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Chapter 1

Introduction

These lecture notes are intended for third-year undergraduate students (L3)
in Mathematics, second semester. They provide an introduction to the
fundamental concepts of differential geometry, focusing on the analytical
tools that allow us to describe functions and subsets of normed vector
spaces locally.

The course begins with a thorough study of the Local Inversion Theo-
rem and the Implicit Function Theorem, two central results of differential
calculus. These theorems are then generalized by the Constant Rank The-
orem, which offers a unified view of immersions, submersions, and maps
of constant rank. The final part of the notes is devoted to the notion of
submanifolds, approached both through equations and regular values.

Each chapter is illustrated with numerous exercises, ranging from simple
applications to more elaborate problems, in order to prepare the student
for concrete geometric situations. Detailed examples are also provided to
facilitate understanding of abstract concepts.

The necessary prerequisites correspond to knowledge acquired in pre-
vious semesters: basic differential calculus (partial derivatives, differential,
C* functions), normed vector spaces, compactness, connectedness, and ele-
mentary topology. Familiarity with Banach spaces is an asset, but essential
reminders are given in the text.

The aim of this course is to provide students with the fundamental tools
needed to approach more advanced fields such as Riemannian geometry, Lie
groups, or partial differential equations. We hope that these notes, enriched
by tutorials and practical sessions, will spark interest in the beauty and
power of differential geometry.

Contents of the notes:
1. Local Inversion Theorem and Implicit Function Theorem.
2. Constant Rank Theorem: immersions, submersions.

3. Submanifolds: definition, examples, characterization by regular val-
ues.

The author warmly thanks the colleagues and students who contributed to
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the preparation of this document, as well as the Department of Mathemat-
ics for its support.

Good reading and good work!

H. Banouh
Academic year 2025/2026



Chapter 2

Local Inversion Theorem

§2.1 Differential

Definition 2.1.1

Let f: E — F and a € E. We say that f is differentiable at a iff
dL € L(E, F) such that Vh € E

fla+h) = f(a) = Leh+o(||h])
< f(a+h)— f(a) = Leh+|hle(h) (2.1)

with limy,_,0 €(h) = 0. Or equivalently

o+ h) — f(a) ~ Lol
b [l

~0. (2.2)

We say that f is differentiable on an open set U C F if it is differen-
tiable at every point a in U.

Remark 2.1. We will denote L = d,f in what follows and call it the
differential of f at a.

Proposition 2.1.1
If f is differentiable at a then the differential is unique.
Proof. See problem set. |

Proposition 2.1.2

If the function a — d, f is continuous at Og then f is continuous at
a.
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Proof. By definition 2.1 and setting h = & — a we obtain
lim f(x) = lim [(a+ b)
= lim [f(a) + df, @ b+ [|hl|e(h)]
= (@) + lim [df o 1]+ lim [[/1]e(1)]
= (@) + lim [df, o 0]+ lim [|e(1)]
and since d, f € L(E, F) then limy_,q [df, ® h] = 0 so
lim £(2) = /()

Exercise 2.1. Let
f:R* =R

(x,y) — flz,y) =\ Jy? +2+ 1

« Compute dg,) [

h = (hy,h
Solution. In this case { (7, hy) . By the definition of the differential

a =(0,0)

at a point
F((0,0) + (ha, ha)) = f(0,0) + doo) f ® (h1, ha) + [[h[|e(h).
We have f(0,0) =1 so

f(hi,he) =1+ hiy/h+2
h3

= £(0,0) + Iy 2<1+2>

h2
:f(0,0)+\/§h1\/1+§2

Writing the limited expansion of the function hy — /1 + %% to order 3
near 0 we obtain

f(h,hy) = £(0,0) + V20 (1 + hf + o(h§)>
V2
4

and since limp, hy)—(0,0) %hlhg + v/2hi0(h3) = 0 we write

f (h1,ha) = (0,0) + v/2h1 + o(||h]])

= £(0,0) 4+ V2hy + ~=hih% + V/2hi0(h2)

So we choose do)f ® (h1, ha) = ( \éﬁ ) (h1,hs) = v/2h,.
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Proposition 2.1.3

Let E, F and G be normed vector spaces and let f : E — F and g :
F — G be two functions differentiable at a and b = f(a) respectively
then

do(go f) = djagodaf.eq:dif fcomp (2.3)
o if in addition f(a) # 0 then

. (9) _ f<a>da§ (;ﬁz;fgm)

f

§2.2 Higher Order Differentials

Let U C F be an open subset, f : U — I a differentiable map on U and
a — d, f its differential. If the function a — d, f is also differentiable at a
then we call its differential the second-order differential or second derivative
of f and we denote d,(d,f) = d*f and we have

df(a+h) =d.f +d2f ® h+ ||h||e(h).

Similarly, we can define the k-th order differential (k > 2) of f at a as
a k—linear map denoted

d];f = da(d];_lf)‘

Definition 2.2.1

We say that a map f : U C E — F is of class C! on U if it is
differentiable on U and its differential df is continuous on U. Similarly,
we say that a map is of class C¥ on U iff it is k times differentiable and
d* f is also continuous.

Definition 2.2.2

Let a € U C E and f : U — F. If the partial derivatives gj exist

at a and are continuous then f € C'(U, F). If the partial derivatives
themselves possess partial derivatives then we call them second partial
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derivatives of f and we denote

o (of 0 f

X X X0
If these second partial derivatives exist in a neighborhood of point a
and are continuous we say that f is of class C? or f € C*(U,F). We
define by recurrence the k—th order partial derivatives and the notion
of functions of class C*. Finally, we say that a function is of class C*

at a if all its partial derivatives of any order exist in a neighborhood
of a and they are all continuous at a.

§2.3 Mean Value Theorem and Inequality:

Lemma 2.3.1

Let [a,b] be a closed interval of R, F' a normed vector space and let
f :[a,b] = F and g : [a,b] — R be two functions continuous on [a, b]
and differentiable on ]a, b[ such that:

Vt € a, b

Theorem 2.3.1: Mean value theorem

et U be an open subset of a normed vector space E of dimension n
and let f : U — R. Choose a point a € U and a vector h € E such
that the set (called closed segment)

la,a + h] :={a+th,t €[0,1]} C U.

Assume that f is differentiable at every point of U. Then 36 € ]0,1]
such that
of

fla+h) = f(a) + ihiaxi(a—i— 0h).

Proof. For t € [0,1] set p(t) = f(a + th). The function ¢ is clearly
differentiable on |0, 1] and we have

<Pl<t) =dorinf oh
= Jatinf @ h.
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Applying the mean value theorem to the function ¢ : 36 € |0, 1] such that

p(1) = (0) = ¢'(0)
= a+9hf.h

= fla+h) = f(a)
= ihigg{-ereh)'
|

Remark 2.2. The previous result is not valid if the function f is vector-
valued. But we can have an inequality.

Theorem 2.3.2

Let f: U C E — F and let a € U and h € E such that the closed
segment [a,a + h] € U. Assume f is differentiable on the open segment

la,a+ h[:={a+th,t €]0,1[}
and that 3M > 0 such that Vz € |a,a + h[ :
e fIl < M

then
1f(a+h) = fla)llr < M||R[ -

Proof. Recall the notion of norm of a linear map A € L(E, F)

Aex
lAlleer) = sup [Aoz]r= sup 1222l
2] p=1 lelz20 |7]E

Assume that IM > 0,Va € U : ||d,f|| < M. For € > 0 define the set
Ac={t € [0,1]:|[f(a+th) = fa)|lr < (M + e)t[[h][p}

and the function ¢t — g¢.(t) = (M + €)t||h||g — || f(a + th) — f(a)||F. Since
the function g, is continuous on [0, 1] and the set A, is closed bounded then
it is bounded above. Let sup,ci ;) Ae = fo. We will show that {o = 1. By
contradiction: assume that ¢, < 1 then V¢ € [to, 1] we have

[f(a+th) — f(a)llr > (M + e)t[|h| 5.
By definition t, € A, so

[ (a+toh) = f(a)llr < (M + e)tol[h]| -
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Subtracting the second inequality from the first we obtain
1f(a+th) = fla)llr = lf(a+toh) = fa)llr = (M +€) (t —to) [|h]| 2
and applying the triangle inequality
[f(a+th) = fla+toh)|r = (M +¢€) (t —to) [[2]| &-
Since f is differentiable at point a + tgh and its differential gives
dovinf ®h = lim fla+th) — f(a+toh)

t—to t— to

and taking norms, we have
[dattonfll = M +e> M

which contradicts the fact that ||d,f|| < M,Vx € E so we must have
to = supsepp 1] Ae = 1. Taking the limit ¢ — 0 and ¢ = 1 we get

If(a+th) = fla)llr < M][h]|e

Definition 2.3.1: Lipschitz function
A function f: U C E — F'is

o K —Lipschitz if Vx,y € U
1f () = f@)llr < Klly — ]le.
o If the constant 0 < K < 1, we say the function f is contracting.
o The function f is locally Lipschitz if Va € U there exists an open
neighborhood of a on which f is Lipschitz.

Lemma 2.3.2

Let f : [a,b] — F and ¢ : [a,b] — R be two functions continuous on
their domain. Assume that f and g admit right derivatives at every
point ¢ € ]a, b] such that

1fa@®llF < ga(t), ¥t € Ja, b]

then
1£(b) = f(a)llr < |g9(b) — g(a)].
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Theorem 2.3.3

Let E and F be two Banach spaces and let f : U C F — F where U
is a convex open set and let K > 0 such that Vo € U;||d,.f|lr < K
then f is K —Lipschitz.

Proof. Fort € [0,1] set

We have ¢'(t) = y — x and

P (t) = dgwy feg'(t)
=dy)fe(y—z)

SO

IOl r < lldgy fllrlly — zlle
< KHZ/ - 5UHE

Applying lemma 2.3.2 to functions g and h on the interval [0, 1] we find
that

[(1) = hO)lP = 1If (y) = f(2)]lF
< Ky — /e

The mean value theorem has numerous applications, including the charac-
terization of functions with zero differential on connected open sets.

Definition 2.3.2

A subset of a topological space is connected if it admits no subset that
is both open and closed other than the empty set and itself.

Theorem 2.3.4

Let f: U C E — F be a differentiable function on a connected open
set U, such that d,f =0 for all a € U then f is constant.



CHAPTER 2. LOCAL INVERSION THEOREM 13

Proof. For every a € U, there exists » > 0 such that the open ball
B(z,r) C U. This ball being convex and since df = 0, the mean value
theorem shows that f(y) = f(z) for every y € B(z,r) and therefore f is
locally constant. Fix b € U. The set f~'({f(b)}) C U is non-empty since it
contains b, and closed by continuity of f (the singleton { f(b)} being closed).
From the above, this set is also open. Since U is connected, we therefore
have f~*({f(x)}) = U. In other words, f(b) = f(a) for all b € U. [ |

Theorem 2.3.5

Let E and F be two Banach spaces and U a convex open subset of F.
Consider a sequence of differentiable functions on E denoted {f,}
such that

neN

1. Ja € E such that the sequence {f,(a)}, oy is Cauchy in F.

2. The sequence of functions {dfy}, .y with df, : U — L(E,F)
converges uniformly to g : U — L(E, F).

Then

1. The sequence {f,} . =¥ f on each bounded subset of U.

neN

2. The limit g is differentiable and df = g.

§2.4 Implicit Function Theorem.

§2.4.1 Diffeomorphism

Definition 2.4.1

Let E and F' be two Banach spaces and U C E,V C F two open
sets. We say that f : U — V is a diffeomorphism of class C! or
Cl—diffeomorphism iff

1. f is bijective.
2. f and its inverse f~! are of class C!.

Exercise 2.2. Show that the function ¢ : (u,v) — (u+v,uv) is a C'—diffeomorphism
from U = {(u,v) € R*u > v} onto an open set to be determined.
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Solution. For u > v set
(Sa t) = 90<u7 U)
s =u-+v
N t =uv '

Recall (u,v) are the solutions of the quadratic equation z* — sz +t = 0 and
therefore the discriminant A must be strictly positive:

A=s>—4t>0
u = s+v/s2—4t
= 2
v = s—V/s2—4t °
2

In this case, ¢ is a bijection from U to V = {(s,t) € R?;s* > 4t} (see 2.1)
and
¢~ (s,t) = (u,v)

(s + /82 -4t s — /52 — 4t>

- 9 9

Figure 2.1: U and V'

Lemma 2.4.1

If ue L(E, F) such that ||ul|zgr) <1 then Idp —u € Isom(E, F).
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Proof. We know that [[ul|z(s,rF) = sup,ep() lu® [ < 1 so the series
Yoo, u™ is normally convergent and lim,, o u" = lim,,_, utl = Oz, F)-
We can write

(Idp — u) (Zu) <Zu> (Idp —u)
= (Idp +u+u*+ - +u") (Idp — u)
=Idp+ut v+ +u" = (Idp +utu’+ - +u")u

=Ildp+u+u*+- - +u" —u—u*—- —u" ="
:]dp—u”+1
SO
nli_)ngo(fdp —u) (;u> = (IdF—u)nli_{go;u
= Ildp
we deduce that Idp — u is invertible and (Idp —u)™" = X2, u'. n

Lemma 2.4.2

The set of bijective linear maps [som(F, F') is an open subset of
L(E,F).

Proof. Let u be an isomorphism and h € L(E,F) with ||hlzpr) <

TS T then
[l HC(E,F)

uw—h=uldr —uu'h
—u (IdF _ u’lh)
and
lu™ Dl cery < lu™ o mllhll o < 1.

Applying lemma 2.4.1, we have Idp —u~th and u (Idp —u™'h) =u—h €
Isom(E, F) so the open ball B(u, ”U_l”lﬁ(E F)) is contained in I'som(FE, F)
which means that Isom(FE, F') is an open subset of L(E, F). [ |

Theorem 2.4.1

The map associating to u € Isom(FE, F) its inverse u~! € Isom(F, E)
is continuous.
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Proof. Takeu € Isom(E,F)and h € L(E, F) with ||h||z5,r) < 1

lullzee,ry
We have
u—h=uu"tu—hu"tu
= (uu’l — hu’1> U
= (IdF — hu_1> U
SO

(Idp — hu_l) 1u_1 —u !

- {(]dp - hu‘l)_ — Idp] ut

(u—h)" —

By lemma 2.4.1

hence

Taking norms
=B —w ) = f: ()"

< i (b )" )
< i I

“ —1H ||hu_1”
- — [|hut]
and then
_ hu™Y|
lim u—h)t =yt u ! “720
S =)™ =t < )

hence continuity. |
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§2.4.2 Local Inversion Theorem

Theorem 2.4.2: Local inversion theorem - first version

Let f : U — V be a homeomorphism. f is a C'—diffeomorphism if
and only if

1. fis of class C!.
2. Ve € U;d,f € Isom(E, F) i.e. the differential of f is invertible.

Proof. We start with the first point: if f is a C'—diffeomorphism then
its inverse f~! is also a C'—diffeomorphism. We have

fof™t =Idp
fTtof =Idg
and take z € U and y = f(z) € V we know that (see ?7)

do (f71 0 f) =dy) (f71) 0 duf = Idp
and
di@) (fo f7) =daf ods (£71) = Idp
so d,f € Isom(E, F).
For the second point, take a € U and d, f € Isom(FE, F). By definition

1/ () = f(a) —duf e (z—a)le

—0.
lz—al & |z —alle

Denoting b = f(a),y = f(z),(d.f)"" = ¢ € Isom(E, F) and
F(z) ~ fla) — dof o (2 — )

[ = alle

() =
Since ¢ is linear (inverse of a bijective linear map) we have

e (W(z)||z —allp) =¢(f(z) = fla) = duf o (z — a))
=po f(z) —po fla) —[pod.fle(z—a)
=po f(z) —po fla) = (v —a)
= oy) — o) — () — ')
== [ = 71 0) — p(b—a)]
taking norms

1/~ ) = ) —plb—a)le |z —ale I
ly —bll» 1/ () = fa)llr

o ()l




CHAPTER 2. LOCAL INVERSION THEOREM 18

and since f is differentiable and knowing that lim,_,, ¥(2) = limz—q|,—0 ¥ (2) =
0 we obtain

lim = lim °
y=b b —allp a=a || f(x) — fla)||F oot (z)k
=0

so f~!is differentiable at b = f(a) and its differential is dy@q) (') = ¢ =
(dof) ™" m

Theorem 2.4.3: Fixed Point Theorem

Let £ be a Banach space and f : E — E a K—Lipschitz map with
0 < K < 1 (in this case we say f is a contracting function), then there
exists a unique x € F such that f(z) = z called the fixed point of f.

Proof. The proof is in two steps: existence and uniqueness.

1. Let xy € E. Define the sequence

Tns1 = f(@a) = [ (@0)in > 1.

We have
|Zni1 — zulle = || f(zn) = f(zn)lE
S KHxn — xn—lHE
< K"[|v1 — x| -
Then

(Tnti — Tnvi-1) ||E
1

nsp = 2l = |

)

P
<@g — Tprioalle
i=1

p

p
S ZKn-H—l”xl o xDHE

=1

1—KP
=K"= lle1r = ol
KTL
< T lr = wolle
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which means that {z,}, is a Cauchy sequence in the complete Banach
space F, so dx € F such that

Jim w0 =
and by continuity of f
lim x, = lim x,.,
n—oo

n—oo
= Jirg, /(@)

=7 (i)
= f()

= x.
This proves the existence of the fixed point z.

2. Let 2,y € E such that z = f(x) and y = f(y). We have

Iz = ylle = 1lf (=) = fW)lle
< Kz —ylle

but since 0 < K < 1 we necessarily have ||z —y||g = 0 and z = y.

Theorem 2.4.4: Local Inversion Theorem - second version

Let E/, ' be two Banach spaces, U an open subset of Fand f : U — F
of class C'. If we have a € U such that d,f € Isom(E, F), then there
exists an open neighborhood of a denoted V and an open set W C F
such that f:V — W is a diffeomorphism of class C!.

To prove this result we will need the following lemmas.

Lemma 2.4.3

Under the conditions of theorem 2.4.4 and if we define the function v
by

v:U—FE
v 7 — (daf) ™ 0 f(2)
then

1. 4 is of class C! on U.
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2. YK €]0,1[, 3r > 0 such that v is K —Lipschitz on the open ball
B(a,r).

Proof. Computing the differential of function 1 at point a

dyp = Idg — (d,f) ' oduf
= Idg — Idg
= 0.

Since 1 is of class C! then its differential is continuous so for any K € |0, 1]
there exists r > 0 such that

\ld.v|| < K,Vx € B(a,r) C U.
Applying the mean value theorem 2.3.3 we have on B(a,r)

[(y) = (@) lle < Ky — (e

Lemma 2.4.4

The map @ =x — 1 :

o:U — F
z = (dof) o fla)

is differentiable and injective on B(a,r).

Proof. Let 2,y € B(a,r) then
[@(y) = ()l = | ((y) —y) = (2(2) —2) + (y —2) [[&
Z ly = zlle = [ (2(y) —y) — (P(z) — ) [|&
> ly —zlle = lv(z) —v@)le
>y —zlle — Klly — z|s
= (1= K)lly —z[g

and so if | ®(y) — ®(z)[|lp =0 = |ly — z||lg = 0 so ® is injective. The
differentiability of ® follows from that of f. ]

Lemma 2.4.5

Let b = ®(a). If y € B(b, (1 — K)r) then there exists a unique = €
B(a,r) such that y = ®(z).
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Proof. The existence of z follows from the existence of a solution to the

equation
y=() =z~ ).

Define

gy : B(a,r) — B(a,r)
z =y + ()

then we have

lgy(z) —allp = lly + ¢ (x) —allg
=[ly+¢(@) —a+b-0blp
<lly=obllp+lv(z) —a+b|g
= [ly = bllp + lv(z) — (a— P(a))ll 4
= [ly = bl + [¥(z) — ¥(a)llp
<y =0llz+ K|z —alg
<(1-K)r+Kr

,
< =K) |y —=llg

so for all x € B(a,r) the image g,(z) € B(a,r). On the other hand, if
71,79 € B(a,r) we have

lgy(22) = gy(@1)]| 5 = l[o(22) = (21)]

<K |lzg — 21|

so the function g, is contracting on the closed set B(a,r) of a Banach space
so by the fixed point theorem 2.4.3, 3lx € B(a,r) such that

gy(x) =y + () = zeq: 2.7 (2.4)

hence
y = d(x).
Lemma 2.4.6

Theset V = &' (B(b, (1 — K)r)) is open in B(a,r) and the restriction
of @ from V to B(b, (1 — K)r) is a homeomorphism.
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Proof. Define the function

g:B(,(1—-K)r)— Bl(a,r)
y—=9y) =z =y+y(x)
which associates to y the fixed point of function g,. From formula ?? we

deduce that
r=g(y) <= y= o)

and so g = ®~! hence
V=301 (B(b,(1-K)r)=g(B(b 1-K)r)

is an open subset of B(a,r) and the uniqueness of = ensures the injectivity
of g and so the map

g:B0b,1-K)r)—=V

is bijective and its inverse is ®. Now, we check the continuity of ®: let
x1,29 € Vand yp,y2 € B(b, (1 — K)r) such that 21 = g(y;) and 23 = g(y2)
then

19(y1) — 9(w)llp = [|21 — 22[[p
= |lz1 — 22[|p
= [l {y1 + ¥ (@1)] = [y2 + ¥(22)] |2
< [¢(z1) — (@)l + 1 — 92l g
< Kz = 22llp + [y — w2llp

lg(1) — 9(w2)lle — K llg() — 9w2)ll g < v — w2l

lg(w1) — 9(2)lle — K llg(w1) — 9(w2)llp < llys — 12l

(1= K)llgy1) — 9(y2)lle < llyr — w2llg
(1) — glp2) :

9gW)lle £ —= 1 — v2llg

l9(y1 1 K

S0 g is a ﬁ—Lipsehitz function and a fortiori continuous and we have
OV — B(b, (1 —-K)r)

is a homeomorphism. |

Now, let’s proceed to the proof of theorem 2.4.4.
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Proof. By lemma 2.4.6, the map
®=g"':V = B0 (1-K)r)
is a homeomorphism of class C! and
d®:V — B(b,(1 - K)r)
= d,® =Idg —d,p = Idg

so the differential of ® is a continuous map and d® € Isom(E,F). And
as we showed that Isom(FE, F') is an open subset of L(E, F') (lemma 2.4.2)
then there exists an open neighborhood V of @ such that Vo € V:;d,® ¢
Isom(E, F). By theorem 2.4.4, we deduce that

DV =0V

is a diffeomorphism of class C! and denoting f = d,f o ® : V — W =
[dof o ®] (V) which is also a diffeomorphism of class C! in the open set TV
of F. |

This theorem means that a function is locally invertible in a neigh-
borhood of a point where its differential is invertible. If E and F are
finite-dimensional Banach spaces then we have:

Corollary 2.4.1

ff:E — Fisamap of class C!, then f is a local diffeomorphism at
x e FEiff
det (J.f) # 0.

§2.4.3 Implicit Function Theorem
Let E, F and G be Banach spaces and
f:EXF—G
(z,y) = 2= f(z,9)

and consider the equation (also called level curve) g(z,y) = 0g. Our goal
is to write y as a function of x.

Theorem 2.4.5

Let F, I and GG be Banach spaces and U an open subset of £ x F'. Let
(70,70) € U and f : U — G amap of class C! such that f(xg,y0) = O¢.
If the partial differential %(:ﬂo,yo) € Isom(F,G) i.e. it is invertible
then
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1. There exists an open neighborhood V' of (x¢,yo) in U,
2. There exists an open neighborhood W of xq in E,
3. and a function ¢ : W — F of class C*,
(z,y) €V, f(z,y) = 0g & 2 € W,y = ¢(z).
Remark 2.3. %(mo, Yo) is the differential of the map y — f(xo,y) at point
Yo-

For the case of vector-valued functions of vector variables, we have the
analogous result

Corollary 2.4.2

et f be a function of class C* defined on an open set U of R? x RY, with
values in RY. Let (zo,90) € R? x R? such that f(xg,yo) = 0. Assume

that the matrix
df;
87(900, yo)
Yj 1<i<q,1<j<q

Il R

is invertible. Then there exists an open neighborhood V' of (zg, o) in
R? x R?, a neighborhood W of z( in RP and a function g : W — R? of
class C* such that, for all (x,y) € V, we have

flz,y) =0 <=y = g(z).

Proof of theorem 2.4.5. We will apply the local inversion theorem
to the function

g:U—ExG

(z,y) = ¥(z,y) = (z, f(z,y)).

Clearly, the function g is of class C! and we have g(zgyy) = (29, 0¢), as well
as the invertible differential (linear) map

T

h
dx h,k) =
( 07y0)g.( ) < %(xo,yo).h+%§(x07y0).k )

and

Idg 0

d(z = el ExXF ExG
(z0:30)9 < %(ﬂfoayo) %;(%,Z/o) ) som( )
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with inverse

(d )—1 IdE 0
Z0,Y0 g - -1 -1
(z0,Y0) — (%(:Bo,yo)) %(mo,yo) (%(l’g,ljo))
soV(W,K')e ExG:
s 0 0
diwoyo)g ® (h, k) = (W', K') = (h, a&%; Yo) ® h + a;j(xo, Yo) @ k)

which is equivalent to saying that

h =h
{k = (%(l'o,yo))_l ° (k/ . %(3707?/0) . h/)

which is well-defined so we deduce that d(,, ,,)g is invertible and we have

(dwogng) :ExG—ExF
con o (9 T :
0k 06 (H ) o (0= S o)

By theorem 2.4.4, there exists an open set V' C E x F' neighborhood of
(20, o), and a neighborhood of (z(,0) which we can assume to be of the
form W x Zy,, so W is an open neighborhood of zy and Z;, a neighborhood
of Og such that the map g : V. — W x Z,, is a diffeomorphism of class C'.
Now construct the inverse map of ¢:

gil W x ZOG -V
(z,2) = g~ (2, 2)
= (z,¢(z, 2))
where the map ¢ is of class C'. In other words,
((x,y) € Vand f(z,y) =0) <= ((x,2) € W x Zy, and y = ¢(z, 2))
and in particular

((z,y) € Vand f(z,y) =0) <= (z € W and y = ¢(z,0) = ¢(x)).

Exercise 2.3. Let the following function

f:R* =R
(,y,2) = (@ + 2+ 2 In(z+y+2)—e"¥ -1
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1. Show that the partial derivatives exist at every point of its domain
of of

and write explicitly 3L, e and %.

2. Show that on the surface given by f(x,y,z) = 0 there exists a neigh-
borhood V' of the origin (0,0), a neighborhood W of 1 and a function
¢V — W of class C* such that $(0,0) = 1 and f(x,y, d(z,y)) =
0,¥(z,y) € V.

3. Compute the partial derivatives of ¢ at point (0,0).

Solution. We know that the functions (z,y,z) — x> +y* + 22, (z,y, 2)
In(z+y+2) and (x,y) — *1¥ are of class C*> on their domains of definition
so f s also, which ensures the existence of the partial derivatives

9 2,2 .2
ai(x7y,z)_2xln(x+y+z)+m—e”y
of ® +yP 420
——(z,y,2) =2yln(z+y+z2) + ——— — "™V
oy " Y ) =@yt )+ — e e
of 2 4+ y? + 22
g7 —92-] rry T
L (e, 2) = 22ty + )+ T

We have f(0,0,1) =0 and %(0,0, 1) =1#0 so dwo,f is invertible and
by the implicit function theorem there exists a neighborhood V' of (0,0), a
neighborhood W of 1 and a function ¢ : V. — W of class C* such that

¢(0,0) =1
f(x7y7 ¢($,y)) - 0

To compute the first partial derivatives of ¢ at (0,0), we differentiate the
equation f(x,y, (x,y)) = 0 with respect to x and y:

0 0 0 0 0 0
oL (e o(e ) o + B o otm )G+ ) S ) =0
0 0 0
— ey otw) + 2o L w95 =0
and
0 0 0 0 0 0
(ool o+ 5 v ole )3+ S ) ) =0
0 0 0
— ool 0) + @25 ) =0
For (z,y,z) = (0,0,1) we obtain
2(0,0,1) + 2(0,0)2£(0,0,1) =0
80(0,0,1) + 8£(0,0)52(0,0,1) =
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hence

§2.5 Exercices

Exercice 2.1. Show that if the differential of a function f : E — F at a
point a, if it exists, is unique.p:odkaungf s

Exercice 2.2. Study the existence of the derivative of the function f :
(z,y) — xy? in the direction of the vector v = (1,—2) at the point A =
(2,1). Determine its value if it exists.

Exercice 2.3. Justify that the following applications are differentiable and
explicitly determine their differentials.

1. f: Mn(R) — Mn(R) and M — M?>.
2. det : M,,(R) — R.

3. f f71 from GL(E) to itself, where E is a finite-dimensional real
vector space.

Exercice 2.4. Let A: R3 — R? be the function defined by A : (x,y,2)
(x,sin,y,y,sin, x, z). Justify the existence and calculate div (A), rot (A),
and V(div (A4)).

Qo

1
Az 8‘4.1/ 8Az — @
Oz + Ay 0z 7 T’Ot(A) | Oz

A

Reminder: div(A) =

@:BQS?‘Q;Q.

&

8

Exercice 2.5. Let f: R? — R be a Ct function.
1. We define

g:R— R
t—s f(2+2t,17).

Show that g € C*(R,R) and calculate its derivative in terms of the
partial derivatives of f.

2. The same questions for:

h:-R>?—R
(u,v) — f(uv,u2 + 112)
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Exercice 2.6. Let f : R? — R be the function defined by:

SEL i (w,y) # (0,0),

fily) e {0, at (0,0).

1. Calculate the partial derivatives % and % at (0,0).

2. Is the function f differentiable at (0,0)?
Exercice 2.7. Let f : R?2 — R be the function defined by:

. S si(x,y) #(0,0),
f'(x’y>H{o,+ at (0,0).

Show that f has directional derivatives in all directions at (0,0) but is not
differentiable there.

Exercice 2.8. Let E and F be two vector spaces over R of finite dimen-
sions, and let f : E — F be a C* function. In the following cases, find the
dimension of the Jacobian matrixz of f.

1. f is a real function of a real variable (E = F =R).

2. f is a vector-valued function of a real variable (E =R, F =RP).

3. f is a real function of a vector variable (E =R", F =R).

4. [ is a vector-valued function of a vector variable (E =R", F =RP).

Using the coefficients of the Jacobian matrixz of f, express the differential
of f at any point in E.

Exercice 2.9. Let f : R" — R be a differentiable function. What is the
relationship between the differential of f at a € R™ and the gradient of f
at the same point?

Exercice 2.10. Let f : (R.)? — R, defined by f : (z,y) — 2z + 5y +

(/Y + V).

1. At which points is f continuous?
At which points does f have partial derivatives?
On what set is f C1?

At which points is f differentiable?

At which points does f have directional derivatives?
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Exercice 2.11. Consider the function:

Filmy) o x?Jsin(\/z;T?ﬂ) ., si(z,y) #(0,0),
| 0, at (0,0).

1. Show that f has partial derivatives at every point in R? and calculate
them.

2. Show that f is not C* on R2.
3. Show that f is differentiable at the point (0,0).

Exercice 2.12. Justify the differentiability of the following functions and
calculate their Jacobian matrices.

1L f o (zy) = 2.9 : (v,y,2) — 3. h o (zyy)
e™(xr+y), xy +yz + 2w, (ysinx,cosx).

Exercice 2.13. Justify the differentiability of the following functions and
calculate their differentials.

1. f:(z,y,2) — (IQEZQ,sinxsiny>, 2. g:(x,y) — (xy,x; +y,In(1 —1—2:2)).

Exercice 2.14. Let f be a differentiable function from R? to R%. We define
g: Ry xR =R as follows :

V(r,0) e RL xR, g(r,8) = f(rcos(9),rsin(f)).

We need to show that g is differentiable and express % and % in terms of

the partial derivatives of f.
Exercice 2.15. Let f : R? — R be a differentiable function.

1. Determine the derivative of u : x — f(x,—x) and the differential of
g9:(z,y) = f(y, z).

2. Let E and F be two normed vector spaces, U be an open set in E, and
f U — F be a differentiable function. For any a € U and v € FE,
find the derivative of the function t — f(a + tv) at t = 0.

Exercice 2.16. Let x and y be two differentiable functions from R to R,
and let f be a C' function from R? to R. Consider z : t — f(z(t),y(t)).
We want to determine z', the derivative of z with respect to t.

Apply this formula to the following specific cases :

1. f(z,y) = 22 + 2xy + 49°, x(t) = t, and y(t) = €.
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2. f(z,y) = zy* + 2%y, z(t) = t?, and y(t) = Int.

Exercice 2.17. Consider the functions f : R* — R and g : R® — R?
defined by:

V (z,y) €R?, flz,y) =2 —y* and VY (v,y,2) ER?, g(x,y,2) = (x+y+z,0—y+2)

1. Let h = fog. Determine h. Show that f, g, and h are C' functions
and write their Jacobians.

2. Verify that J,(x,y, z) = J¢(g(z,y, 2))Jy(x,y, z), where J¢, J,, and Jj,
denote the Jacobian matrices of f, g, and h respectively.

Exercice 2.18. Let ¢ : R — R be a differentiable function. We define
f:R*xR — R by:

V(z,y) e R* xR, f(z,y)=¢ (i) :

Justify that the quantity z%(az, y) + yg—i(x,y) makes sense for all (z,y) €
R* x R, and calculate it.

Exercice 2.19. Let U be an open subset of R™ and f : U — R be a C!
function that does not vanish. Show that the inverse function % is also C*

and give its differential at every point in U.
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Constant Rank Theorem

§3.1 Rank of a map

Definition 3.1.1

Let f:U C E — F be a function of class C'. Assume that the image
of the differential at point z € U

Im(d,f) :={d.feh,heFE}

is a vector subspace of E. We then say that the function f has finite
rank at = and we denote

rank, f = dim (Im (d,f)) .

Remark 3.1. If the domain space is finite-dimensional with dim(E) = n <
oo then

rank, f = n — dim (Ker (d,f)) .

Remark 3.2. If dim(E) = n and dim(F) = m and f € CY(E,F) with
rank, f = p € N then there exists {e1,es,- -+ ,e,} a basis of E and {e1,e3, -+ ,€,}
a basis of F' such that

{dxf.elada:f.e%'“ 7d1’f.6p}
is a basis of Im (d,f) and

{ep+1> €p+Qa Tt >€m}

is a basis of Ker (d,f). The matriz associated to d,f denoted M, f will be

written
_ ]dep 0

and so we can say that the rank of a function f is the rank of the largest
submatriz extracted from the matriz associated to its differential M, f that
is invertible.

31
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Definition 3.1.2

We say that the function f € CY(U C E, F) is an immersion at x € U
if the differential d, f is injective<= Ker(d,f) = {0}.

Definition 3.1.3

We say that the function f € C'(U C E, F) is a submersion at © € U
if the differential d, f is surjective<= Im(d,f) = F.

Remark 3.3. From remark 3.1 we have

{f is an immersion < rank,f =n

f is a submersion < rank,f =m
If f has rank,f = p then there exists {iy,i2, -+ ,ip,} € {1,2,--- ,n} and
{jl?an e 7jp} g {17 27 e am} such that

§3.2 Submersion characterization theorem

Theorem 3.2.1

Let f: U € R* — R™ be a submersion of class C! at 2y € U then
there exists

1. An open neighborhood V' C U of xy.
2. An open set W C R".
3. A C'—diffeomorphism g : V — W
such that
fog W —R™
Y= Yme e Un) = (Y1 Ym)

is a canonical projection.
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Proof. We know that

f:U—R™
fl(xla Tt 7'1:71)
fZ(xla e :(En)
(:Bl?"'axn>'—> .
Sm(1, - 2p)
is a submersion at point xy < rank,,f = m. We can assume that
ofh ... 9fh
Oz OTm
: ) : # 0.
Ofm ... Ofm
8wl 8117m
We set (since n > m)
h:U—R"
fi(x)
fa(x)
f@)]:
x:(g;lj...,xmf..’xn)l% fm<x>
xm+1
Tn,
In this case
onh ... Oh _Oh .. O
ox1 OTm OTm4+1 OTn
Ofu ... Ofa Ofu ... Ofm
dzoh = 91 Ozm 0Tm+1 Oxn
0 --- 0 1 --- 0
0 0 0 1
SO
of ... 9f
Ox1 O0Tm
det (dxoh) = .
fm .. Ofm
o1 OTm

33

and by the local inversion theorem, there exists an open neighborhood
V C U of zy and an open neighborhood W C R™ of h(xy) such that

h:V — W is a C'—diffeomorphism.
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e« Forz e VCR"and y € W C R™ with y = h(x) we have

" f1 (35)
ym N Tm+1
)|

so by correspondence y; = fi(z),Vi=1,2,--- ,m.

e Ifg=h:V — W then

(Y1, Ym) = f(2)

= f(h™(y)
= flg™"(y)
=fog7'(y)
is a canonical projection.
Exercise 3.1. Let
f:R*—R

(x,y) — xe?

1. Define a C'—diffeomorphism ¢g : V C R?> — W C R? such that
fog~tis a canonical projection.

Solution. We know that the differential

has rank 1. We set

and so

and Yy € R
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Let’s check if g is injective: let (x,y) and (2',y') be two elements of R?.

in other words
re =72'eY = =21
s0 g is injective and therefore it is a C'—diffeomorphism. We can write
g R?— R’
(z,y) — (2™, y)
and
fog M w,y) = f((xe ™))
=ze Ye!
=z
which is the canonical projection onto R.
Exercise 3.2. The same question for the function
f:R®— R?
(z,y,2) — (z, zsin(y)).

Solution. We have

1 0 0
d(xvy,Z)f - < 0 zcos(y) sin(y) ) '

We have three cases:
e z=0and y = km, k € Z. In this case

zcos(y) =

0
sin(y) =0

and rank, , ) f = 1 # dim (R?) so f is not a submersion.
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o If y# km k € Z then sin(y) # 0 and

1 0
‘ 0 sin(y) |7£0

Set g (v,y,2) = (v,y,2sin(y)) and

1 0 0
dayng={0 1 0
0 zcos(y) sin(y)

det (d(x7y7z)g> = —sin(y) #0

and

so g is a C'—diffeomorphism and if

a =T
(#,y,2sin(y)) = (., B,7) = {8 =y
v =zsin(f)
_ 7
7 s (B)
SO
-1 z
g (xaya Z) = (CC,Z/, m)

fog (w,y,2) = (z,2).

e If z#0and y# § + km, k € Z then

det( (1) zco(;(y) ) = zcos (y) # 0.

Set
g(x,y,2) = (,zsin(y) , 2)

and

0 0 1
= det (d(u@y,z)g) =zcos(y) #0

1 0 0
d@y9 =1 0 zcos(y) sin(y)
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and g is a C'—diffeomorphism. In a neighborhood of (z,y, z) we have

a =
(2,250 (y) , 2) = (@, 5,7) = B =sin(y) -
v o=z

We write

g Nz, y, 2) = (x,sin_1 (Z) ,Z)

fog z,y,2)=f [w,sin_l (Z) ,z}

-(ron(on (%)

= (z,9).

§3.3 Immersion characterization theorem

Theorem 3.3.1

Let f: U C R" — R™ (with m > n) be a function of class C' and
an immersion at xy € U then there exists
1. a neighborhood V' C U of xy,
2. a neighborhood W’ C R™ of f(xy),
3. an open set W/ C R™,
4. and a C'—diffeomorphism ¢g : W — W’
such that

gof:VCR"—WCR™

TR 7xn707"'70
—_————
n
x= (21, ,Tp) —> m

is a canonical injection.
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Proof. Since f is an immersion we have rank,,f = n. We can assume

that
ofi ... 9Nt
ox1 Oxn
: .| #0.
Ofn ... Ofn
ox1 0zn
Set
h:UxR™ —R™
T= (21, Tn, 5 ) > (f(2), fo1(2) + Trgr, oo fn (@) + ) -
In this case Tg = | x0,0,---,0|,h(ZTg) = h(x,0) and
~~
—_—
gTJ; ngi 0 --- 0
Ofs .. Of e ¢
d(zo,0)h = D o ’ "
o ome 1.0
Ofm .. Ofm Y e 1
and so
ofi ... Oh
Ox1 Oxn
det (d(xoﬁ)h) =det| : . # 0.
Ofn ... Ofn
8331 axn

By the local inversion theorem we deduce the existence of an open neigh-
borhood of Z5 in R™ denoted W and a neighborhood W’ C R™ of h (Zp)
such that

h:W — W
is a C!—diffeomorphism. Denote g = h™! : W' — W then
g~ (2,0) = h(z,0)
= f(2)
S0

gOf(l‘) = (CL‘,O)

Ve eV =f1tWw).
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Exercise 3.3. Let

f:R — R?
x— (z,€%).

1. Define a C!—diffeomorphism ¢ : V C R? — W C R? such that go f
is a canonical injection.

Solution. Let x € R. We see that

()

and that f is an immersion with ranks = 1. Define
h:R?* — R?
(z,y) — (z,¢" +y)
and

10
diyyh = ( o1 ) = det (dyh) =1#0.

We find the inverse

(z,e" +y) = (a, 8)
— xXr =
{y =p—e”
g(z,y) =h7" (z,y)
= (z,y —€")

which is an injective map. So h is a C'—diffeomorphism and we have

gof(x)=glr,e]
= (z,e" —€%)
= (l‘, 0)

which is a canonical injection.

Remark 3.4. In the previous exercise, the function g is not unique. Indeed
if we set

h(z,y) = (x, " +yk (r))
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with k a non-zero function. We would have

1 0
eyl = ( e’ +yk' (x) k(x) )

and

det (d(zyh) = k () # 0.
Set g = h™! and we find that

=22

and that

§3.4 Constant rank theorem

This theorem states that a function whose differential maintains the same
rank 7 in a neighborhood of a certain point can be viewed as a projection
onto the first r» coordinates.

Theorem 3.4.1

Let U be an open subset of R™, a map of class C! f: U — R™ and
an integer r < min (n,m). If rank,, f = r,Vzo € U then Va € U there
exists

1. an open neighborhood V' C U of z,

2. an open neighborhood W C R™ of f (z),

3. a diffeomorphism ¢ : V. — ¢ (V) C R",

4. and a diffeomorphism ¢ : W — ¢ (W) C R™,

such that the following diagram commutes

v L ow
el Ly
(V) — (W)

Yofop—t
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and
wofo(pil (yla"' y Yrs Yrt1, 00 7ym) = (ylv'" Jyhov"' 70)
Proof. At point x = (z1, -+ , 2,741, -+ , Ty,) for the function
f(x):(fl(x)7”'7f7"(x)7f7‘+1(x)a"'7fm(x))
we have
ox1 Oxr Oxn
o ... 0k ... Ok
dof = 3?{21 . 3(3‘?;1 . 3?”:511
ox1 oxy oxy
On ... Ofm ... O
ox1 Ooxy Oxy

and since rank, f = r we can assume that

oh .. Oh
ox1 oxy
det : : : # 0.
ofr .. Ofr
ox1 oz,

Since the function associating to a matrix its determinant is continuous,
we deduce the existence of a neighborhood of zy denoted V' C U such that

oh ... 9h
Ox1 Oxy o
det| =+ : |#0,VzeV.
ofr ... Ofr
oz Ox,
If we set
p:V — R"
T = (x17"' y Ly Tpg1,y " 7xn) = 90<f1 (ZL’), 7fr (x>7x7"+1a"' 73771)
then the function ¢ is of class C! and
oh ... oh Oh ... OA
Ox1 Ox, OTr41 Oxn
oL ... ok of .. ok
d = ox1 ox Oxr41 Oxn
‘ 0 -+ 0 1 ... 0
0 0 0 1
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while having

oA .. 9A
ox1 Oxy

det (d,p) = det oo # 0.
o0x1 oz,

By the local inversion theorem, there exists an open neighborhood V C V
of zy such that the function

gp:f/cR”—mp(f/)cR”

is a C!'—diffeomorphism. Note that if

Y1 fi(x)
Yr fr (2)
= = xrT) =
Y Yr41 # (@) Lr41
Yn Tn
we have by correspondence y; = f; (z),Vi =1,--- ,r. If we denote

h:fogo’lzgo(f/) CR" — R™
then for y = (Y1, , Yr, Yrs1, "+ , Yn) We obtain, knowing that x = ¢! (y)

h(y)=foe™ ()
:(hl(y>7 7hr(y)7hr+1<y)7 7hm(y))

= (fi(x), - (@), frar (), fon (2))
:(y17"' ayrahr+1(y>7"' 7hm<y))

Computing the differential

1. 0 0 - 0
0 --- 1 0 --- 0
dyh = Ohr41 . Ohri Ohry1 . Ohryr
0y1 Oyr OYr+1 Oyn
Ohm e Ohm 78}]’7”"' PPN Lhm

8y1 8yr 8yr +1 ayn
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And since rank,f = r and ¢ is a C'—diffeomorphism, we deduce that

rank,h = r and that Vy € ¢ (V)

6hr+1 . 8hr+1

Oyr+1 OYn 0 -0
Ohm ... Ohm o
OYr+1 Oyn O O
which means the functions h,q,--- ,h,, are independent of v, 1, -+, y,

hi (y) = hi (y1,-+ ,y0),r+1<i<m.

Let W C R™ be an open neighborhood of f (o) such that x, € YW c
V' and the map

v: W — R™
2= (21, 2m) — (21, Zm 21 — Py (2) 0 2 — B (2))
SO
1 0 0 0
di 0 --- 1 0 --- 0
z - *ahrl 78]7/7”1
8z1+ 8zT+ 1 0
—Ohy, C oh : ‘
et om0

This map is injective and a local C!—diffeomorphism so by the local inver-
sion theorem 1 is a C!'—diffeomorphism on all W. Denoting V = f~1 (W)
then the following diagram commutes

v L ow

el L
pV) o (W)
and we have
wofogpil (y17"' yYrs Yr1s 0 7ym) :¢(y17 7yr>hr+1 (y)7 7hm(y)>

=W Y hes1 () =P (), P (y) — B (1))
:(yh"‘ 7%;07"' 70).

Remark 3.5. In the special case where f is a submersion (resp. immer-
sion) we recover the submersion (resp. immersion) characterization theo-
rem.
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§3.5 Exercices

Exercice 3.1. Let f : R? — R? be defined by f(x,y) = (22 — y, 2> + %)
and g = fo f.

1. Show that f and g are of class C*.

2. Compute at every point (z,y) € R? the Jacobian matriz of f denoted
Dz f; compute the Jacobian matriz of g at the point (0,0) denoted

D(o,o)g-

3. Show that there exists p > 0 such that for all (x,y) € B,((0,0)) (the
closed ball centered at (0,0) with radius p) we have ||D xy)g|| <1

4. Show that the function g has a unique fized point in B,((0,0)).

Exercice 3.2. Consider the map F' : R* — R? defined by F(x,y) = (cosz—
siny, sina — cosy); denote by F®) the k-fold composition of F.

1. Show that ||F'(z,y)|| < V2 for all (z,y).
2. Deduce that the recursively defined sequence given by xq,yo and for
n>1
1

. 1
Tyl = 5(005 Ty —SINY,), Yni1 = §(Sln Ty — COSYy)

converges for all (xg,yo). What is its limit?

Exercice 3.3. Let f be a differentiable function from la,b[C R to R™;
suppose there exists k > 0 such that

I @I < Kllf @), Vo €a,bl.

Show that if f vanishes at a point xo €la,b|, then f is identically zero on
la, b (show that E = {x €|a,b[ ; f(x) =0} is open).

Exercice 3.4. Let E,F be normed spaces, ) an open subset of E and
f:Q — F a continuous map.

1. Let a be a point of Q. If f is differentiable in Q\ {a} and if the map
x € Q\{a} — Df(x) has a limit T € L(E, F) when x tends to a in
Q, show that f is differentiable at the point a and that Df(a) = T
(apply the mean value theorem to the function g : x — f(x) — T(z)).

2. Suppose f is differentiable in . Show that Df : Q — L(E,F) is
continuous at a € 0 if and only if, for every e > 0, there exists o > 0
such that

1f(ath)—f(atk)=D f(a)(h—k)|| < ellh=K|| if [hl <0 and [k] <.
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3. Suppose now that there exists a continuous map v € Q — T, €
L(E, F) such that for every x € Q and every h € E

o T th) — (@)
t—0,t£0 t

Show that f is of class C' and that Df(x) = T, for every x € Q.
(Consider the function g(t) = f(x +th) — tT,(h).)

Exercice 3.5. Show that if f : E — F is a C'-diffeomorphism then:
1. Ya € E.d,f € Isom(E, F).

2. dim F = dim F.

Exercice 3.6. Let g : R — R be a function of class C* on R such that
there exists k > 0 with ¥t € R we have |¢'(t)| < k.

Let f : R? = R? with f(z,y) = (z + 9(y),y + 9(z)).

1. Show that f is of class C' on R? and determine its differential.

= T, (h).

2. Show that f is injective and deduce that it is bijective onto its image
f(R?).
3. Show that f~' is differentiable on f(R?).
Exercice 3.7. Does the relation
re! +yet =1
define a function y = p(x) in a neighborhood of 0 with value 1 at 0%

Exercice 3.8. Consider f : R> — R defined by f(z,y,z) = x> — xy® —
vz + 23 and the surface S with equation f(z,y,z) = 0.

1. Show that in a neighborhood of the point (1,1,1), the surface S is
defined by an equation of the type z = ¢(x,y) where ¢ is a function
of class C* defined in a neighborhood of (1,1).

2. Determine the equation of the tangent plane at (1,1,1) to S.

3. Compute the second order partial derivatives of ¢ in a neighborhood
of the point (1,1).
4. What is the position of S relative to its tangent plane?
Exercice 3.9. Let [ : R?* — R? be defined by f(x,y) = (e* cosy, e siny).
1. Show that f defines a surjective map from R? onto R?\ {(0,0)}.

2. Let (zo,y0) € R%

(a) Compute the Jacobian matriz of f at (xo,yo) and deduce that f
defines a local C'-diffeomorphism in a neighborhood of (xq, o).

(b) Does f realize a C*-diffeomorphism from R? onto R?\ {(0,0)}¢
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Submanifolds

Definition 4.0.1

Let F be a R—vector space of dimension n and V' C E non-empty.
We say that V is a submanifold of class C¥ and dimension m < n if
Vxo € V there exists

1. an open neighborhood U of x,
2. an open neighborhood U’ of 0 in R™,

3. a CF—diffeomorphism

¢:U—U
r— ($1(x), p2(x), -+, Pm(z))

such that:
dp(UNV)=(R"x{0})NnU'
in other words if
relNV = ¢pui(z) == dp(x) =0.

We call ¢ a local straightening of V' onto R™ x {0} .

Remark 4.1. o If k=00 we say the submanifold V' is smooth.

o We call the codimension of V' the number codim (V') =n — dim (V).
. If
dim(V)=1  V isa curve
dim(V)=2  V is a surface
codim (V) =1 V is a hyperplane.
Example 4.1. Let f : U C R? — R™ be a function of class C*. Show
that its graph

I'y={(z,f(z)), €U} CUxR™

46



CHAPTER 4. SUBMANIFOLDS 47

is a submanifold of RPT™,

Solution. Define the function
¢:U x R™ — R™?

(z,y) — (z,y — [ (2))
and show that it is a C¥— diffeomorphism.
1. ¢ is bijective.
o Injection: Let (z1,y1) and (z9,y2) € U x R™ such that

¢ (x1,y1) = ¢ (22, y2)

- {yl—f(iﬂl) :Z/2—f(332)

T =T
=
{Z/l = Y2
SO ¢ is injective.
o Surjection: let (u,v) = ¢ (z,y) = (z,y — f (x))

:{v =y—f()

r =u
=
{y =v+ [ (u)
so ¢ is surjective and bijective and its inverse
oL R™P — U xR™
(z,y) — (z,y + [ (2)) .
2. Since f is of class C* then ¢ and ¢! are also, so ¢ is a C*—diffeomorphism.
We then have
¢ (Ty NR™P) = ¢ (I'y)
={¢(z,y),(z,y) €Ts}
={(z,y—f(2)),zeUandy= f(x)}
= {(2,0),z € U}
= (R? x {0}) N RP*T™

SO

U/

) (Ff mRm“’) = (R? x {0}) NRP*™
e U
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Example 4.2. The set

V= {(a:;y;z) eER%: 242+ 22 =1 cmdz>0}

is a submanifold of dimension 2.

Indeed, consider the disk
D = {(as,y) e R%: 22 +42 < 1}
and set U = D x R and the function

f:U—U

(C(],y,Z) — (x,y,z— \/1—1’2—y2).
We have V.C U and

1 0 0
dizyo)f = 0 1 0

T

y
\/1—:52—y2 \/1—x2—y2
so f is differentiable on U. We have

FWV)=Af(2,y,2),(x,y,2) €V}
:{f(x7y’z),x2—i—y2+z2:1‘ (mdz>0}

:{(x,y,z—\/l—xQ—gﬂ),x2+y2+22:1‘ cmdz>0}
= {(z,9,0)}

=D x {0}

=D.

Exercise 4.1. Show that the set

{0 ) <5

is a submanifold of dimension 1.
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Figure 4.1: The curve V
fig:curvel

Exercise 4.2. Let f : I C R — R be a function of class C'. Then the
curve

Iy=A{(z, f(x)),zel}

is a submanifold of dimension 1.
Indeed, by setting:

0: I xR —R?
(,y) — (z,y — f(2))

we find that ¢ is injective and that

1 0
toe=( piy )

and det (d(z,y)gp) =1 +# 0 so ¢ is a C'—diffeomorphism from U = I x R
into ¢(U) and we have

(z,y) €V <=y — f(x) = 0.
In general, if f: V C RP — RY is a function of class C! then the set
Ty ={(z,f(z)) eRP",z €V}
is a submanifold of dimension p. Indeed, for the injective map of class C*

©:V x RY —s RPH
(ZE,y) — (m,y—f(x))
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we have

~( Idpx, 0
d(ac,y)go N < _dxf quxq >

and so it is a C'—diffeomorphism from U = V x R? onto »(U) and by
correspondence

Ppt1 (7,9)
Pp+2 ‘(:13, y) —y— f(l’)
Pp+q (z,y)

=0.

§4.1 Submanifolds defined by equations

§4.1.1 Regular values

Let f: U C E — F be a differentiable function on its domain. We
say that ¢ € F' is a regular value of f if and only if f is a submersion
at every point of the set f~!{c}. Or in other words, there exists an open
neighborhood of f~!{c} denoted U’ on which f is of class C' and d,f is
injective Vo € U'.

Remark 4.2. If ¢ is a reqular value of f such that the set f~'{c} # 0, we
say that this set is a reqular level of f and denote it by f = c.

We will present a result that is the analog of the implicit function the-
orem but from a geometric viewpoint. It is a theorem that will allow us to
show that a subset of E' is a submanifold.

Theorem 4.1.1
Let E and F be two normed vector spaces of finite dimensions. Let
f:U C E — F be a function of class C* with k¥ € NU {o0}.

Then every regular level of f is a submanifold of class C¥ of E and of
codimension equal to dim F.

Remark 4.3. 1. If U is a submanifold then dim F = dim F — dim F.

2. If f is a submersion then its differential df is surjective and rankf =
dim F.
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Exercise 4.3. Show that the unit sphere in R3
S = {(a:,y,z) eR:a? + P+ 22 = 1}
is a submanifold of dimension 2.
Solution. Consider the function f : (z,y,z) — x> +y* + 22> — 1. Then

S = {(x,y,z) cR?: f(x,y,2) = O}
— {0},

X
Ayl =2 Y
zZ

which is surjective except at the origin which does not belong to S and so
rank(gy. f =1 = dimR which is the target space of f so the function f is
a submersion on f~1{0} and so S is a submanifold of dimension equal to
dimR?® — dimR = 2.

We then have

§4.2 Exercices

Exercice 4.1. Are the following functions immersions or submersions?
1. f:R? =R (z,y) — (x,9,0).

[R5 R% (z,y,2) — (y, 2).

R =R (2,y,2) — xy + 2yz + 3z2.

f:R — R? ¢+ (sin(2t),sin(3t)).

f

(R — R? (2,y,2) — (22 +y* + 2% xy) .

S v e

f:R? = R3 (z,y) — (e, cos(y), sin(y)) .

Exercice 4.2. Are the following sets submanifolds? If yes, give the dimen-
SL0M.

1 {(z,y,2) ER} 2 =0 —2(2* +9%)}.

{(t,#*);t € R} .

S = {(
2.8 = {
3. S3={(z,y,2) e R 2% +y? + 22 =1}.
4. Sa=A{l(

{(z,y) e R* 2y = 0}.
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5. 85 ={(x,y) e R* x>0 and y > 0}.
Exercice 4.3. For which values of the real parameter « is the set
C={(z,y) eR*2* -y = a}

a submanifold of R??

Exercice 4.4. Let M; be a submanifold of R™ of dimension p; and M, be
a submanifold of R™ of dimension ps. Show that

My x My = {a = (al,ag) c R”+m;a1 € Mi,as € Mg}

is a submanifold of R"™™ and specify its dimension.

Exercice 4.5. Show that the torus of revolution T?, obtained by rotating
a circle of radius r around a line in its plane located at a distance d > r
from its center, is a submanifold of R3.
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