithmic singularity at (£,7n) such that
oG
—ds =1.
/ on
oD

4) G is symmetric with respect to the points (x,y) and (&, 1), namely

G(z,y; &m) = G(&n; 2,y).

1.8.4 Examples of Green’s functions

In this section we shall present examples of Green’s functions for the Laplace’s equation for special

domains in the xy-plane.

Example 3. Let R2 = {(z,y)] y > 0} the half-plane y > 0. Find the Green function of the
following Laplace equation Au(z,y) =0 in R3.
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Solution Let P : (£, n) denote the pole of the Green’s function in the half-plane y > 0 and let
Q : (x,y) y > 0, be any point whose distance from the pole is denote by r.

q(x,y)

- X

Figure 1.4: Green’s functions for the half-plan (y > 0).

Consider the reflected image R : (£, —n) of the point P with respect to the x-axis. It is clear
that when @ is located on the boundary y = 0 of the half-plane y > 0, () is equidistant from P
and R. Thus, we take

g(x,y;&,m) = ;—; Inr* (10.12)
Where
r=(z =)+ (y—n) (10.13)

Clearly, this function is harmonic for all (x,y) in the half-plane y > 0 and reduce to —(1/27) Inr
on y=0 .Therefor, the Green’s function for the half-plane y > 0 is given by

G(:E,y; f,n) :%hl(?“) — %ln(r*) = i1n (L>

for the half-plan (y > 0).

32



1.9. EXERCISES Chapitre 1

1.9 Exercises

1— 332 _ y2
1 — 2z + 22 + y?
is a harmonic function on the disk D = {(z,y) € R?, 22 +y* < 1}.

Exercise 1.1. Show that the function u defined by u(zx,y) =

Exercise 1.2. Determine the solution of the following Laplace equation:
Uy (T,y) +uyy(z,y) =0, O<z<m O<y<m (1.57)

with the following boundary conditions:
- (1.58)
<z .

Exercise 1.3. Using the method of separation of variables, determine the solution of the following

Laplace equation:
Au(z,y) = Upe(2,y) + uyy(z,y) =0, O0<z<mm, 0<y<m (1.59)
with the following non-homogeneous Neumann boundary conditions:

uiE(O?y) = 07 ul“<7T7y) = 07 0 S y S ™ (1 60)

Ezercise 1.4. Let D = {(z,y) € R?, 2%+ y*> < a*} be a disk of radius a centered at the origin.
Let C': 2% + y* = a® be the circle of center (0,0) and radius a.

Using polar coordinates x = rcosf, y = rsinf with 0 < 0 < 27 and 0 < r < a, show that the
Au(x,y) = Uge(2,y) + uyy(z,y) =0, in D,

Laplace equation on the disk D, that is,
u(z,y) = f(z,y), on C =0D

18 equivalent to the following equation:
1 1
Aw(r,0) = wer(1,0) + —w.(r,0) + —wap(r,0) = 0,
r r

where w(r,0) = u(z(r,0), y(r,0)) with the boundary condition w(a,d) = h(d) = f(x(r,0), y(r,0)).

Ezxercise 1.5. Using the method of separation of variables, determine u the solution of the fol-
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lowing Laplace equation:
Au(z,y) = Uz (2, Y, 2) + Uy (2, y, 2) + use(2,y,2) =0, in D (1.61)
where D = {O <z<m O<y<m 0<z< 7r} with the following boundary conditions:

u(0,9,2) =0, u(z,02) =0, u(z,7,2)=0 (1.62)

U(l"ay, 0) = 07 U(l‘,y,ﬂ‘) = Oa U(?T,y,Z) =g(y,z)
where g is a given function.

Exercise 1.6. Solve the following problem:
1 1
Wy (1, 0) + —wp (7, 0) + —zwee(r, 0)=0, for 0<r<l1
r r

with
1, 0<f<m
w(l,8) =
0, T <6 <2m.

Using the Poisson integral formula, determine w(0,0).

34



Chapter 2

Hyperbolic equation

This chapter is devoted to the study the partial differential equation of hyperbolic type. More
precisely, we will study the wave equation
0%u

o (%t = Dulxt) = F(x.1),

where x € R" and ¢t € R are two independent variables with n > 1, and ¢ > 0 is a real number.
This PDE naturally appears in many physical problems such as: vibrating strings or membranes,

acoustic waves, electromagnetic waves, seismic waves, etc.

2.1 The wave equation in one dimension

We are interested in the second-order partial differential equation in time ¢ and space x of the
form: ) ,

%(x,t) — CQ%(x,t) = F(x,t)
where ¢ > 0 is a constant. This is the equation of motion of a vibrating string, mathematically
referred to as the one-dimensional d’Alembert equation. The constant ¢ will be identified as the

wave propagation speed.

Remark 5. The homogeneous wave equation in spatial dimension n is written as:

%(x,t) — 2Au(x,t) =0, vx € R", t € R™,
u(x,0) = up(x), Vx € R,
a1 (x,0) = vo(x), Vx € R”,
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where c is the wave speed, and uy and vy are two giwen functions in C*(R™) and C1(R™), respectively.

Definition 2. The operator
1
2 o2

1s called the wave operator, or the d’Alembertian in n dimension.

2.2 d’Alembert’s formula for the wave equation

2.2.1 Homogeneous wave equation
We are interested in solving the one-dimensional wave equation defined on the entire real line R:

0? 0?
a—;;(a:,t) — CQa—;(x,t) =0, VreR, VteR", (2.1)

with the following initial conditions:
u(z,0) = f(z), and OQu(x,0)=g(x), xe€R. (2.2)

Theorem 4. The function u defined on R x R by:
1 1 T+ct
u(x,t) = 5 fle—ct)+ f(z+ ct)} +o / g(s)ds (2.3)

r—ct
is a solution to the problem (2.1)—(2.2).

Remark 6. The formula (2.3) is called d’Alembert’s formula for the homogeneous one-dimensional

wave equation.

Proof. We introduce the following change of variables:

= t
§=x+ct, (2.4)
n =ux — ct.
Therefore:
*u  0%u 0’y 0%u
o2 € + 28§8n + on?’
0%u 0%u 0’y 0*u (2:5)
— =c +2 +
ot? 0¢? o&on — on?
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Hence, using (2.5), the equation (2.1) is equivalent to:
2
—4c? Ou =0,
3%
and since ¢ # 0, we have
Pu 0
ocon
The general solution of equation (2.6) is of the form
u(§, n) = F(&) + Gn),
therefore:
u(z,t) = Fx +ct) + Gz — ct) (2.6)

where F' and G are arbitrary twice-differentiable functions of a single variable.

Now, we determine I’ and G such that the solution (2.6) satisfies the initial conditions (2.2).

Then, for t =0 in (2.6), we obtain:

F(z) + G(z) = f(x),
cF'(x) — G (x) = g(x),

Vr e R

which implies

Fi(z) + G'(x) = f'(2),

(S) Vo € R.

cF'(x) — G (x) = g(),

Solving the linear system (5) for F'(x) and G'(x) yields:

Integrating both equations of (2.7) from 0 to x, we obtain:

( T

F(x) = %f(:z:) + 2% /g(s) ds + c*,
G(z) = 5() ~ o / g(s)ds — ¢,

(2.7)
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where ¢* is an integration constant.
Now replacing x in the expressions for F' and G by x + ct and x — ct respectively, and using

(2.6), we obtain:

u(z,t) =F(x + ct) + G(x — ct)

[ 1 1
5| fa—ety s sara)] + o | [ ol [ gl
) . 0 0
- _ x+ct
1 1
L fe—a) 4 fata) + = / o(s) ds.
2] | 2c
r—ct
This completes the proof of Theorem 4. m

Example 4. Using d’Alembert’s formula, determine the solution to equation (2.1) with the fol-
lowing wnitial conditions:

u(z,0) =sinz  and w(z,0) =0.
Solution: According to formula (2.3), we have

i —ct i t
u(z,t) = sin(z = ct) ;_ sin(z + ct) = sin z cos(ct),

which is a solution of equation (2.1).

Example 5. Using d’Alembert’s formula, solve equation (2.1) with the following initial conditions:

u(z,0) =0 and w(z,0) =sin(2x).

Solution: According to formula (2.3), we have

x+ct
1 0 (22) sin(2ct
u(z,t) = % / sin(2s) ds = sin( !E)281n( c )7
¢ C
x—ct

which is a solution of equation (2.1).
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2.2.2 Non homogeneous wave equation

We consider the non-homogeneous wave equation in one dimension defined over the entire real

line: , ,
g;;@ £) — 222(33 t) = F(z,t), VozeR, VteR*, (2.8)

with the following initial conditions:
u(x,0) =¢(x), and Ju(x,0)=a¢(zr), —o0 <z <+00, (2.9)

where F'is a source term.

Theorem 5. Let ' € C°(R x R). Consider the non-homogeneous Cauchy problem (2.8)—(2.9)
with ¥ € C*(R) and ¢ € C*(R). Then, the problem (2.8)~(2.9) admits a unique solution u €
C*(R x Ry) given by:

x+ct t xtc(t—T)

[(x —ct) + ¢z + ct)] +—/¢ ds+—/ / F(&,7)déE dr. (2.10)

0 z—c(t—7)

l\:JIn—l

u(z,t) =

Remark 7. The formula (2.10) is called d’Alembert’s formula for the mon-homogeneous wave

equation in one dimension.

Proof. We introduce the following change of variables:

¢ =1x+ct,
n=ux— ct,

Then, the PDE (2.8) can be rewritten in the form:

Pu (E+n E—n) 1 +n £—1
35877( 2 7 2 >__@F<T= o ) (2.11)

Integrating with respect to &, we get

¢ _ )
E+n £—n E+n E—n Pu (E4+n -1\ -
677< 2 7 2 ) 877( 2 7 2 )’§_n+/8§8n( 2 7 2 >d€
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Integrating this equation over the interval (7, §) gives:

£ £
— 1 [0 1 [0
w60 - (S50 5) =5 [ Gr@oin—5. [ Gmo

' (2.12)

p
\

Now, in I;, we have

For I, we set:

Y|
—_
o

55
2 2
—_

Hence,
) (§—m)/2c &~ct
0 n+ct

Substituting I; and I, into equation (2.12), we obtain:

¢
" E+n £—n\ _1 1 [0u
2 7 2 ) 2

(§—m)/2c &~ct
+ = / /F(x,f)dxdf.
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Now, noting that £ = x + ¢t and n = x — ct, and using the initial conditions (2.9), we recover

the formula (2.10). N

Example 6. Using d’Alembert’s formula, determine the solution of the equation (2.8) with F(x,t) =

x, ¢ =1, and the following initial conditions:
u(z,0) = uy(x,0) = 0.

Solution: According to the formula (2.10), we have:

) t z+(t—7)
u(x,t):§/ / dé dr.
0 z—(t—7)
We calculate the first integral:
z+(t—7)
_ L qeren 1 2 2
fdg =5 [0 D = S [+ (=) — (2~ (= 7)),
z—(t—7)
Then
z4(t—7) )
/ cd§ = 5 [(m2+2x(t—7)+(t—7)2) — (x2—2m(t—7')+(t—7')2)} )

z—(t—7)

2

The terms in 2% and (¢ — 7)? cancel out, and we obtain

z+(t—7)

1
| ede=g ey,
x—(t—7)
Thus, we have:
t t
1
u(z,t) = 5/4x(t—7')d7 = 21:/(25—7) dr.
0 0

The integral is straightforward to calculate:
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Therefore, the solution is: ,

t
u(z,t) = 2x % 5= xt?.

Thus, the solution to the equation (2.8) is:

2.3 One dimensional damped wave equation in a bounded

domain

In this subsection, we will use the separation of variables method to determine the solution of the
damped one-dimensional wave equation in a bounded domain. The mathematical model is written
as follows:

Uy (7,1) — Puge(z,1) + hu(x,t) = 0, O<z<L, t>0 (2.13)
where h is a positive constant, with the following boundary conditions:
uw(0,t) =0, w(L,t)=0, t>0 (2.14)
and the initial conditions:
u(z,0) = f(z), wu(z,00=0 0<x<L. (2.15)

Using the method of separation of variables, we assume that any non-trivial solution is of the

form:

u(z,t) = X(x)T(t) (2.16)

which satisfies all the homogeneous boundary conditions in (2.14) and the homogeneous initial
condition in (2.15). We have disregarded the non-homogeneous condition u(x,0) = f(x).

Substituting this solution into the PDE (2.13), we obtain:
X(2)T"(t) — X" (2)T(t) + hX(z)T(t) = 0 (2.17)

where X" is the second derivative of X with respect to x, and 7" is the second derivative of T'
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with respect to t. Dividing this equation by ¢*X (x)T'(t), we get:

T//(t) B X//(x) + ﬁ _ 0 . T//(t) + ﬁ _ X//(x>
2 X(z)

2T~ X(@) e 2T(1) (2.18)

Now in (2.18), the left-hand side is a function of ¢ only, while the right-hand side is a function of
x only. Therefore, both expressions must be constant and we can write:
T"(t) h  X"(x)

T e x@ - MeR (2.19)

Also, from the boundary conditions (2.14) and the homogeneous initial condition in (2.15), we

obtain:
uw(0,t) =0= X(0)T'(t) =0, z€]0,L]= X(0)=0,

w(L,t) =0 = X(L)T(t) =0, z€|0,L] = X(L) =0, (2.20)
w(2,0) = 0 = X(2)T'(0) =0, t>0= T'(t) =0,

In summary, we are led to study the following problems:

X'x)+ XX (x) =0, 0<zx<lL,
oy [ XK@ X

and

(P2)

Solution of problem (P;)
We distinguish three possible cases for A.
Case 1: If A = —k* < 0, where k is a non-zero real number. Then, the problem (P;) admits a

general solution of the form:

X (7) = cre" 4 cpek”

where ¢; and ¢, are constants. From the boundary conditions X (0) = 0, X (L) = 0, we obtain the
following system:
c1+c= 07

cre FE 4 cpefl = 0.

(5)

The system (S) has only one solution, which is the trivial solution (ci,c2) = (0,0). Indeed, the
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determinant of the system (5) is:

Otherwise,

Pl 1 =0= ' =1 = 2kL = 0.

But this is absurd since k and L are non-zero. Therefore, we can conclude that:

1 1 C1 0 C1 0
= —_— =
e kL kL Co 0 Co 0
. . 1 Ly . . . . 5
since the matrix 0 o] B invertible. Therefore, in the case where A = —k* < 0, we find
e~ e

that X (z) = 0 and consequently u(x,t) = 0 for all 0 < z < L. Thus, we must exclude the case
A <0.

Case 2: If A =0, then X (x) = c1x + ¢9, where ¢; and ¢, are arbitrary real numbers. However,

from the conditions X (L) = 0 and X (0) = 0, we obtain:

CQZOa CQZOa .
= since L # 0.
C1L+02:0 =0

Therefore, in the case where A = 0, we find that X (x) = 0 and consequently u(z,t) = 0 for all

0 < x < L. Thus, we must also exclude the case A = 0.

Case 3: If A > 0, the general solution to problem (P;) is of the form:
X(z)=¢ sin(\/Xx) + ¢ COS(\/XI’)

where ¢; and ¢y are arbitrary real numbers. From the condition X (0) = 0, we obtain ¢y = 0.

Therefore, a non-trivial solution takes the form:

X(z)=0¢ sin(\/Xx) with ¢; # 0.
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Also, from the condition X (L) = 0, we get sin(\/XL) = 0, hence VAL = nr, with n € Z. Since
A > 0, we finally obtain the eigenvalues of problem (7 ):

2
An:(%) . withneZ

and the eigenfunctions are of the form:
Xn(x) =} sin(ﬂi), with n € Z,
where ¢} are constants. Since A > 0, we restrict to the case n € N* (positive integers), so:
Xo(z) = sin(?), with n € N*. (2.21)

We now turn to problem (7P,).

2
Forn > 1,n €N, and with A =\, = (%) , the general solution is of the form:

T,(t) = c3 sin(t AnC2 + h) + ¢4 COS (t A C2 + h)

where ¢3 and ¢4 are arbitrary constants. From the condition 7 (0) = 0, we get ¢35 = 0, so:

2
T,(t) = cj cos (t (nTﬂc) + h) ,  with n € N*. (2.22)

Finally, from (2.21) and (2.22), the general solution of the PDE (2.13) with the boundary
conditions (2.14) and initial conditions (2.15) is given by:

2
up(z,t) = Xy ()T, (t) = ¢} sin <$) - €} cos (t (%) + h) , neN*

= (), sin (?) cos (t (%)2 —l—h) , neN*

with C,, = c}'c}. Using the principle of superposition, we have

u(z,t) = f: C, sin (n_zx) Ccos (t <?>2 + h) (2.24)

(2.23)

which is also a solution of the problem (2.13)—(2.15), where C,, are arbitrary constants.
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Now, we determine the constants C,, such that the solution (2.24) satisfies the non-homogeneous

initial condition u(z,0) = f(z) for all 0 < z < L. Setting ¢t = 0 in (2.24), we obtain:

- i C,, sin (?) , x€]|0,L]. (2.25)
n=1

This expansion is called the generalized Fourier series of the function f with respect to the

eigenfunctions (2.21), and the C,, are the Fourier coefficients of this series. To determine the C,,

mmnx

for a fixed m € N* we multiply equation (2.25) by sin( 7 ) and integrate term by term over

0, L], giving:
L

/sin (mm> 2)de = ZC /sm <m”) sin ("—f) dz.

0

Using the fundamental orthogonality property of the eigenfunctions: if n and m are non-zero

integers, then
L

/sin (?) sin <n2x> dr = 2 i'f n7m

if n =m.
0

In the first case (n # m), we say that the functions X,,(z) = sin (%) and X, (z) = sin (%*)

are orthogonal over the interval [0, L].

Finally, using this property, we obtain:

foralln=1,2,...

Example 7. Solve the problem (2.13) with L=m, h=1, c =1, and:

x 0<z<m7/2,

T —x /2 <z <.

Solution: From above, we have:

= i C,, sin(nx) cos (t vn? + 1) :
n=1
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with -
Cp=— i d
/0 sin(nz) f(x)dx

w/2 9
:—/ xsmnmdm+—/ 7w — x) sin(nx)dx
0

™

/2 2 [ cos(nz)  sin(nz)|”
= |=(r—2x) -
7 n n? |

2 [—z cos(nz) sm mj)
n

4 <n7T >
= ——sin )
m™n? 2

Now, observe that sin () = 0 when n = 2k, and sin (%) = (—1)*"! when n = 2k — 1 for
k=1,2,...
Therefore, the solution of problem (2.13) is

t) = %ism((%‘ — 1)z) cos < (2k—1)2+1 t) .

2.4 Representation of the solution

In this section, we provide an explicit representation of the solution to the wave equation in

dimensions n = 2 and n = 3.

2.4.1 Wave equation in three dimension

Let x = (z1,79,23) € R?, and consider the wave equation in R? with initial conditions. The

mathematical problem is written as follows:

Zu(x,t) — CAu(x,t) = 0, Wx € R3, ¢ € RY,
u(x,0) = g(x), Vx € R3, (2.26)
5 (x,0) = h(x), Vx € R?,

where ¢ is the wave speed, and g and h are given functions.

First we need a lemma that reduces the problem to the case ¢ = 0 (and which actually holds

in any dimension). Let us denote by wj, the solution of the following problem:

u(x,t) — FAw(x,t) =0, Vx€eR? teR",
(2.27)

w(x,0) =0, 2%(x,0) = h(x), Vx € R3.
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Lemma 2. [fw, € C? (]R3 x [0, +oo)), then v = Oyw, solves the problem

%(x, t) — 2Av(x,t) = 0, Vx € R3, t € R,

(2.28)
v(x,0) = g(x), 2(x,00=0, VxeR:.

Therefore the solution of (2.26) is given by:

u(x,t) = Ohwy(x,t) + wy(x,1). (2.29)
Proof. Let v = J,w,. Differentiating the wave equation with respect to ¢, we obtain:

0 =0 (wu(x,t) — FAw(x,t)) = (On — A) Dpwy(x,1) = vu(x,t) — Av(x, t).
Moreover,
v(x,0) = Qw,(x,0) = g(x) and vy(x,0) = dyw,(x,0) = 2Aw,(x,0) = 0.

Therefore, v is a solution of problem (2.28), and u = v + wy, is a solution of (2.26). O

Theorem 6. (Kirchhoff’s formula). Let g € C*(R*) and h € C*(R®). Then the unique
solution u € C*(R3 x RT) of problem (2.26) is given by:

0 1 1
t) = — d h(o)d 2.30
U(X7 ) ot |:47T02t /63(x,ct) g(a) O-:| " dme?t /83(x,ct) (J) 7 ( )

where B(x, ct) is the ball of center x and radius ct.

2.4.2 Wave equation in two dimension

Using Kirchhoffs formula, we can obtain the solution to the Cauchy problem for the wave equation

in two dimensions. More precisely, we have the following result:

Theorem 7. (Poisson’s Formula). Let g € C*(R?) and h € C*(R?). Then

1 d hy)d
u(xt) = 2/ 9(y)dy +/ (v)dy (2.31)
2me | O Jpxe) /P2 =[x —y[? By /A2 —|x—y[?
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is the unique solution u € C*(R* x RT) of the following problem:

ug(x,t) — AAu(x,t) = 0, vx € R?, t € R,
u(x,0) = g(x), v € B,
ur(x,0) = h(x), Vx € R?,

where ¢ is the wave speed, and B denotes the disk centered at x with radius ct.

2.5 Vibrating strings

Imagine a tensioned guitar string of length L that can vibrate. We will only consider vibrations in
one direction. Let x denote the position along the string, let ¢ denote time, and let y(x,t) denote

the displacement of the string from the rest position. See

T

0 L x

Vibrating string of length L, x is position, y is displacement.

This string is subjected to an external force with linear density f(x,t). We assume that the
displacements are sufficiently small so that the tension remains constant over time, which allows
us to linearize the fundamental equations of dynamics applied to a small portion of the string.

The equation that governs this setup is the so-called one-dimensional wave equation:
U (7, 1) = a*uge (2, t) + f(2,1),

for some constant a > 0.
Boundary conditions: since the two ends of the string are fixed at x = 0 and x = L, the

displacement function at these points must be zero, i.e.:
u(0,t) =0, and wu(L,t)=0, teR".

Initial conditions: since the PDE is second order in time, we must impose two initial condi-
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tions on u(z,t) and dyu(x,t) at time ¢ = 0, namely:
u(z,0) = h(z), and Ou(z,0)=g(zx), =€[0,L],

where h and g are given functions.

2.5.1 Solving the vibrating string equation by the Fourier method

Suppose an elastic string with both ends fixed at points 0 and L = 1 m, subjected to an external
linear force of the form

F(z,t) = sin(mmx) sin(wt)

for all m € N and w? # m?n?. Let u(x,t) denote the displacement from equilibrium at position x

and time t. The evolution equation for u, with boundary and initial conditions, reads:

( U (2,1) — Pugy(z,t) = sin(mrz)sin(wt), 0<z <1, >0,
u(0,t) =u(l,t) =0, t>0,
(0,8) = u(l, 1) .
u(z,0) =0, 0<z<1,
u(x,0) =0, 0<z<l1,

\

with wave speed ¢ = 1 m/s.
We seek a non-trivial solution of the corresponding homogeneous problem in the separated

variables form

y(a,t) = X(2)T(1).

Substituting this form into equation (2.32) leads to the Sturm-Liouville problem:

where A € R. The eigenvalues of this problem are )\, = n?7?, with n € N*, and the corresponding
eigenfunctions are

X, (z) = sin(nnx),

(see the solution of problem (P;) on page 15 for more details). Thus, the general solution of
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problem (2.32) can be expressed as

Z T, (t) sin(nmzx), (2.33)

where the coefficients T,,(t) are the Fourier coefficients of the function w(-,¢). Our goal is to
determine these coefficients.
To find T,,(t), we formally substitute the series (2.33) into equation (2.32) and differentiate

term-by-term, yielding

Z (T (t) + n*7°T,(t)) sin(nrz) = sin(mmz) sin(wt).

n=1

By orthogonality of the sine functions, for n = m, we obtain the ordinary differential equation
T" (t) + m*7*T,, (t) = sin(wt). (2.34)

Given the zero initial conditions, the solution to problem (2.34) is

1 w

To(t) = —— <—

e sin(mmnt) — sin(wt)) .

For n # m, the corresponding ODE is homogeneous:
T,/(t) +n*m*T,(t) = 0,

with zero initial conditions, which implies

Finally, the solution to problem (2.32) is

1
u(z,t) = g (% sin(mmnt) — sin(wt)) sin(mmx).
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2.6 Vibrating plate

The transverse vibrations of a plate (or a beam) are described by the following partial differential
equation:

pun(2,t) + Bl Upyee(2,8) =0, 0<z<I, te&RT (2.35)

where [ is the length of the beam and wu(z,t) represents the transverse displacement of the beam
at position z and time t. The constants p, E, and I denote respectively the mass per unit length,
the modulus of elasticity, and the moment of inertia of the beam’s cross-section.

The boundary conditions at the ends of the beam generally depend on the type of support and
are typically one of the following:

(a) A fixed end also known as built-in or a clamped end has its displacement and slope equal

to zero (see Figure 2.1-[a]): the boundary conditions are then
u(l,t) =u.(l,t) =0, teR". (2.36)

(b) A simply supported end has displacement and moment equal to zero (see Figure 2.1-[b]):

the boundary conditions become
w(l,t) =0, wug(l,t)=0, teR". (2.37)

(c) A free end has zero moment and zero shear (see Figure 2.1-[c]): in this case, the conditions

are:

w(0,t) =0, w(l,t) =0, uw(0,t) =0, wu.(l,t)=0, teR". (2.38)

// Simply
Fixed supported

end end

1 wéFl
[a] [b]

Figure 2.1: Geometry of the beam with different types of supports.

NN
H

Initial conditions: Suppose that the initial displacement and initial velocity of the beam are

known, that is:

u(,0) = f(z), u,0) = gla), (2.39)

where f and g are given functions defined for all z €]0, [].
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2.6. VIBRATING PLATE Chapitre 2

2.6.1 Separation of variables method for the vibrating plate equation

According to the method of separation of variables, the solution of problem (2.35) with the bound-
ary conditions (2.38) and the initial conditions (2.39) with g(x) = 0 is given by:

(i, t) = Zan <in <nlﬂ> cos <cn12ﬂ' ) where Zan sin (TLlﬂ> (2.40)
n=1

n=1

is the odd Fourier series of the function f on the interval [0,[] with ¢ = ETI.
Indeed, consider the following problem:
( gt (2, 1) — Clgges(z,1) = 0, O<a<l, teRT,
w(0,t) = u(l,t) = upe(0,1) = upe(I,t) =0, t>0,
(*)
u(z,0) = f(x), 0<x <l
u(z,0) =0, 0<z<I.

\

We will now determine non-trivial solutions of (x) of the form u(x,t) = X (x)T'(t). Substituting

this solution into the PDE, we obtain
X(@)TP(t) + XD (2)T(t) = 0, (2.41)

where X® is the fourth derivative of X with respect to = and T® is the second derivative of T'

with respect to t.

Dividing both sides of equation (2.41) by X (x)T(t), we get:

X () _lT(Q) ()
X(z) 2 T(t)’

for all (z,t) € (0,1) x [0,00). The right-hand side of this equation is a function of ¢, and the

left-hand side is a function of x. For the equality to hold, each side must be constant. Thus,

X®(z) _lT(z) ()
X(x) 2 T(t)

=\ MeR

We then have a system of two ordinary differential equations:

d*X (x)

dz?

d*T(t
—AX(z)=0 and Tg) + APT(t) = 0.
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We also have the following conditions:

([ u(0,1) = 0= X(0)T(t) =0, ze[0,]] = X(0)=0,
u(l,t) =0 = X()T(t) =0, z€[0,1] = X(I)=0,

U (0,8) = 0 => X"(0)T(t) =0, =€ [0,1] = X"(0) =0,
Uge (1, 1) = 0= X" ()T (t) =

w(z,0) = 0= X (x)T7(0)

, z€el0,]]= X"(I) =0,
, t€]0,00) = T'(0) =0.

\

We must therefore consider the different possible cases for \.

Case 1: if A = —k? < 0, with & > 0. Then, the ODE d4d)i§x) — AX(z) = 0 admits a general

solution of the form:

X(z) =Aexp (?k‘x) Ccos (?kx) + Bexp <?kx> sin (?k:n)
+ Cexp (—gk:p) cos <§k‘x> + Dexp (—gk‘x> cos (?k‘x)

where A, B, C, and D are arbitrary constants. Considering the conditions X (0) = 0, X(I) =
0, X”(0) =0, X"(I) =0, we get the following system of linear equations:

A 0
B 0
M _
C 0
D 0
with
1 0 1 0
M= V2 cos (k1/v2) Vesin(k1iv2) e FV2cos(kiV2) e MVZsin(ki/v2)
0 k? 0 —k*

—kzekf"v'—zsi11[kff\,/f] kze“’rﬁcos[kfj’\,@} kze“’r‘asin[fc!a’@ —kzek”"isin[kfh/a

But, we have: det(M) = 2k* (cosh(ﬂk:l) — cos(v/2 k:l)) # 0 since: recall that cosh(z) > 1
with cosh(z) =1 <= 2 =0 and cos(z) < 1 with cos(z) =1 <=z =2mn if n € Z.

Therefore, the above linear system admits only the trivial solution: (A, B,C, D) = (0,0,0,0),
so X(z) =0 and u(x,t) =0 for all x € [0,1]. We must exclude the case A < 0.

Case 2: if A = 0, the solution of the ODE % =01is X(z) = A+ Bz + Cx?+ Dx® where A,
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B, C, and D are arbitrary constants. Considering the conditions X (0) = 0, X () = 0, X"(0) =

0, X"(I) =0, we get the following system of linear equations:

jan

0 0
2?3
2 0
2 6l

o O = =

o O o~

O Q T =
|

o O o O

The above linear system has only the trivial solution
(A,B,C,D) =(0,0,0,0), so X(x) =0 and u(z,t) = 0 for all x € [0,1]. We must exclude the case
A=0.

Case 3: if A = k* with k > 0, the solution of the ODE “2%) _ k4 X () = 0 is:

X(z) = Acos(kx) + Bsin(kx) + C cosh(kz) + D sinh(kz)

where A, B, C, and D are arbitrary constants. According to the conditions X (0) = 0, X (/) =
0, X”(0) =0, X"(I) =0, we obtain the following system:

1 0 1 0 A 0
cos(kl) sin(kl) cosh(kl) sinh(kl) B 10
—k? 0 K 0 c| |o
—k?cos(kl) —k?*sin(kl) k?cosh(kl) k?sinh(kl)) \ D 0

We thus obtain A = C' = D = 0 and Bsin(kl) = 0. Since we want non-trivial solutions, we can

assume B # 0 and sin(kl) = 0. Therefore,

4
k;:nT7T and )\:)\n:<n77T>, n € N*.

Thus, for A = ), the solution of the ODE % + A\, X(z) = 0 with the conditions X (0) =
0, X(1) =0, X"(0) =0, X"(I) =0 is:

X,(z) = B, sin (”lﬂ> (n=1,2,..). (2.42)

where B,, are arbitrary constants.
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2.7. EXERCISES Chapitre 2

Now, considering the equation 7" (t) + AT (t) = 0, the general solution is

2 2t 2 Qt
Tn(t):A/cos<cn;T )—J—B'sin<cnl7T ), (n=12.)

where A" and B’ are arbitrary constants. Since 77 (0) = 0, it follows that B’ = 0 and the desired

solution is:

2 Qt
Tn(t):A’cos<cnl7T ) (n=1,2,..). (2.43)

Hence, according to (2.42) and (2.43), the solution of problem (x) is:

2 2t
up(z,t) = Xp(2)To(t) = ay, SiH(@) cos(cn ZT >, (n=1,2,...)

where a,, are constants.

Due to the linearity of the PDE, by the superposition principle, we get that:

> nmx en?m?t
n(T,1) = nSin| —— 2.44
U (z, 1) ;a sm( l )cos( l ) (2.44)

is a solution of (x). Returning now to the initial problem, we want:

Z ay, sin <#> = f(x).

Therefore, the a, are the coefficients of the odd Fourier series of the function f, i.e.:

]
/f(m)Sin<Tllﬂ)dx, for n>1.
0

Ay —

~| N

2.7 Exercises

Exercise 2.1. Show that the function u defined by u(z,t) = tsinwz is a solution to the following

boundary value problem.:

(T, 1) — Upe (2, 1) = Tt sin Tz O0<z<1l;t>0
(P) § u(z,0) =0, wur,0)=sinmz 0<z<1
u(0,t) =0, wu(l,t)=0 t>0.
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Exercise 2.2. Using d’Alembert’s formula, determine the solution of the following non-homogeneous

problem:
U (2, 1) — Uy (x, 1) = 8, —00 < x < +o0; t >0,
u(z,0) =z, —00 < x < 400,
u(z,0) =0, —00 < & < +00.

Exercise 2.3. Solve the following non-homogeneous wave equation using d’Alembert’s formula:

U (2,t) — QU (x,t) =" — e 7, —0o<x<+oo; t>0,
u(zx,0) =z, —o0 < < 400,
u(z,0) = sinz, —00 < < 400.

Exercise 2.4. We consider the following problem:

U (2, 1) — Uy (x, 1) = [sin (%) , O<az<L;t>0,
(H) u(z,0) =0;  wu(x,0) =0, 0<z<L,
u(0,t) = u(L,t) =0, t>0,

where B is a constant.
1) Determine a function u,(x), independent of t, that solves (H).

2) Let u(x,t) = v(x,t) + u,(z). Show that v satisfies the following problem:

/

U (2, 1) = vge (2, 1), O<z<L;t>0,

vy(x,0) =0, 0<z<L,
(Hyp)

v(z,0) = —uy(z), 0<z<L,

v(0,t) =v(L,t) =0, t>0.

\

3) Using the method of separation of variables, solve the problem (#,), and deduce

u, the solution to (H).

o7



Chapter 3

Parabolic equation

3.1 Introduction

Partial differential equations of parabolic type are used to study heat conduction and diffusion

processes. The simplest parabolic equation is the heat equation with a source term F':

noo92
%(X,lﬁ) — kAyu(x,t) = F(x,t), where Ay = 88_333

i=1

where k is a physical constant, x € R™ and ¢t € R™ are two independent variables and n > 1. This
equation is first-order in time and second-order in space.
The heat equation models evolutionary phenomena: heat diffusion, spread of chemical sub-

stances, mixing of species, etc.

3.2 One dimensional heat equation

3.2.1 Case of a finite rod: Physical model

The temperature u(z,t) at point x at time ¢ in a rod of length L, with density p, specific heat c,

and thermal conductivity u, evolves over time according to the equation:

ou 0%u N
cpa(x,t) — u@(x,t) = F(x,t), (z,t)€(0,L)xR". (3.1)

where F' is the heat source in the rod. This problem, first-order in time, is the model of parabolic

problems.
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3.2. ONE DIMENSIONAL HEAT EQUATION Chapitre 3

To determine the solution, we need to fix an initial condition in time: the value of the

temperature u at time ¢ = 0 is:
u(z,0) = f(z), 0<az<L. (3.2)

This is called an initial value problem or Cauchy problem.
Moreover, different boundary conditions can be imposed at the ends to fully determine the
solution. These boundary conditions are often of the form:

Dirichlet condition

w(0,t) = hi(t), wu(L,t) = ho(t), t>0. (3.3)
Neumann condition
ou ou
_ - — i = > (). .
0.0 = M), SE(L0)=holt), 120 (3.4)
Robin condition P
— 220,4) + au(0,t) = (1),
ou ’

So(L,t) +au(L,t) = ha(t), >0

where « is a constant. In the case where h; = hy = 0, the boundary conditions are said to be

homogeneous.

3.2.2 Solving the homogeneous problem by the separation of variables

method

In this subsection, we focus on solving the one-dimensional heat equation with homogeneous
Dirichlet boundary conditions using the method of separation of variables. We consider the

following initial problem:
ur(z,t) = kg, (z,t), 0<ax <L, t>0 (3.6)
where k = £ with boundary conditions:

cp?

u(0,t) =0, wu(L,t)=0, t>0 (3.7)
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and initial condition:

u(z,0) = f(z), x€]0,L] (3.8)

By separation of variables, we seek a solution of (3.6) of the form:
u(z,t) = X(x)T(t), with uw#0 (3.9)

that satisfies the boundary conditions (3.7). Substituting (3.9) into the PDE (3.6), we get:

@) _ X"(x)

0 - X@ - MeR (3.10)

where T” is the derivative of T" with respect to ¢t and X" is the second derivative of X with respect

to . So from (3.10), we solve the following ordinary differential equations:
T'(t)+ MT(t) =0 and X"(z)+ AX(z)=0.

To satisfy the boundary conditions (3.7), we must have X (0) = 0 and X (L) = 0, which leads to

the following Sturm-Liouville problem:

X"(x)+ XX (z)=0
(P1)
X(0)=0, X(L)=0, 0<z<L.
This problem admits eigenvalues:
A (m)Q ith n e N*
=— i
n 2 5 W n
and corresponding eigenfunctions:

Xn(x) =} sin(?), with n € N* (3.11)

where ¢} are arbitrary constants (see Chapter 1 and 2 for more details on solving (P;)). Now, for

A\, = n?n?/L? with n € N*, the general solution to the ODE T"(t) + A\, kT (t) = 0 is:
T, (t) = che At (3.12)

where ¢} are arbitrary constants.
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3.2. ONE DIMENSIONAL HEAT EQUATION Chapitre 3

Therefore, from (3.11) and (3.12), the general solution of problem (3.6)—(3.7) is
nma _ .
Up(z,t) = Bre” sm<T>, with n €N

where 3, = c{cy and \, = n’n?/L%

Since the problem is linear and homogeneous, then using the superposition principle, we get

t) = i BeFnt sin(?). (3.13)

n=1

The use of the initial condition (3.8) in the solution (3.13) gives:

= iﬁn sin (?) , (3.14)
n=1

which shows that the coefficients 5, are the Fourier coefficients of the function f on the interval

/f sm( §> ¢, n=12... (3.15)

Remark 8. If by substituting (3.15) into (3.13), we can write the solution (3.13) in integral form:

[0, L]. They are given by:

(o) = [ G(ot:€) F)d¢ (3.16)

0

where

(z,:€) = Ze BAnt gin <—5> sin(?) with A\, = "ZT? (3.17)
for alln € N*, and G is called the Green’s function or the heat kernel for the heat equation
(3.6) with boundary conditions (3.7).

It is clear that the function G satisfies the following properties:
(1) G satisfies the heat equation for all x and t > 0 provided that x # &;
(i%) G is continuous at x = &;

(i41) G satisfies the boundary conditions (3.7) with respect to the variable x;
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(tv) G is symmetric with respect to x and &.
Example 8. Determine the solution of the following initial value problem:
u(z,t) = uge(z,t), 0<z<m t>0,
u(z,0) =sinz, 0<z<m, (3.18)
u(0,t) = u(m,t) =0, t>0.
Solution: From (3.15), we have
2 r n=1),
Bn = — /Sinfsin(nf)df = ( ) (3.19)
Ty (n>1).
Therefore, the solution of the problem (3.18) is: u(x,t) = ¢ 'sinx.
3.2.3 Solution of the inhomogeneous problem
The non-homogeneous problem can be expressed as follows:
up(z,t) = kg, (x,t) + F(x,t), 0<x <L, t>0 (3.20)
where F'is a source term, with the boundary conditions
w(0,8) =0, u(L,t)=0, t>0 (3.21)
and the initial condition
u(z,0) = f(z), x€]0,L] (3.22)
We look for a solution in the form of a Fourier series:
- nmwx
t) = n(t)sin| — 3.23
e =3y ") 829
where the coeflicients u,, are functions of ¢.
Thus, the coefficients u,, are determined by the following formula:
) L
un(t) = 7 /u(x,t) sin (?) de, (n=1,2,..). (3.24)

0
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Now, assuming the function u is twice differentiable for 0 < x < L and ¢t > 0 and that the function

F' can be represented by the sine Fourier series:

ZF sm(mm) (3.25)

with
2
Z/F x,t) sm(mr )d§ (n=1,2,..). (3.26)

Then, differentiating (3.24) with respect to ¢, we get:

and using (3.26), we have

L
2
w, ( :fk/ummxt81n(L>dm+F() (3.27)
0

Using the boundary conditions (3.21), the first term on the right-hand side of (3.27) can be

integrated twice by parts, to obtain:

2k

L
0

Hence, from (3.27), we arrive at the following ordinary differential equation:
w, () + kApun(t) = Fo(t), (3.28)

for the functions wu,, with n = 1,2, .... Also, from the initial condition (3.22), we obtain

L

/f(a:) Sin<m£x> dr = by, (n=1,2,...). (3.29)

0

e~ o

u,(0) =
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Then, the solution of the initial value problem (3.28)—(3.29) is

¢
un(t) = /e_k)\”(t_T)Fn(T)dT + e FAnt (3.30)

0
for all n = 1,2, .... Finally, by substituting (3.30) into (3.23), we obtain

t

u<x7 t) — Z /e—k')\n(t—T)Fn(’T)dT Sin (%) + Z bn€_k’)\nt Sin (n_7[-‘:x> ’ (331)
n=1

n=1 0

which is a solution of the problem (3.20)—(3.22).

Example 9. Determine the solution of the following initial value problem:

u(z,t) — uge(x,t) =tsinz, 0<ax<m, >0,
u(z,0) =0, 0<z<m, (3.32)
u(0,t) = u(m,t) =0, t>0.

Solution: By (3.26), we have

Fu(t) = % / sin € sin(ng)d¢ =

0

(3.33)

Therefore, the solution of problem (3.32) is:

t
u(z,t) = /e(tT)TdT sinz = (e "+t —1)sinz.

0
3.3 Representation of the Solution of the heat equation

posed on R”

In this section, we aim to represent the solution of the heat equation posed on R"™ with n > 1.
First, we give a representation of the solution of the heat equation in R, then we will generalize

this result to R™ for n > 1. More precisely, we consider the homogeneous heat equation with an
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initial condition for all z € R, and our mathematical model is written as follows:

Ug(x,t) — kuge(x,t) =0, —oco<z<+oo, t>0,
u(z,0) = f(z), —00 < < 400.

To find the form of the solution, we will follow here a method based on the Fourier transform, for

which we recall briefly some facts.

3.3.1 Review of the Fourier transform

Definition 3. The Fourier transform F' of an integrable function f is defined by:

o0

1 —1is
SRt / F(&)e e, (3.35)
Then,
1 ST

1s the inverse Fourier transform of F.

Example 10. Determine the Fourier transform of the function

17
flz) =

0, |z|>a.

|z < a,

Solution: According to (3.35), the Fourier transform is:

F( ) 1 /a —is§d§ 1 |:—€i55:| “
S) = —— e = — -
vV 27?_ V2T s ],
1 eisa _ e—isa 2 eisa _ e—isa 2 SiH(CLS)

Vor s T ors. 2 T s

Hence, we deduce that:

] oo 1, ’Q?‘ <a,
— / Sln(as) elsmds _ %’ |LE| — CL,
™ S

o0 0, |z|]>a
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3.3.2 Solution of the heat equation posed on R

Suppose that the system (3.34) admits a solution u such that u, u;, u,, and u,, are absolutely
integrable. Applying the Fourier transform to the solution u of the heat equation with respect to

the variable x, we obtain:

1 |
U(s,t) = — [ u(z,t)e"*dz, 3.37
(5.6) = o= [ ) (3.7
and .
1 )
u(x,t) = — [ U(s,t)e"*"ds. 3.38
(@t) = o= [ Ulsut) (339

Thus, if we can determine the transform (3.37), then the solution of problem (3.34) is given by
formula (3.38).
To determine the function U, we differentiate (3.37) with respect to ¢ and using equation (3.34),

we get:
ou 1 ,
—(s,t) = — [ wus(x,t)e *“dx
S0 = o= [l
- (3.39)
k / ( t) —Zsmd
= —— [ ug(x,te x
s
Integrating by parts twice in (3.39), we have
oU k . N ks [ |
—(s,t) = —<u$ r,t)e " +isu(x,t e‘“‘”) — /u x,t)e " dx. 3.40
(et = o= (o) @ne )" - 2= [ uw (3.40)

Now, if we assume that u and wu, vanish as |x| — oo, then equation (3.40) reduces to:

ou ks® T —isx 2
E(s,t) - / u(z,t)e”**dr = —ks“Ul(s,t).

Also, from the initial condition u(z,0) = f(z) and (3.37), we have

U(s,0) = %ﬂ / u(z,0)e " dx = \/LQ_W / f(x)e ™ dr = F(s).
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Finally, using the Fourier transform, problem (3.34) is equivalent to:

W (s,t) = —ks*U(s, ),

ot (3.41)
U(s,0) = F(s),
The solution of system (3.41) is given by:
U(s,t) = F(s)e ™. (3.42)
Consequently, from (3.38) and (3.42), we deduce that:
1 r .
F(s)exp(—ks*t + isz)ds
27r
- (3.43)

1 o o
=5 / / Xp is(x — stt)f(é)dfds.

Using the Fubini theorem, we can interchange the order of integration in (3.43) to write:

o0

uwt) = [ Gla-gos©i (3.44)
where -
G(x,t) = % / exp(isz — ks’t)ds. (3.45)

Also, by Euler’s formula
e = cosx + isinz,
we can compute the integral (3.45) as follows:

oo

/ e’kSQt(cos(s:c) + isin(sz))ds.

— 00

1

. _J.g2 . . _Lg2 . .
Since e=#" cos(sx) is an even function of s and e **"'sin(sz) is odd, we have
o0
—ks2t -
/ e sin(sz)ds = 0,
—00
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and - .
1 —ks?t 1 —ks?t
Gz,t)=— [ e cos(sx)ds=— [ e cos(sx)ds. (3.46)
2m T
o 0

If we set z = svkt in (3.46), then

But -
/6_ ® cos (ﬁ) dz = VT —at/Akt,
0 Vi ?
SO .
G(z,t) = 1 / e " cos(sx)ds = #e’xz/‘lkt. (3.47)
T / 2vmkt

Finally, substituting (3.47) into (3.44) gives a representation of the solution « in the form

ant) = 5= 7 exp (%) Fe)de, (3.48)

for the initial value problem (3.34).

Remark 9. The function

G(w - 5? t)

_ 1 (z —¢§)?
—QWexp<— Tt ), t>0 (3.49)

1s called a fundamental solution or Green’s function for the heat equation in the infinite
domain —oo < x < +00.

It is clear that the function G satisfies the following properties:

(i) G admits continuous partial derivatives with respect to x and t for all —oo < x < +o0 and

t > 0, and satisfies the heat equation for all x and t > 0 provided x # &;
(ii) G is continuous at x = &;
(iit) G vanishes as |x| — oo for allt > 0;

(iv) G is symmetric with respect to x and &;

68



3.3. REPRESENTATION OF THE SOLUTION OF THE HEAT EQUATION POSEIh&)N1R"3

(v) G satisfies .
/ Gz —&,t)de = 1.

o0

Example 11. Solve the following problem:

(X, t) — Upp(2, 1) =0, —00<x <400, t>0,
(1) = e (,) 550
u(z,0) =e*, —00 < & < 400.

Solution: According to formula (3.48), the solution of problem (3.50) is written as:

u(z,t) = wlﬁ /Z exp (—C"“ ;fy — 5) de.

We have:
(x—f)Q L, 2
= -9 4t
i +£ 4t(x &+ &+ f)
1
— E(xQ + & 4 487 — 28x + 4t — dat + dat — 4t°)
(€ +2t — x)?
== — 1.
1 +x
E+2t—x

Now, we make the following change of variable: z = , hence

2Vt

t—x ee} 2 t t—x 0
u(z,t) = 26\/%/ e 2V/tdz = \2/_—\/% e Fdz =",

(o ¢]
2
because/ e ¥ dz = /T.

3.3.3 Solution and regularity of the heat equation posed on R"

Using the previous result, we can provide an explicit representation of the solution to the Cauchy
problem for the heat equation in dimension n > 1. More precisely, by applying the Fourier

transform, we prove the following result:

Theorem 8. Let ¢ € C(R") and consider the Cauchy problem:

9u(x,t) — kAu(x,t) =0, xeR", te[0,T],

u(x,0) = ¢(x), x € R", (3:51)
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where Ay = >, 88—;2 denotes the spatial Laplacian, and T > 0.
Then, the system (3.51) admits a unique solution
(0, 7)) N C(R™ x [0,T7)

u e C*(R" x

(3.52)

given by the explicit formula:
x — ¢
t) = - — dg.
ul ) (4mkt)z /R eXp( i) PO%

Remark 10. The formula (3.52) is also known as the Poisson formula for the heat equation.

3.4 Special equations
(3.53)

3.4.1 Bernoulli equation
A Bernoulli differential equation is a first-order differential equation of the form:
y' = a(t)y +b(t)y™,

where m is different from 0 and 1, and a and b are functions defined on an open interval I C R

with real values.
(3.54)

In general, m is a natural integer, but m can be taken as a real number provided that we seek
positive values of y. Usually, a and b are continuous functions.
Solving Method: 1f m # 0 and m # 1, the idea of the method is to divide both sides of

(3.53) by y™, obtaining:
ym
1 L
——, which gives:
Yy
= b(t). (3.55)

1
7 —alt)z =

We perform the change of variable by setting z =

m—1
Thus, z satisfies a linear first-order differential equation. We solve it and deduce an expression for

Y.
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Example 12. Determine the solution of the following Bernoulli equation:
y =y + t2° (3.56)

Solution: Divide equation (3.56) by %?, which yields:

y/

e
vy
. 1 . . .
By setting z = —, we obtain a linear equation
Y
24 z=—12

The solution of the associated homogeneous equation is 2, = Ae”" with A € R. By the method

of variation of constants, we find
zt) =X =2 +2t -2, NER.

Finally, we get

t) = , AeR.
W) = S E a2

3.4.2 Riccati equation

A Riccati differential equation is a first-order differential equation of the form:
Y = a(t)y® + b(t)y + c(t), (3.57)

where a, b, and ¢ are three functions, often chosen continuous on a common interval I C R with
real values.
The integration of a Riccati differential equation requires the knowledge of a particular solution
of this equation.
Solving Method: We assume a particular solution y; and set y = z+y;. Replacing y by this
value in (3.57) we get:
2 = a(t)2 + (2a(t)y, + b(t)=,

where a, b, and ¢ are continuous functions on I. Thus, z is a solution of a Bernoulli equation,

which has already been treated above.
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Example 13. Solve the following differential equation:
tt— 1)y +y* — (2t + 1)y = —2t. (3.58)

Solution: Equation (3.58) is a Riccati equation with:

a(t) = —— b(t):t?:j;, and c(t)zli_t.

Note that y; = ¢ is a particular solution of equation (3.58). Setting y = ¢ + z gives:
tit—1)2 —z 422 =0.

Dividing this equation by #(t — 1) yields a Bernoulli equation with m = 2:

N S S
Ctt—-1)" tt-1""

t—1
from which it follows that z(t) = N1 with A € R, and finally:
t—1

) =t .
y(t) L v

3.4.3 Clairaut equation

Lagrange equations are equations that can be written in the form:

y=oa(y)t+b() (3.59)

where a and b are differentiable functions on an interval I C R.
The Clairaut equation is a particular case of the Lagrange equation with a(y') =/, that is, it
takes the form:

y =ty +b(y). (3.60)

d d
To solve this type of equation, we set ¥ = s or d_g; = s and look for an expression for d_?z{ We

have
y=a(y)t+b(y) =al(s)t+b(s) so % =a(s) + t%a(s) + %b(s),
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hence

d  ds d  d d d
° 4+ —b(g)d—j = a(s) +td(5) = + V(s)=

dy
ar ~ ) gLl g+ o at a

dt
Since @ = s, then
dt
ds ds

a(s) + ta’(s)% + b'(s)E = s,

which is a differential equation for the unknown function ¢(s). Once #(s) is found, we get y(t) =

a(s)t(s) + b(s).

Example 14. Solve the following Clairaut equation:
y =ty + (y')2 + 1. (3.61)

. d
Solution: We set y' = s or Y _ s, then

dt
dy ds ds
y=isds A loand g =S TSy
Since @ = s, then
dat d d d
s —l—td—j + 2Sd_j =s, hence (t+ 28)d_j = 0.
. ds
So we have either ¢t + 2s = 0 or i 0.
2
If t +25 =0, then (¢,y) = (—2s, —s®> + 1), hence y = 1 + 1.
d
If d—j = 0, then s = constant = ), and thus y = A\t + \? + 1.

3.5 Exercises

Exercise 3.1. Consider the following problem:

Uz (T, 1) — ug(x,t) = €7 O<xz<L;t>0,
(H) ¢ u(z,0)=e*—1 0<z<L,
u(0,t) = u(L,t) =0 t>0.
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1) Determine a function uy,(z) solution of (H) independent of t.

2) Define v(x,t) = u(z,t) — uy(x). Show that v is a solution of the following problem:

Ve (2, 1) = vy(2, 1) O<z<L;t>0,
(Hp) § v(z,0)= (et —1)% 0<z<L,
v(0,t) =v(L,t) =0 t> 0.

3) Using the method of separation of variables, solve the problem (H,) and deduce the solution

u of (H).

Exercise 3.2. 1) Using the method of separation of variables,

determine the solution of the following problem:

ug(x,t) — kug,(x,t) =0 O<z<L;t>0,
(P)q ulz,0) = f(z) 0<z<L,
uz(0,t) = ux(L,t) =0 t>0.

where [ is a given function.
2) Determine the Green’s function G for the problem (P).
3) For f(x) =z and L = 7, solve the problem (P).

Ezxercise 3.3. Consider the following problem:

up(z,t) — kg (z,t) =0 O<xz<L;t>0,
(A) ¢ u(z,0) = f(x) 0<z<L,
U(O,t) = T(), U(L, t) = T1 t Z 0.

where k, Ty and Ty are constants and f is a continuous function on [0, L].
1) Determine a function u,(z) solution of (A) independent of t.
2) Define u(z,t) = v(z,t) + uy(x). Show that v is a solution of the following problem:

vp(z,t) = kvge (2, 1) O<z<L;t>0,
(Bp) § v(x,0) = f(x) — uy(z) 0<z<L,
v(0,t) =v(L,t) =0 t>0.

3) Using the method of separation of variables, solve the problem (B,) and deduce the solution

u of (A).
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Exercise 3.4. Consider the following problem:

P) ug(x,t) — kuge(x,t) = h(x,t) —o00 <2 < +o0; t >0,

u(z,0) =0 —00 <z < +00

where k is a constant. Using the Fourier transform, show that the solution of the problem (P)
18:
t oo
u(z,t) = / / G(z — &t —7)h(E, 7)dedr
0 —o0

with

e}

Glz—¢&t—1) = % / explis(z — &) — ks*(t — 7)]ds

—00

being the Green’s function for the problem (P).

Exercise 3.5. Consider the following problem:

ur(z,t) — kg (z,t) =0 x>0; t>0,
(T) § u(z,0) = f(2) x>0,
u(0,4) =0 t>0

where k is a constant and f is a given function. Suppose that the problem (T) admits a solution
u such that u, ug, uz, and uz, are absolutely integrable.

To solve the problem (T), define the Fourier transform of u with respect to the variable x by:

U(s,t) = \/%711(@75) sin(sz)dx  with u(z,t) = \/%?U(s,t) sin(sz)ds. (3.62)

1)- Using (3.62), show that the problem (T) is equivalent to:

%—?(s, t) + ks*U(s,t) = 0,
U(s,0) = F(s),

F(s) = \/g 7 f(2) sin(sz)d.

(7")

where
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2)- Solve the problem (T") and deduce that

Al

//f sin(s€) sin(sz)e kSt qeds
0 0

is a solution of (T).

Exercise 3.6. Consider the following problem:

up(x,t) — kuge(x,t) =0 x>0; t>0,
(D) u(z,0) =0 x>0,
uz(0,t) = h(t) t>0

where k is a constant and h is a given function. Suppose that the problem (D) admits a solution

u such that u, us, u,, and u,, are absolutely integrable.

1)- Show that the problem (D) is equivalent to:

L (s,t) + ks*U(s, t) —k\/7h
U(s,0) =0,

(D)

U(s,t) = \/gju(x,t) cos(sx)dx with wu(x,t) = \/%7U(s,t) cos(sx)ds.

2)- Solve the problem (D’) and deduce that

\/7/GXP 4ktT h(r) d
T) dt
t—T

is a solution of (D).

3)- For h(t) =1 and k = 1, determine the solution of the problem (D).

Ezxercise 3.7. (The heat equation in 2D). Consider the following problem:

u(x,y,t):cz(um(x,y,t)+uyy(x,y,t)), O<z<a, O<y<b t>0, ¢>0,

(3.63)

(3.64)
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with the boundary conditions

u(x,0,t) =0, u(z,b,t)=0, 0<z<a, t>0, (3.65)
u(0,y,t) =0, wu(a,y,t)=0, 0<y<b, t>0 '
and the initial condition
u(z,y,0) = f(z,y), 0<z<a, 0<y<b. (3.66)

where [ is a given function.

1)- Using the method of separation of variables, determine the solution of the problem (3.64)—
(3.65).

2)- For f(z,y) = zy, a =b=m and c = 1, solve the problem (3.64)—(3.65).

Exercise 3.8. 1) Solve for x in R — {0} the differential equation

dy g:x?f
dr = )

2) Solve for x # 0 the following differential equation

d
as—y + 6y = 3:vy§.
dx
3) Solve the Riccati equation
dy 2
27— (g — 1
o = W)+
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