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Chapter 1

Introduction

These lecture notes are designed for first-year Master’s students in Operational
Research (first semester). They provide an introduction to the fundamental
concepts and theorems of functional analysis, a branch of mathematics that
studies infinite-dimensional vector spaces with topological structures.

Functional analysis is an essential tool for modern applied mathematics, par-
ticularly in optimisation, control theory, approximation theory, and the anal-
ysis of partial differential equations. For students in Operational Research, a
solid grasp of functional analysis is indispensable when dealing with optimisa-
tion problems in infinite-dimensional spaces, variational inequalities, or the study
of operators arising in models of operations research.

The course begins with a brief review of general topology (topological spaces,
continuity, compactness, sequences) and then focuses on metric spaces, where
the notions of completeness and compactness are studied in detail. Normed
vector spaces and Banach spaces are introduced as the natural framework for
linear analysis. The concepts of connectedness and convexity are treated both
topologically and algebraically, with an emphasis on their role in optimisation.

The central part of the notes presents the three great theorems of functional
analysis: the Banach–Steinhaus theorem (uniform boundedness), the open map-
ping theorem, and the closed graph theorem. All three rely on Baire’s category
theorem and are cornerstones of the theory of linear operators between Banach
spaces. The final chapter is devoted to Hilbert spaces, including orthogonal pro-
jections, the Riesz–Fréchet representation theorem, the Lax–Milgram theorem,
Hilbert bases, and weak convergence. Applications to L2 spaces are given as
examples.

Each chapter is accompanied by numerous exercises, ranging from routine
verifications to more challenging problems, aimed at helping the student master
the concepts and develop the necessary skills for further study in functional
analysis and its applications to operational research.

Prerequisites: Basic knowledge of linear algebra, calculus, and elementary
topology (open and closed sets, continuity, compactness in Rn) is assumed. Fa-
miliarity with Lebesgue integration is useful for the last chapter, but the essential
facts are recalled when needed.

Structure of the notes:

1. A Little General Topology

2. Metric Spaces

5
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3. Normed Vector Spaces

4. Connectedness and Convexity

5. The Great Theorems of Functional Analysis (Baire, Banach–Steinhaus,
Open Mapping, Closed Graph)

6. Hilbert Spaces

The author wishes to thank the colleagues and students who have contributed
to the preparation of this document, as well as the Department of Mathematics
for its support.

H. Banouh
Academic year 2025/2026



Chapter 2

A Little General Topology

§2.1 Definitions
[1–11]Formalize the ”intuitive” concepts of proximity between mathematical
objects of the ”same nature”, and continuity of maps acting on these objects.

Definition 2.1.1

Let X be a set. A topology on X is a set O of subsets of X satisfying the
following properties:

1. O contains ∅ and X,

2. arbitrary unions of elements of O are in O,

3. finite intersections of elements of O are in O.

The elements of O are called open sets and their complements are called
closed sets. The pair (X,O) is called a topological space.

Example 2.1. 1. Let X be a set. Then {∅, X} is a topology on X, sometimes
called the trivial topology or indiscrete topology.

2. Taking O to be the set of all subsets of X also gives a topology, called the
discrete topology.

3. On R, the set of arbitrary unions of open intervals [a, b] is a topology.
Unless explicitly stated otherwise, we always equip R with this topology.

Definition 2.1.2

Let X be a set and O1, O2 two topologies on X. We say that O1 is finer
(or stronger) than O2 if O2 ⊂ O1.

Thus, the discrete topology is the finest and the trivial topology the coarsest
of all topologies. In the case of R, the ”usual” topology lies between these two.

The data of a topology O on the set X allows us to define the notions of
neighborhood, closure, interior, boundary, etc.

7
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Definition 2.1.3

Let (X,O) be a topological space.

• Let x ∈ X and V ⊂ X. We say that V is a neighborhood of x if V
contains an open set containing x. The set of neighborhoods of x is
denoted VX(x).

• A subset V of VX(x) is called a neighborhood base of x if every
element of VX(x) contains an element of V.

• We say that x is an interior point of V if V is a neighborhood of x.

• The closure Ā of a subset A of X is the smallest closed set containing
A. We say that A is dense in X if Ā = X.

• The interior Â of a subset A of X is the largest open set contained
in A.

• The set Ā\Â is called the boundary of A.

Example 2.2. The set of open sets containing a given point x is a neighborhood
base of x.

Remark 2.1. The definition of a ball (seen in undergraduate studies in the
context of normed vector spaces) has no equivalent in a ”general” topological
space.

Exercise 2.1. Let (X,O) be a topological space and A a subset of X. Show the
following properties:

1. A = Ā if and only if A is closed.

2. A = Â if and only if A is open.

3. A is open if and only if A is a neighborhood of all its points.

4. X\Ā = X̂\A and X\Â = X\A.

5. The boundary of A is equal to X\(Â ∪ X̂\A).

Proposition 2.1.1

Let A be a subset of a topological space (X,O).

1. A point x of X is in Ā if and only if every neighborhood of x intersects
A.

2. The set A is dense in X if and only if A intersects every non-empty
open set of X.
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Proof. 1. If x /∈ Ā then x belongs to the open set X\Ā which is a neighbor-
hood of x that does not intersect A.
Conversely, if there exists an open set Ω containing x and disjoint from A,
then X\Ω is a closed set containing A, hence containing Ā. Consequently,
x is not in Ā.

2. Let A be dense, Ω a non-empty open set of X, and x a point of Ω. Then
Ω is a neighborhood of x ∈ Ā, so it intersects A. Conversely, assume that
every non-empty open set of X intersects A. Let x ∈ X be arbitrary and
V a neighborhood of x (which we can always assume to be open). Then
V intersects A, so x ∈ Ā, hence Ā = X.

■

Definition 2.1.4

A topological space (X,O) is called Hausdorff if for every pair (x, y) of
distinct points of X there exists a neighborhood V of x and a neighborhood
V ′ of y such that V ∩ V ′ = ∅.

Example 2.3. 1. Let X be a set containing at least two elements and
equipped with the trivial topology O = {∅, X}. Then (X,O) is not
Hausdorff.

2. A set equipped with the discrete topology is always Hausdorff. Indeed, for
this topology, every singleton is a neighborhood of the point it contains.

3. The set R equipped with its usual topology is Hausdorff.

Proposition 2.1.2

Let (X,O) be a topological space and A ⊂ X. The set OA of subsets Ω of
A such that there exists Ω′ ∈ O satisfying Ω = Ω′ ∩ A is a topology on A.
It is called the induced topology by O on A.

§2.2 Continuity
Remark 2.2. Unless stated otherwise, we always equip subsets of a topological
set with the induced topology.

Two simple cases to remember: if A is an open set of X then every open set
of A is an open set of X; if A is a closed set of X then every closed set of A is a
closed set of X.

It is now time to address the second part of the goal: generalizing the notion
of continuity to functions defined on topological spaces. Without a distance or
norm, we can no longer use a definition with ε and η. The use of neighborhoods
is the right substitute. Let’s start by defining the notion of limit.
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Definition 2.2.1

Let (X,O) and (X ′,O′) be two topological spaces. Let A be a subset of X,
f ∈ F (A;X ′), x0 ∈ Ā and ℓ ∈ X ′. We say that f has limit ℓ at x0 if

∀V ′ ∈ VX′(ℓ), ∃V ∈ VX(x0), (x ∈ A ∩ V ⇒ f(x) ∈ V ′).

Remark 2.3. In the above definition, we can of course replace VX′(ℓ) by a
neighborhood base of ℓ.

Exercise 2.2. Show the uniqueness of the limit in the case where (X ′,O′) is
Hausdorff. What can be said in the general case?

We can now define continuity:

Definition 2.2.2

Under the previous hypotheses, if moreover x0 ∈ A and f(x0) = ℓ, we say
that f is continuous at x0. If f is continuous at every point of A, we say
that f is continuous on A.

To show continuity at every point, there is no need to resort to the definition
thanks to the following theorem.

Theorem 2.2.1

Let (X,O) and (X ′,O′) be two topological spaces and f ∈ F (X;X ′). The
following three properties are equivalent:

1. the function f is continuous on X,

2. the preimage by f of every open set of X ′ for the topology O′ is an
open set of X for the topology O,

3. the preimage by f of every closed set of X ′ for the topology O′ is a
closed set of X for the topology O.

Proof. Let’s just show the equivalence between the first two assertions.
Let f be continuous on X and Ω′ an open set of X ′. Consider x ∈ f−1(Ω′)

and set x′ = f(x). The open set Ω′ is a neighborhood of x′. By continuity of f
at x, there exists a neighborhood V of x such that f(V ) ⊂ Ω′. This means that
V ⊂ f−1(Ω′). So f−1(Ω′) is indeed open.

Conversely, assume (ii) is satisfied, and fix x ∈ X and V ′ a neighborhood of
f(x) (which we can always assume to be open by shrinking it if necessary). Then
f−1(V ′) contains x and is open thanks to (ii). It is therefore a neighborhood of
x whose image is contained in V ′. This ensures continuity at x. ■
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Theorem 2.2.2: Composition

Let (X,O), (X ′,O′) and (X ′′,O′′) be three topological spaces. The com-
position of a continuous function f : X → X ′ and a continuous function
f ′ : X ′ → X ′′ is a continuous function f ′ ◦ f : X → X ′′.

Proof. Thanks to the previous theorem, the proof is very easy. Indeed, if Ω′′

is an open set of X ′′, then, by continuity of f ′, the set f ′−1(Ω′′) is an open set
of X ′, and then, by continuity of f , the set f−1(f ′−1(Ω′′)) is an open set of X.
It remains to note that (f ′ ◦ f)−1(Ω′′) = f−1(f ′−1(Ω′′)). ■

§2.3 Sequences in Topological Spaces
It is often convenient to be able to express notions of abstract topology using
sequences. For this, we must first give meaning to the notion of convergence.

Definition 2.3.1

Let (X,O) be a topological space, ℓ ∈ X and (xn)n∈N a sequence of ele-
ments of X. We say that the sequence (xn)n∈N converges to ℓ if for every
neighborhood V of ℓ there exists N ∈ N such that xn ∈ V for all n ≥ N .

Exercise 2.3. In the case of a Hausdorff topological space, show the uniqueness
of the limit of a sequence. What can be said for a non-Hausdorff topological
space?

Proposition 2.3.1

Let F be a closed set of (X,O) and (xn)n∈N a convergent sequence of
points of F . Then the limit of this sequence is also in F . We say that F is
sequentially closed.

Proof. Assume by contradiction that the sequence (xn)n∈N admits a limit x in
the complement Ω of F . Since Ω is a neighborhood (open) of x, the terms of the
sequence must all lie in Ω beyond some rank, which contradicts the hypotheses.

■

Remark 2.4. We will see later that the converse is true in a metric space (or
more generally in any topological space admitting countable neighborhood bases
at each point).
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Proposition 2.3.2

Let (X,O) and (X ′,O′) be two topological spaces, x ∈ X and f : X →
X ′ continuous at x. Then for every sequence (xn)n∈N of elements of X
converging to x, we have

lim
n→+∞

f(xn) = f(x).

The property exhibited above is called sequential continuity. According to
Proposition 2, sequential continuity is therefore a property weaker than continu-
ity. There exist topological spaces for which the notion of sequential continuity
is strictly weaker than that of continuity.

Exercise 2.4. Give an example of topological spaces (X,O) and (X ′,O′) and a
function f : X → X ′ that is sequentially continuous but not continuous.

Let us conclude these generalities with the definition of cluster point (to be
compared with that of limit).

Definition 2.3.2

Let (X,O) be a topological space and (xn)n∈N a sequence of elements of X.
We say that a ∈ X is a cluster point of (xn)n∈N if for every neighborhood
V of a and for every N ∈ N, there exists an n ≥ N such that xn ∈ V .

Remark 2.5. If there exists a subsequence φ such that the sequence (xφ(n))n∈N
(called a subsequence of (xn)n∈N) converges to a, then a is a cluster point of
(xn)n∈N.

Exercise 2.5. Let (xn)n∈N be a sequence in the topological space (X,O) and A
the set of cluster points of (xn)n∈N. Denote Sn = {xp/p ≥ n}. Show that

A =
⋂
n∈N

Sn. (1.1)

§2.4 Compactness

Definition 2.4.1

A topological space X is compact if it is Hausdorff and if every open cover
of X admits a finite subcover.

A subset A of an arbitrary topological space X is compact if, equipped
with the induced topology, it is a compact topological space.

Remark 2.6. We leave it to the reader to verify that a Hausdorff topological set
is compact if and only if from every family of closed sets with empty intersection,
one can extract a finite subfamily with empty intersection.
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Let us give a characterization of compact subsets that is more manageable
than the definition.

Proposition 2.4.1

Let (X,O) be a Hausdorff topological space and A a subset of X. Then A
is compact if and only if from every family of open sets of X covering A,
one can extract a finite subcover.

Proof. Assume first that A is compact and consider a cover (Ωi)i∈I of A by
open sets of X. We then also have

A ⊂
⋃
i∈I

(Ωi ∩A).

Since each Ωi ∩ A is open for the induced topology, we can extract a finite
subcover (Ωik ∩A)1≤k≤n of A. We obviously have

A ⊂
n⋃
k=1

(Ωik ∩A) ⊂
n⋃
k=1

Ωik .

Conversely, assume that from every cover of A by open sets of X one can
extract a finite subcover. Let (Ω′

i)i∈I be a cover of A by open sets of A. By
definition of the induced topology, there exist open sets Ωi of X such that Ω′

i =
Ωi ∩A. The family (Ωi)i∈I is a cover of A by open sets of X, so we can extract
a finite subcover (Ωik)1≤k≤n. Then (Ω′

ik
)1≤k≤n is a finite subcover of A. ■

Theorem 2.4.1

Let (X,O) be a Hausdorff topological space and A a subset of X.

1. If A is compact then A is closed.

2. Conversely, if A is closed and if moreover X is compact then A is
compact.

Proof. To establish the first property, we will show that X \A is open. So let
x ∈ X \ A. Since x /∈ A and the topology is Hausdorff, for every a ∈ A there
exist two disjoint open sets Va and Wa such that

x ∈ Va, a ∈ Wa and Va ∩Wa = ∅.
The family (Wa)a∈A constitutes a cover of the compact A by open sets, from

which we can extract a finite subcover (Wai)1≤i≤n. It is then clear that ⋂ni=1 Vai

is a neighborhood of x that does not intersect A. The point x being arbitrary in
X \A, we can conclude that X \A is open.

To establish property (ii), consider a family (Fi)i∈I of closed sets of A with
empty intersection. Since A is closed, each Fi is also a closed set of the compact
X. By Remark 1.5, we deduce that the family of closed sets considered admits a
finite subfamily with empty intersection. Consequently, the subset A is compact.

■
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Proposition 2.4.2

In a compact space, every sequence has at least one cluster point. Moreover,
if this cluster point is unique then the sequence converges.

Lemma 2.4.1

Let (X,O) be a compact topological space and (Fn)n∈N a decreasing se-
quence (with respect to inclusion) of non-empty closed sets of X. Then⋂
n∈N Fn is not empty.

Returning to the proof of the proposition. Let X be a compact space and
(xn)n∈N ∈ XN. For n ∈ N, denote Sn = {xp/p ≥ n} and A the set of cluster
points of the sequence. The family (Sn)n∈N is a decreasing sequence of non-empty
closed sets of the compact X, so, by virtue of the lemma above, its intersection
(which is precisely A by (1.1)) is non-empty.

Now assume that the set A is reduced to a single point ℓ but (by contradic-
tion) that the sequence does not converge. Then there exists a neighborhood V
of ℓ which we can assume to be open, and a subsequence (xφ(n))n∈N such that
xφ(n) is never in V . The set X \ V is a closed set of the compact X, hence is
compact. We deduce that the considered subsequence admits a cluster point in
X \ V , necessarily distinct from ℓ. This contradicts the hypothesis.

Proposition 2.4.3

Let (X,O) and (X ′,O′) be two topological spaces, the first being compact
and the second, Hausdorff. Then the image of X by any continuous map
from X to X ′ is compact.

Proof. Let f : X → X ′ be continuous and (Ωi)i∈I an open cover of f(X) by
open sets of X ′. One easily verifies that (f−1(Ωi))i∈I is a cover of X. Moreover,
by continuity of f , each set f−1(Ωi) is open. We can therefore find a finite number
of indices i1, · · · , iN such that X ⊂

⋃N
k=1 f

−1(Ωik), whence we deduce f(X) ⊂⋃N
k=1 Ωik . Since X ′ is Hausdorff, this ensures the compactness of f(X). ■

Remark 2.7. In other words, in Hausdorff topological spaces, the image of a
compact set by a continuous map is compact.

§2.5 Exercices
Exercice 1. Let λ > 0. For all integer n ≥ 1, we note Bn the disc

Bn =
{

(x, y) ∈ R2;
(
x− 1

n

)2
+
(
y − 1

n

)2
≤ λ2

n2

}
.
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1. For what condition on λ we have Bn+1 ⊂ Bn?

2. Let B = ⋃
n≥1Bn. Give a necessary and sufficient condition on λ for B to

be closed.

Exercice 2. To determine the interior and closure of the following subsets of
R2

A =
{

(x, y) ∈ R2;x > 0
}

B =
{

(x, y) ∈ R2;xy = 1
}

C =
{

(x, y) ∈ R2;xy > 1
}

D =
{

(x, y) ∈ R2 | x2 + y2 ≤ 2
}

\
{

(x, y) ∈ R2 | (x− 1)2 + y2 < 1
}
.

Exercice 3. Let A,B be two subsets of a vector normed space (E, ∥ · ∥).

1. We assume that A ⊂ B. Prove that Å ⊂ B̊ and Ā ⊂ B̄.

2. Demonstrate that ˚(A ∩B) = Å ∩ B̊ and that Å ∪ B̊ ⊂ ˚(A ∪B), but the
inclusion can be strict.

3. Compare A ∩B and Ā ∩ B̄, then A ∪B and Ā ∪ B̄.

Exercice 4. 1. Prove that the map d(u, v) = |u−v|
1+|u−v| define a distance over

R.

2. Let X =]0,+∞[. For x, y ∈ X, we note

δ(x, y) =
∣∣∣∣1x − 1

y

∣∣∣∣ .
(a) Demonstrate that δ is a distance over X.
(b) Determine B(1, 1) for this distance.
(c) Is A =]0, 1] bonded for this distance? closed?
(d) Determine the open balls for this distance.

Exercice 5. Is the function f : R2 → R, (x, y) 7→ xy uniformly continuous?



Chapter 3

Metric Spaces

§3.1 Definitions

Definition 3.1.1

Let X be a set. We say that a map d : X ×X → R is a distance on X if
the following three properties hold:

1. symmetry: for all (x, y) ∈ X2, d(x, y) = d(y, x),

2. positivity: for all (x, y) ∈ X2, d(x, y) ≥ 0 and d(x, y) = 0 if and only
if x = y,

3. triangle inequality: for all (x, y, z) ∈ X3, d(x, z) ≤ d(x, y) + d(y, z).

The pair (X, d) is then called a metric space.

From the definition of a distance, we can deduce the reverse triangle in-
equality valid for all (x, y, z) ∈ X3:

|d(x, y) − d(y, z)| ≤ d(x, z).

Example 3.1. 1. The function d defined by d(x, y) = |x− y| for all (x, y) ∈
R2 is a distance on R. This is the usual distance on R.

2. The function d defined by d(x, y) = | arctan x−arctan y| for all (x, y) ∈ R2

is a distance on the extended real line R (i.e. R ∪ {−∞,+∞}).

3. Any non-empty set X can be equipped with the trivial distance δ defined
for all (x, y) ∈ X2 by

δ(x, y) =
{

1 if x ̸= y,

0 if x = y.

Definition 3.1.2

A subset A of a metric space (X, d) is said to be bounded if there exists
x ∈ X and a positive real M such that

∀a ∈ A, d(a, x) ≤ M.

16
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Remark 3.1. One easily establishes that A is a bounded subset if and only if
the supremum δ(A) of the set {d(x, y)/(x, y) ∈ A2} is finite. We say that δ(A)
is the diameter of A.

Example 3.2. 1. The bounded subsets of R equipped with the distance d de-
fined above are the ”usual” bounded subsets (e.g., [a, b], [−3, 1]∪[1, 1000000],
etc.).

2. All subsets of R equipped with the distance d are bounded. In fact R itself
has diameter π.

3. On X equipped with the trivial distance, all subsets with at least two el-
ements are bounded and have diameter 1. (As for singletons, they have
diameter zero as in any metric space.)

Definition 3.1.3

Suppose the set X is equipped with two distances d and d′. We say that d
and d′ are equivalent if there exists C ∈ [1,+∞[ such that

∀(x, y) ∈ X2, C−1d(x, y) ≤ d′(x, y) ≤ Cd(x, y).

Exercise 3.1. Verify that if X is equipped with two equivalent distances d and
d′, then the bounded subsets of (X, d) are the bounded subsets of (X, d′). Deduce
that on R, the distance d(x, y) = | arctan x − arctan y| is not equivalent to the
usual distance.

Definition 3.1.4

Let A and B be two non-empty subsets of the metric space (X, d) and
x ∈ X.

• The positive real number

d(x,A) def= inf
a∈A

d(x, a)

is called the distance from x to the set A.

• The positive real number

d(A,B) def= inf{d(a, b)/(a, b) ∈ A×B}

is called the distance from A to B.
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Proposition 3.1.1

Let (X1, d1) and (X2, d2) be two metric spaces. Let δ be the function defined
for all (x1, x2) ∈ X1 ×X2 and (x′

1, x
′
2) ∈ X1 ×X2 by

δ((x1, x2), (x′
1, x

′
2)) = max(d1(x1, x

′
1), d2(x2, x

′
2)).

Then δ is a distance on X1 ×X2 called the product distance.

Remark 3.2. The above definition generalizes easily to the product of a finite
number of metric spaces. Moreover, one can also define the product distance
between two metric spaces by

δ((x1, x2), (x′
1, x

′
2)) = d1(x1, x

′
1) + d2(x2, x

′
2),

δ((x1, x2), (x′
1, x

′
2)) =

√
d2

1(x1, x′
1) + d2

2(x2, x′
2).

This choice hardly matters because the different distances obtained are equivalent.

Definition 3.1.5

Let (X, d) be a metric space and Y a subset of X. The restriction of the
function d to the set Y ×Y is a distance on Y called the induced distance.

§3.2 Topology of Metric Spaces
In any metric space, the distance allows us to define balls.

Definition 3.2.1

Let (X, d) be a metric space, x0 an element of X and r a positive real
number.

• The set BX(x0, r)
def= {x ∈ X, d(x0, x) < r} (also denoted B(x0, r)) is

called the open ball with center x0 and radius r.

• The set BX(x0, r)
def= {x ∈ X, d(x0, x) ≤ r} (also denoted B(x0, r)) is

called the closed ball with center x0 and radius r.

• The set SX(x0, r)
def= {x ∈ X, d(x0, x) = r} (also denoted S(x0, r)) is

called the sphere with center x0 and radius r.

Balls are the elementary pieces that allow us to define a topology on metric
spaces:
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Definition 3.2.2

The topology associated with a metric space is the topology generated
by the open balls, i.e., the smallest topology containing all open balls.

Since the above definition is not very manageable, we will remember that
this topology is the set of arbitrary unions of finite intersections of open balls
or, better, the following characterization, left as an exercise:

Proposition 3.2.1

A subset Ω of a metric space (X, d) is open if and only if for every x ∈ Ω
there exists r > 0 such that BX(x, r) ⊆ Ω.

A metric space is therefore a particular topological space.

Remark 3.3. Note that the set of open (or closed) balls with a given center x
constitutes a neighborhood base of x. In fact, each point has a countable neigh-
borhood base, for example the sequence of open balls with center x and radius
1/n.

Example 3.3. 1. For any metric space, the topology associated with the triv-
ial distance coincides with the discrete topology.

2. The topology on R associated with the usual distance is none other than
the usual topology introduced in the previous chapter.

Remark 3.4. Henceforth, if A is a non-empty subset of a metric space (X, d),
we therefore have two natural ways to equip A with a topology:

• we can first consider the topology O on X associated with the distance d,
then equip A with the topology OA induced by O,

• we can instead equip A with the distance dA induced by d, then consider
the topology OA on A associated with dA.

Fortunately, the two topologies obtained are the same! (Verifying this is an
excellent exercise).

Let us also remember the following fact which is very useful:

Proposition 3.2.2

Two equivalent distances generate the same topology.

Proof. Suppose the set X is equipped with two metrics d and d′. Let C be a
constant such that

∀(x, y) ∈ X2, C−1d(x, y) ≤ d′(x, y) ≤ Cd(x, y). (2.1)
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Denote by O and O′ the associated topologies. Let Ω be an open set for the
topology O and x a point of Ω. We will show that Ω is a neighborhood of x
for the topology O′, which will ensure that O ⊂ O′. Since Ω is a neighborhood
of x for the topology O, there exists r > 0 such that every point y ∈ X with
d(x, y) < r is in Ω. By virtue of (2.1), we deduce that every point y ∈ X with
d′(x, y) < C−1r is in Ω. Consequently, Ω is indeed a neighborhood of x for the
topology O′. The point x being arbitrary in Ω, we can then conclude that Ω is
an open set of O′, and hence that O ⊂ O′.

The inclusion O′ ⊂ O is proved in the same way. It suffices to exchange the
roles of d and d′. ■

Exercise 3.2. Show that the converse of the proposition above is false. One
may show that the topologies associated with the distances d and d on R defined
respectively by

d(x, y) = |x− y| and d(x, y) = | arctan x− arctan y|

are the same even though these two distances are not equivalent.

We will see that the presence of a distance gives (X, d) many properties that
general topological spaces do not have. The first property is that of separation:

Proposition 3.2.3

Every metric space is a Hausdorff topological space.

Proof. Let x and y be two distinct points of the metric space (X, d). It is clear
that the open balls with centers x and y respectively, and radius d(x, y)/2, are
disjoint. Moreover, they are neighborhoods of x and y respectively. ■

In a metric space, the property of being closed can be characterized using
sequences (in a general topological space, only one implication is true, see Propo-
sition 1 page 9):

Proposition 3.2.4

In a metric space, a set is closed if and only if it is sequentially closed.

Proof. Only the converse needs to be justified. We reason by contraposition.
Let A be a non-closed subset of X, and a ∈ A \ A. For every n ∈ N, we choose
a point xn of the (non-empty) set A ∩ B(a, 2−n). The obtained sequence is a
sequence of points of A that converges to a. But a is not in A, so A is not
sequentially closed. ■

Remark 3.5. In a metric space, the closure A of a subset A is therefore the set
of limits of convergent sequences of elements of A.
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Exercise 3.3. Let A be a non-empty subset of a metric space (X, d). Show that
x ∈ A if and only if d(x,A) = 0.

In metric spaces, we have a very convenient characterization of cluster points:

Proposition 3.2.5

Let (xn)n∈N be a sequence of points in the metric space (X, d). Then a is a
cluster point of (xn)n∈N if and only if there exists a subsequence (xφ(n))n∈N
that converges to a.

Proof. Only the direct implication needs to be justified (the converse implica-
tion follows from the definition of a cluster point and remains true in any topo-
logical space). Assume therefore that a is a cluster point of the sequence. By
restricting to neighborhoods of a consisting of the family of open balls B(a, 2−k)
in the definition of the cluster point, we see that

∀k ∈ N, ∀N ∈ N, ∃n ≥ N, d(a, xn) < 2−k.

We then construct a subsequence that converges to a by recurrence: define
φ(0) as the smallest index such that d(a, xφ(0)) < 1, then φ(1) as the smallest
index strictly greater than φ(0) satisfying d(a, xφ(1)) < 1/2, etc. ■

Example 3.4. Let (xn)n∈N be a sequence of elements of R equipped with the
usual distance. Recall that, by definition,

lim inf xn = lim
n→+∞

inf
p≥n

xp and lim supxn = lim
n→+∞

sup
p≥n

xp.

If the sequence (xn)n∈N is bounded below, the set of its cluster points (when
it is not empty) is also bounded below, and the infimum of all the cluster points
is finite and coincides with lim inf xn. One then verifies that there exists a sub-
sequence of (xn)n∈N that converges to lim inf xn.

Similarly, if the sequence is bounded above and the set of cluster points is not
empty, the supremum of the cluster points is finite and coincides with lim supxn.

Of course, the sequence converges if and only if lim inf xn and lim supxn are
finite and equal and, in this case, the limit of the sequence is equal to the common
value of lim inf xn and lim supxn.

Finally, let us remind the reader that lim inf xn and lim supxn keep their
meaning in R ∪ {−∞,+∞} for any real sequence. For example, if (xn)n∈N is
not bounded above, we have lim supxn = +∞.

§3.3 Continuity in Metric Spaces
In a metric space, the set of open (or closed) balls centered at a point constitute
a neighborhood base of that point.
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Consequently, a function f defined on a subset A of a metric space (X1, d1)
and with values in a metric space (X2, d2) is continuous at x ∈ A if and only if
we have:

∀ε > 0, ∃δ > 0, ∀y ∈ X1 ∩A, d1(x, y) < δ =⇒ d2(f(x), f(y)) < ε.

This will allow us to establish the following important property (which, also,
is not true in ”general” topological spaces).

Proposition 3.3.1

A map between two metric spaces is continuous at a point if and only if it
is sequentially continuous at that point.

Proof. Only the converse needs to be shown, the direct implication being true
in any topological space. Let us reason by contraposition. Let f be a function
defined on a subset A of a metric space (X1, d1) and with values in a metric
space (X2, d2). Let a ∈ A. Suppose that f is not continuous at a. Then
there exists an ε > 0 such that for every neighborhood V of a there exists an
x ∈ V ∩A satisfying d2(f(x), f(a)) ≥ ε. Taking for V the open balls B(a, 2−n),
we construct a sequence (xn)n∈N such that

∀n ∈ N, d2(f(xn), f(a)) ≥ ε and d1(xn, a) < 2−n.

Consequently, (f(xn))n∈N does not converge to f(a) even though (xn)n∈N tends
to a. ■

We have seen that for a map f : (X1, d1) → (X2, d2) between two metric
spaces, continuity at every point could be characterized as follows:

∀ε > 0, ∀x ∈ X1, ∃δ > 0, ∀y ∈ X1, d1(x, y) < δ =⇒ d2(f(x), f(y)) < ε.

We can define a stronger notion of continuity called uniform continuity:

Definition 3.3.1

We say that a map f : X1 → X2 between two metric spaces (X1, d1) and
(X2, d2) is uniformly continuous if we have:

∀ε > 0, ∃δ > 0, ∀x ∈ X1, ∀y ∈ X1, d1(x, y) < δ =⇒ d2(f(x), f(y)) < ε.

Of course, uniform continuity implies continuity. The converse is false in
general but true in the case of a compact metric space (see later).

Definition 3.3.2

Let k be a positive real number. A map f between two metric spaces
(X1, d1) and (X2, d2) is said to be Lipschitz with constant k if

∀(x, y) ∈ X1 ×X1, d2(f(x), f(y)) ≤ kd1(x, y).
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Example 3.5. In R+ equipped with the distance associated with the absolute
value, the function x 7→ 2x+3 is Lipschitz with constant 2, the function x 7→

√
x

is uniformly continuous without being Lipschitz, and the function x 7→ x2 is
continuous without being either uniformly continuous or Lipschitz.

Exercise 3.4. Show that Lipschitz implies uniformly continuous, and uniformly
continuous implies continuous.

Here is a particular example of a Lipschitz map.

Definition 3.3.3

Let (X1, d1) and (X2, d2) be two metric spaces. We say that f : X1 → X2
is an isometry if f is bijective and preserves the distance:

∀(x, y) ∈ X2
1 , d2(f(x), f(y)) = d1(x, y).

Remark 3.6. The properties of continuity, uniform continuity, and being Lip-
schitz are invariant under changing the distance to an equivalent distance.

§3.4 Compactness in Metric Spaces
In general, uniform continuity is a notion strictly stronger than continuity. The
following theorem establishes that in a compact metric space, the two notions
coincide.

Theorem 3.4.1: Heine’s Theorem

Let (X, dX) and (Y, dY ) be two metric spaces. Suppose (X, dX) is compact.
Then every continuous function from X to Y is uniformly continuous on
X.

Proof. Fix ε > 0. By definition of continuity, for each x ∈ X, there exists
ηx > 0 such that

dX(x, y) < ηx =⇒ dY (f(x), f(y)) < ε

2 .

By compactness of X, we can find a finite number of points x1, · · · , xN such
that

X ⊂
N⋃
k=1

BX

(
xk,

ηxk

2

)
.

Set η = min1≤k≤N ηxk
. For every pair (x, y) such that dX(x, y) < η

2 , we can
find an index k such that x and y are in BX(xk, ηxk

). We then have

dY (f(x), f(y)) ≤ dY (f(x), f(xk)) + dY (f(xk), f(y)) < ε,

hence the uniform continuity. ■
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In metric spaces, compactness can be characterized using sequences. This
fundamental fact is the subject of the theorem below.

Theorem 3.4.2: Bolzano-Weierstrass Theorem

A metric space (X, d) is compact if and only if every sequence of elements
of X admits a convergent subsequence.

Proof. By Proposition 3 page 11, every sequence in a compact space admits a
cluster point. Moreover, in a metric space, there is equivalence between having
convergent subsequences and possessing cluster points, so the direct implication
is established.

Let us now focus on the proof of the converse implication. Let X be a metric
space in which every sequence has a cluster point. Let (Ωi)i∈I be an open cover
of X. The goal is to extract from this family a finite subcover of X.

1. We reduce to a cover by open balls of the same radius. More precisely,
we show that there exists an ε > 0 such that every open ball of radius ε
is contained in one of the Ωi. We proceed by contradiction by assuming
that such an ε does not exist. Then for every n ∈ N, there exists xn ∈ X
such that B(xn, 2−n) is contained in none of the Ωi. This sequence admits
a cluster point x which, inevitably, belongs to one of the Ωi. Denote by ix
the corresponding index and r > 0 such that B(x, r) ⊂ Ωix . Since x is a
cluster point of the sequence, there exists n ∈ N such that d(x, xn) < r/2
and 2−n ≤ r/2. We then have B(xn, 2−n) ⊂ Ωix , which contradicts the
definition of xn.

2. We show that X can be covered by a finite number of balls of the same
radius ε. For this, start with an arbitrary point x0. If X ⊂ B(x0, ε), there
is nothing to do, the construction is finished. Otherwise, choose an x1
such that x1 ̸∈ B(x0, ε). If B(x0, ε) ∪ B(x1, ε) covers X, the construction
is finished, otherwise choose a point x2 such that x2 ̸∈ B(x0, ε) ∪B(x1, ε).
By recurrence, we construct thus a family (x0, · · · , xn) such that xn ̸∈
B(x0, ε)∪· · ·∪B(xn−1, ε). The construction process necessarily stops after
a finite number of steps, otherwise we would obtain a sequence (xn)n∈N
such that d(xn, xm) ≥ ε for n ̸= m. Such a sequence could not have a
cluster point.

3. Conclusion. By the first step, there exists ε > 0 such that for each x ∈ X
there exists an index ix ∈ I such that B(x, ε) ⊂ Ωix . By the second
step, there exists a finite family (x1, · · · , xN ) of elements of X such that
X ⊂

⋃N
k=1B(xk, ε). We then have X ⊂

⋃N
k=1 Ωixk

.

■

Let us give several important consequences of the Bolzano-Weierstrass theo-
rem.
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Definition 3.4.1

We say that a subset A of a Hausdorff topological space X is relatively
compact if A is compact.

Corollary 3.4.1

Let (X, d) be a metric space. A subset A of X is relatively compact if and
only if from every sequence of elements of A, one can extract a subsequence
that converges in X.

Proof. Suppose A is relatively compact. Then every sequence of elements of
A is also a sequence of elements of the compact set A. Consequently, it ad-
mits at least one cluster point in A, and hence a convergent subsequence in X.
Conversely, suppose that from every sequence of A one can extract a convergent
subsequence and consider a sequence (xn)n∈N of elements of A. Then there exists
a sequence (yn)n∈N of elements of A such that d(xn, yn) ≤ 2−n for all n ∈ N.
This sequence admits a convergent subsequence (yφ(n))n∈N and it is clear that
(xφ(n))n∈N converges to the same limit. This limit is necessarily in the closed set
A. Consequently, A is indeed relatively compact. ■

Corollary 3.4.2

In a metric space, every relatively compact subset is bounded and every
compact subset is closed and bounded.

Proof. To prove the first part of the corollary, let us reason by contraposition.
Let A be an unbounded subset of the metric space (X, d). Then we can construct
(by recurrence) a sequence (xn)n∈N such that d(xn, xm) ≥ 1 for all (n,m) ∈ N2

with n ̸= m. Such a sequence cannot have a convergent subsequence. The
second part of the corollary then becomes evident. Indeed, every compact set is
relatively compact (hence bounded), and closed. ■

Corollary 3.4.3

The Cartesian product of a finite number of compact metric spaces is a
compact metric space.

Proof. To simplify, let us limit ourselves to the product of two compact metric
spaces (X1, d1) and (X2, d2). Let (xn, yn)n∈N be a sequence of elements of X1 ×
X2 (equipped with the product metric). By compactness of X1, the sequence
(xn)n∈N admits a convergent subsequence (xφ(n))n∈N. By compactness of X2,
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the sequence (yφ(n))n∈N admits a convergent subsequence (yφ(ψ(n)))n∈N. It is
clear that the sequence (xφ(ψ(n)), yφ(ψ(n)))n∈N is convergent. The converse of the
Bolzano-Weierstrass theorem then allows us to conclude. ■

Remark 3.7. Using Cantor’s diagonal argument, one can establish that the
product of a countable family of compact metric spaces is a compact metric space.
This remains true for an arbitrary family if one uses the axiom of choice.

§3.5 Completeness
Let us first recall the definition of a Cauchy sequence.

Definition 3.5.1

Let (X, d) be a metric space. We say that a sequence (xn)n∈N of XN is a
Cauchy sequence if it satisfies:

∀ε > 0, ∃N ∈ N, (p ≥ N andn ≥ N) =⇒ d(xn, xp) < ε.

As an exercise, we leave it to the reader to establish that every convergent
sequence is Cauchy. The converse is false in general. Indeed, consider the set
Q equipped with the distance given by the absolute value. Then the sequence
defined by

x0 = 1 andxn+1 = 1
1 + xn

forn ≥ 1

is a Cauchy sequence in Q (because it converges in R for the same distance).
However, its limit 1

2(1 +
√

5) is irrational and hence this sequence does not
converge in Q. This example motivates the following definition:

Definition 3.5.2

The metric space (X, d) is said to be complete if every Cauchy sequence
of elements of X converges in X. A subset A of a metric space is said to be
complete if, equipped with the induced distance, it is a complete metric
space.

Example 3.6. The set of real numbers equipped with the usual distance is, by
construction, complete. On the other hand, Q equipped with the same distance
is not complete.

Exercise 3.5. Verify that in any metric space, a Cauchy sequence having a
cluster point is convergent.
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Proposition 3.5.1

Let (X, d) and (X ′, d′) be two metric spaces. Suppose there exists a bijective
map f : X → X ′ such that f and f−1 are uniformly continuous. Then
(X, d) is complete if and only if (X ′, d′) is complete.

Proof. Suppose (X, d) is complete. Let (x′
n)n∈N be a Cauchy sequence in

(X ′, d′). Since f−1 is uniformly continuous, one verifies (by going back to the
definition) that (f−1(x′

n))n∈N is a Cauchy sequence in (X, d). But since the space
(X, d) is complete, this sequence converges to an element x of X. Finally, since
f is continuous, we conclude that (f(xn))n∈N converges to f(x).

The converse is treated by exchanging the roles of X (resp. f) and X ′ (resp.
f−1). ■

Remark 3.8. Contrary to the topological properties seen so far, completeness
is not preserved by homeomorphism.

Proposition 3.5.2

Every complete subset is closed.

Proof. Let A be a complete subset of the metric space (X, d). If (xn)n∈N is a
convergent sequence of elements of A then it is a Cauchy sequence. Since A is
complete, the limit of this sequence is in A. Consequently A is closed. ■

Proposition 3.5.3

Every closed subset of a complete metric space is complete.

Proof. Let A be a closed subset of a complete metric space (X, d) and (xn)n∈N
a Cauchy sequence in A. Then (xn)n∈N is also a Cauchy sequence in X and
hence converges in X. Since A is closed, the limit of this sequence is in A. ■

We leave it to the reader to show the following result:

Proposition 3.5.4

The Cartesian product of a finite number of complete metric spaces is a
complete metric space.

The following proposition allows us to compare the notions of completeness
and compactness.
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Proposition 3.5.5

Let (X, d) be a metric space. The following two properties are equivalent:

1. (X, d) is compact,

2. (X, d) is complete and, for every ε > 0, X can be covered by a finite
number of balls of radius ε.

Proof. (i) ⇒ (ii): Let (xn)n∈N be a Cauchy sequence in X. Since (X, d) is a
compact metric space, the sequence (xn)n∈N has a cluster point. But since it is
Cauchy, it converges. Consequently (X, d) is complete. Moreover, compactness
also ensures that X can be covered by a finite number of open balls of any given
radius.

(ii) ⇒ (i): Suppose that (X, d) is complete and that, for every ε > 0, X can
be covered by a finite number of open balls of radius ε.

Let (xn)n∈N be a sequence in XN. The goal is to show that this sequence
admits a convergent subsequence. In fact, we will rather establish that there
exists a subsequence (xψ(n))n∈N of (xn)n∈N, and a sequence (yn)n∈N in XN such
that for every n ∈ N and p ∈ N we have xψ(n+p) ∈ B(yn, 2−n). This will ensure
that (xψ(n))n∈N is Cauchy and hence converges since (X, d) is complete.

In order to construct the (yn)n∈N and the successive extractions, we start by
remarking that since X is covered by a finite number of balls of radius 1, there
exists y0 ∈ X such that B(y0, 1) contains infinitely many terms of (xn)n∈N.
This allows us to define a subsequence (xφ0(n))n∈N ∈ B(y0, 1)N. Similarly, X
can be covered by a finite number of balls of radius 1/2 so there exists y1 ∈ X
such that the ball B(y1, 1/2) contains infinitely many terms of (xφ0(n))n∈N. This
ensures the existence of a second extraction φ1 such that B(y1, 1/2) contains
all the terms of the sequence (xφ0(φ1(n)))n∈N. By an elementary recurrence, we
thus obtain a sequence (yn)n∈N of points of X and extractions φ0, · · · , φk, · · ·
such that B(yk, 2−k) contains all the terms of (xφ0◦···◦φk(n))n∈N. We conclude
using the diagonal process which consists in setting ψ(n) = φ0 ◦ · · · ◦φn(n). The
subsequence thus constructed satisfies the desired property. ■

Corollary 3.5.1

Let (X, d) be a complete metric space and A a subset of X. The following
two statements are equivalent:

1. the subset A is relatively compact,

2. for every ε > 0, the subset A can be covered by a finite number of
balls centered at points of A.

Proof. (i) ⇒ (ii): It suffices to note that
A ⊂

⋃
x∈A

B(x, ε).
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Since A is compact, we can extract from the above cover a finite subcover of A
and hence (a fortiori) of A.

(ii) ⇒ (i): We note that the completeness of (X, d) ensures that (A, d) is
complete. It is clear that if for every ε > 0, the subset A can be covered by a
finite number of balls centered at points of A, the same holds for A. Indeed

A ⊂
n⋃
i=1

B
(
xi,

ε

2
)

=⇒ A ⊂
n⋃
i=1

B(xi, ε).

The previous proposition allows us to conclude that (A, d) is compact. ■

Corollary 3.5.2

The compact subsets of R are the closed bounded sets.

Proof. We already know that in a metric space, compact sets are closed and
bounded. Conversely, knowing that R is complete and that every bounded subset
of R can be covered by a finite number of balls of arbitrarily fixed radius ε, the
previous corollary ensures that every bounded subset of R is relatively compact.

■

Remark 3.9. There exist complete metric spaces that are not compact: R for
example.

In a complete space, we have the following extension result:

Theorem 3.5.1

Let (X, dX) and (Y, dY ) be two metric spaces. Suppose (Y, dY ) is complete.
Let A be a dense subset of X and f : A → Y uniformly continuous.

Then there exists a unique map f̄ : X → Y continuous on X that
extends f on X. Moreover, this extension is uniformly continuous on X.

Proof. Let us first prove uniqueness. Let f1 and f2 be two continuous exten-
sions of f , and x ∈ X arbitrary. Fix (xn)n∈N ∈ AN converging to x. Since each
xn is in A, we have f1(xn) = f2(xn). Passing to the limit, we conclude that
f1(x) = f2(x).

Now let us pass to the existence of the extension. Let x ∈ X be arbitrary
and (xn)n∈N ∈ AN converging to x. The sequence (xn)n∈N is thus Cauchy in
(X, dX). Using the uniform continuity of f , one easily verifies that (f(xn))n∈N is
Cauchy in the complete metric space (Y, dY ) and hence converges to some limit
ℓ. We leave it to the reader to verify that the value of ℓ does not depend on the
choice of the sequence (xn)n∈N converging to x. We then set f̄(x) = ℓ.

By passing to the limit in the definition of the uniform continuity of f , we
conclude the uniform continuity of f̄ (in fact, for a fixed ϵ, any η that works for
f also works for f̄). ■
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Definition 3.5.3

Let (X, d) be a metric space. We say that a map f from X to X is con-
tractive if there exists k ∈ [0, 1[ such that

∀(x, y) ∈ X2, d(f(x), f(y)) ≤ kd(x, y).

Theorem 3.5.2: Fixed point theorem

Let (X, d) be a complete metric space and f a contractive map from X to
X. Then f admits a unique fixed point.

Proof. The proof is at least as interesting as the statement of the theorem. Fix
a real number k ∈ [0, 1[ such that

d(f(x), f(y)) ≤ kd(x, y) for all (x, y) ∈ X2. (2.2)

The uniqueness of the fixed point is evident. Indeed if f(x) = x and f(y) = y
then (2.2) ensures that d(x, y) ≤ kd(x, y), whence (1 − k)d(x, y) ≤ 0 and then
d(x, y) = 0.

To show the existence of the fixed point, start with an arbitrary x0 ∈ X and
define the sequence (xn)n∈N by the recurrence relation xn+1 = f(xn). Exploiting
(2.2), we see that

∀n ∈ N, d(xn+1, xn) ≤ knd(x1, x0)

and then that
∀(n, p) ∈ N2, d(xn+p, xn) ≤ kn

1 − k
d(x1, x0).

Consequently, the sequence (xn)n∈N is Cauchy. Since (X, d) is complete, it
converges to a point x of X which, clearly, satisfies f(x) = x. ■



Chapter 4

Normed Vector Spaces

§4.1 Definitions

Definition 4.1.1

Let E be a vector space over K = R or C. A function ∥ · ∥ : E → R+ is
called a norm on E if it satisfies the following conditions:

1. ∥x∥ = 0 ⇐⇒ x = 0,

2. ∀λ ∈ K, ∀x ∈ E, ∥λx∥ = |λ|∥x∥,

3. ∀(x, y) ∈ E2, ∥x+ y∥ ≤ ∥x∥ + ∥y∥.

The pair (E, ∥ · ∥) is then called a normed vector space.

Remark 4.1. On E × E, we define the function d by:

∀(x, y) ∈ E2, d(x, y) = ∥x− y∥.

One easily verifies that d is a distance on E. It is called the distance associated
to the norm. In addition to the three properties defining distances, the function
d is translation invariant:

∀(x, y, z) ∈ X3, d(x+ z, y + z) = d(x, y)

and homogeneous of degree one:

∀(x, y, λ) ∈ X ×X × K, d(λx, λy) = |λ|d(x, y).

The reverse triangle inequality for d can be written in terms of the norm:

∀(x, y) ∈ E2, |∥x∥ − ∥y∥| ≤ ∥x− y∥.

In all that follows, we equip the normed vector space E with the topology
associated to the distance d. Note that balls and spheres can be defined in terms
of the norm:

• the open ball BE(x0, r) with center x0 and radius r is equal to {x ∈ E |
∥x− x0∥ < r},

• the closed ball BE(x0, r) with center x0 and radius r is equal to {x ∈ E |
∥x− x0∥ ≤ r},

31
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• the sphere SE(x0, r) with center x0 and radius r is equal to {x ∈ E |
∥x− x0∥ = r}.

Exercise 4.1. Let E be a normed vector space, r > 0 and x0 ∈ E. Show that the
closure of BE(x0, r) is equal to BE(x0, r) and that the interior of BE(x0, r) is
BE(x0, r). Deduce that the boundary of BE(x0, r) is the sphere SE(x0, r). What
remains of these results in an ”arbitrary” metric space?
Example 4.1. 1. Let E = Rn. It is easy to establish that the function x 7→

∥x∥∞ = supni=1 |xi| is a norm on Rn.
Now fix a real number p ≥ 1. For x ∈ Rn, set

∥x∥p =
(

n∑
i=1

|xi|p
) 1

p

.

Then ∥ · ∥p is a norm on Rn. The triangle inequality

∥x+ y∥p ≤ ∥x∥p + ∥y∥p
which is not trivial if p > 1 is called Minkowski’s inequality.
Minkowski’s inequality is shown using Hölder’s inequality valid on Rn or
Cn: ∣∣∣∣∣

n∑
i=1

xiyi

∣∣∣∣∣ ≤ ∥x∥p∥y∥q

where 1 ≤ p ≤ +∞ and q is the conjugate exponent of p defined by the
relation 1/p+ 1/q = 1 (with the convention 1/∞ = 0).
The case p = q = 2 is none other than the Cauchy-Schwarz inequality. The
general case relies on Young’s inequality:

∀(a, b) ∈ R+ × R+, ab ≤ ap

p
+ bq

q
.

Indeed, if we exclude the trivial cases where x or y is zero, we can divide
by ∥x∥p∥y∥q and we have, by Young’s inequality:

∀i ∈ {1, · · · , n}, |xi|
∥x∥p

|yi|
∥y∥q

≤ 1
p

|xi|p

∥x∥pp
+ 1
q

|yi|q

∥y∥qq
.

A simple summation over i gives Hölder’s inequality.
Let us return to the proof of Minkowski’s inequality. Applying Hölder’s
inequality twice, we obtain:

∥x+ y∥pp =
n∑
i=1

|xi + yi||xi + yi|p−1

≤
n∑
i=1

|xi||xi + yi|p−1 +
n∑
i=1

|yi||xi + yi|p−1

≤ ∥x∥p

(
n∑
i=1

|xi + yi|p
) p−1

p

+ ∥y∥p

(
n∑
i=1

|xi + yi|p
) p−1

p

= (∥x∥p + ∥y∥p)∥x+ y∥p−1
p .
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Example 4.2. For every p ∈ [1,+∞], we can equip the set ℓp(K) of sequences
in K with p-th power summable with a normed vector space structure by setting:

∥x∥ℓp =
(+∞∑
n=0

|xn|p
) 1

p

.

The triangle inequality is demonstrated as in the previous example by letting n
tend to infinity.

The set ℓ∞(K) of bounded sequences in K can be equipped with the norm
∥x∥ℓ∞ = supn∈N |xn|.

Example 4.3. The set C([0, 1];R) can be equipped with a norm by setting

∥f∥L∞
def= sup

t∈[0,1]
|f(t)|.

The norm ∥ · ∥L∞ thus defined is called the uniform norm. Other choices are
possible. For example

∥f∥L2
def=
√∫ 1

0
|f(t)|2dt,

∥f∥L1
def=
∫ 1

0
|f(t)|dt,

∥f∥Lp
def=
(∫ 1

0
|f(t)|pdt

) 1
p

with p ∈ [1,+∞].

Example 4.4. The set Mn(R) of square matrices of size n with real coefficients
can be equipped with the norms

∥A∥∞ = max
1≤i,j≤n

|aij | or ∥A∥p =

 n∑
i=1

n∑
j=1

|aij |p
 1

p

with p ∈ [1,+∞].

Definition 4.1.2

Let E be a vector space equipped with two norms ∥ · ∥1 and ∥ · ∥2. We say
that ∥ · ∥2 is stronger than ∥ · ∥1 if there exists a constant c > 0 such that

∀x ∈ E, ∥x∥1 ≤ c∥x∥2.

We say that ∥ · ∥1 and ∥ · ∥2 are equivalent if there exists c > 0 such
that

∀x ∈ E, c−1∥x∥2 ≤ ∥x∥1 ≤ c∥x∥2.

It is clear that the distances associated to two equivalent norms are equiva-
lent. Consequently, we have:
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Proposition 4.1.1

The topologies generated by two equivalent norms are the same.

As an exercise, the reader may verify the following proposition:

Proposition 4.1.2

Let ∥ · ∥1 and ∥ · ∥2 be two norms on E. Then ∥ · ∥2 is stronger than ∥ · ∥1 if
and only if every open set of E for the topology associated to ∥ · ∥1 is open
for the topology of ∥ · ∥2.

We will remember that the stronger the norm, the finer the associated topol-
ogy (that is, the more open sets it has).

Example 4.5. 1. In Mn(R), the norms ∥ · ∥1 and ∥ · ∥∞ are equivalent.

2. In C([0, 1];R), the norm ∥ · ∥L∞ is (strictly) stronger than ∥ · ∥L1.

Remark 4.2. If (E, ∥ · ∥E) and (F, ∥ · ∥F ) are two normed vector spaces, we can
equip E × F with a product norm by setting for every (u, v) ∈ E × F ,

∥(u, v)∥1 = ∥u∥E + ∥v∥F ,

∥(u, v)∥2 =
√

∥u∥2
E + ∥v∥2

F ,

∥(u, v)∥∞ = max(∥u∥E , ∥v∥F ).

The three norms above are equivalent. The associated topologies are therefore
the same. We leave it to the reader to define a norm for the product of a finite
number of normed vector spaces.

§4.2 Linear Maps

Definition 4.2.1

Let E and F be two normed vector spaces over the same field K. We denote
by L(E;F ) the set of linear maps from E to F .

The equivalence between the first two assertions of the following proposition
will be fundamental for the rest of the course.
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Proposition 4.2.1

Let u ∈ L(E;F ). The following five properties are equivalent.

1. ∃M ≥ 0, ∀x ∈ E, ∥u(x)∥F ≤ M∥x∥E ,

2. u is continuous on E,

3. u is continuous at 0,

4. u is bounded on the closed unit ball,

5. u is bounded on the unit sphere.

Proof. It suffices to prove (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) ⇒ (v) ⇒ (i).
(i) ⇒ (ii) By linearity of u, we have u(y) − u(x) = u(y − x). Therefore,

∀(x, y) ∈ E2, ∥u(y) − u(x)∥F ≤ M∥y − x∥E .

So u is Lipschitz and hence continuous.
(ii) ⇒ (iii) Trivial.
(iii) ⇒ (iv) From the continuity of u at 0, we deduce the existence of an

η > 0 such that ∥u(x)∥F ≤ 1 whenever x ∈ BE(0, η). Now x ∈ BE(0, η) if and
only if η−1x ∈ BE(0, 1). By linearity of u, we conclude that ∥u(x)∥F ≤ η−1 for
all x ∈ BE(0, 1). So u is bounded on the unit ball.

(iv) ⇒ (v) Trivial.
(v) ⇒ (i) Let M be a bound of u restricted to the unit sphere. If x ̸= 0, the

point x/∥x∥E belongs to the unit sphere. Using the linearity of u and the fact
that u is bounded by M on the unit sphere, we thus obtain

∥u(x)∥F = ∥x∥E
∥∥∥∥u( x

∥x∥E

)∥∥∥∥
F

≤ M∥x∥E .

■

Exercise 4.2. Using the above proposition, show that the map{
E × E −→ E

(x, y) 7−→ x+ y

is continuous.

Definition 4.2.2

Let L(E,F ) be the set of continuous linear maps from E to F . For f ∈
L(E,F ), we denote by ∥f∥L(E,F ) the smallest constant M such that

∀x ∈ E, ∥f(x)∥F ≤ M∥x∥E .

We thus have
∀x ∈ E, ∥f(x)∥F ≤ ∥f∥L(E,F )∥x∥E .
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The reader will easily verify that we also have

∥f∥L(E,F ) = sup
x∈E\{0}

∥f(x)∥F
∥x∥E

= sup
x∈E

∥x∥E=1

∥f(x)∥F .

Proposition 4.2.2

The space (L(E,F ); ∥ · ∥L(E,F )) is a normed vector space.

Proof. Let us quickly verify that ∥ · ∥L(E,F ) is a norm. Proposition 5 ensures
that for every f ∈ L(E,F ), the quantity ∥f∥L(E,F ) is finite (and positive). It is
moreover immediate that ∥λf∥L(E,F ) = |λ|∥f∥L(E,F ) for every λ ∈ K and that
∥f∥L(E,F ) = 0 if and only if f = 0.

If f and g are two elements of L(E,F ), we have for every x ∈ E,

∥(f + g)(x)∥F = ∥f(x) + g(x)∥F
≤ ∥f(x)∥F + ∥g(x)∥F
≤ (∥f∥L(E,F ) + ∥g∥L(E,F ))∥x∥E .

So f +g is linear continuous and satisfies ∥f +g∥L(E,F ) ≤ ∥f∥L(E,F ) +∥g∥L(E,F ).
So ∥ · ∥L(E,F ) is indeed a norm. ■

Remark 4.3. The definition of L(E;F ) depends on the choice of norms on E
and F .

To illustrate this fact, take E = C([0, 1];R) and F = R. We equip F with the
norm given by the absolute value. Consider the linear form L defined on E by
L(f) = f(0).

It is immediate that L is continuous if we equip E with the norm ∥ · ∥L∞. On
the other hand, L is not continuous if we equip E with the norm ∥ · ∥L1. To be
convinced of this, one may consider the sequence of functions (fn)n∈N defined by

fn(x) =
{
n− n2x if x ∈ [0, 1

n ],
0 if x ∈ [ 1

n , 1].

However, changing the norm on E and the norm on F to equivalent norms
does not modify L(E;F ), and changes ∥ · ∥L(E,F ) to an equivalent norm.

Proposition 4.2.3

Let E, F and G be three normed vector spaces, f ∈ L(E;F ) and g ∈
L(F ;G). Then g ◦ f ∈ L(E;G) and we have the following inequality:

∥g ◦ f∥L(E;G) ≤ ∥f∥L(E;F )∥g∥L(F ;G).
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Proof. First of all, the theorem of composition of continuous maps ensures that
g ◦ f is continuous. The linearity of g ◦ f is evident. Let x ∈ E. By definition of
∥g∥L(F ;G), we have

∥g ◦ f(x)∥G ≤ ∥g∥L(F ;G)∥f(x)∥F ,
and then by definition of ∥f∥L(E;F ),

∥g ◦ f(x)∥G ≤ ∥g∥L(F ;G)∥f∥L(E;F )∥x∥E .

Consequently, we indeed have ∥g ◦ f∥L(E;G) ≤ ∥f∥L(E;F )∥g∥L(F ;G). ■

Remark 4.4. The above proposition ensures that the set L(E) of continuous
linear maps from E to E is such that:

∀(f, g) ∈ L(E), ∥g ◦ f∥L(E) ≤ ∥f∥L(E)∥g∥L(E).

One easily verifies that ∥IdE∥L(E) = 1.
These two additional properties confer to the normed vector space (L(E); ∥ ·

∥L(E)) a structure of a normed algebra. We say that ∥ · ∥L(E) is an algebra norm.

For multilinear maps, we can establish a characterization of continuity similar
to the one we have for linear maps:

Proposition 4.2.4

Let E1, · · · , Ek and F be vector spaces over K, equipped with norms ∥ ·
∥E1 , · · · , ∥ · ∥Ek

and ∥ · ∥F . Let u be a k-linear map from E1 × · · · × Ek to
F .

The following four properties are equivalent:

1. u is continuous,

2. u is continuous at (0, · · · , 0),

3. u is bounded on BE1(0, 1) × · · · ×BEk
(0, 1),

4. there exists M ∈ R+ such that

∀(x1, · · · , xk) ∈ E1 × · · · × Ek,

∥u(x1, · · · , xk)∥F ≤ M∥x1∥E1 · · · ∥xk∥Ek
.

(3.2)

Proof. To simplify the presentation, we assume that k = 2 and we equip E1×E2
with the product norm

∥(x1, x2)∥E1×E2 = max(∥x1∥E1 , ∥x2∥E2).

It suffices to prove (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) ⇒ (i). (i) ⇒ (ii) Obvious.
(ii) ⇒ (iii) From the continuity at (0, 0), we deduce the existence of an η > 0
such that ∥x1∥E1 ≤ η and ∥x2∥E2 ≤ η implies ∥u(x1, x2)∥F ≤ 1. We deduce that

∥(x1, x2)∥E1×E2 ≤ 1 =⇒ ∥u(x1, x2)∥F ≤ η−2.
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(iii) ⇒ (iv) Let M be a bound of u on BE1(0, 1) ×BE2(0, 1). Let (x1, x2) ∈
E1 ×E2 such that x1 ̸= 0 and x2 ̸= 0. We then have x1

∥x1∥E1
, x2

∥x2∥E2
∈ BE1(0, 1)×

BE2(0, 1) so

∥u(x1, x2)∥F = ∥x1∥E1∥x2∥E2

∥∥∥∥u( x1
∥x1∥E1

,
x2

∥x2∥E2

)∥∥∥∥
F

≤ M∥x1∥E1∥x2∥E2 .

(iv) ⇒ (i) Let (x1, x2) and (y1, y2) be two elements of E1 ×E2. By bilinearity
of u, we have

u(y1, y2) − u(x1, x2) = u(y1 − x1, y2) + u(x1, y2 − x2),

so

∥u(y1, y2) − u(x1, x2)∥F ≤ M (∥y1 − x1∥E1∥y2∥E2 + ∥x1∥E1∥y2 − x2∥E2) .

This visibly ensures continuity at (x1, x2). ■

Exercise 4.3. Using the above proposition, show that the map
{
K × E −→ E

(λ, x) 7−→ λx
is continuous.

Definition 4.2.3

We denote by Lk(E1 ×· · ·×Ek;F ) the set of continuous k-linear maps from
E1 × · · · × Ek to F .

For u ∈ Lk(E1 × · · · × Ek;F ), we denote by ∥ · ∥Lk(E1×···×Ek;F ) the
infimum of all constants M satisfying (3.2). One can verify that this is a
norm on Lk(E1 × · · · × Ek;F ).

§4.3 Vector Subspaces

Proposition 4.3.1

Let (E, ∥ · ∥E) be a normed vector space and F a vector subspace of E.
Then the closure of F in E is a vector subspace of E.

Proof. This is immediate using the characterization of closure by sequences.
■

Here is a very useful result on the extension of continuous linear maps:
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Theorem 4.3.1

Let (E, ∥ · ∥E) be a normed vector space, (G, ∥ · ∥G) a complete normed
vector space and F a dense vector subspace of E. Let L ∈ L(F ;G). There
exists a unique map L̃ ∈ L(E;G) that extends L on E. Moreover, we have

∥L̃∥L(E;G) = ∥L∥L(F ;G).

Proof. Knowing that every continuous linear map is in fact Lipschitz and hence
uniformly continuous, the theorem on the extension of uniformly continuous
maps ensures the existence and uniqueness of a continuous extension L̃ defined on
E. Let us verify the linearity of L̃. So let (λ, µ) ∈ K2, (x, y) ∈ E2, (xn)n∈N ∈ FN

a sequence tending to x and (yn)n∈N ∈ FN a sequence tending to y. Passing
to the limit in the equality L(λxn + µyn) = λL(xn) + µL(yn), we deduce that
L̃(λx+ µy) = λL̃(x) + µL̃(y). Finally, knowing that

∥L̃∥L(E;G) = sup
x∈E\{0}

∥L̃(x)∥G
∥x∥E

and ∥L∥L(F ;G) = sup
x∈F\{0}

∥L(x)∥G
∥x∥E

,

and that L(x) = L̃(x) for x ∈ F , it is clear that ∥L̃∥L(E;G) ≥ ∥L∥L(F ;G). But if
x ∈ E and (xn)n∈N ∈ FN tends to x then we have

∀n ∈ N, ∥L̃(xn)∥G ≤ ∥L∥L(F ;G)∥xn∥E ,

so
∥L̃(x)∥G ≤ ∥L∥L(F ;G)∥x∥E .

This ensures that ∥L̃∥L(E;G) ≤ ∥L∥L(F ;G). ■

Theorem 4.3.2

Let f be a linear form on (E, ∥ · ∥E). Then f is continuous if and only if
ker f is closed.

Proof. If f is continuous then the set ker f is closed as the preimage of the closed
set {0} of K. This establishes the direct implication. To establish the converse,
suppose that f is not continuous. Then there exists a sequence (xn)n∈N tending
to 0 and such that f(xn) = 1 for all n ∈ N. Indeed, by Proposition 5, the linear
form f is not continuous at 0. So there exists ε > 0 and a sequence (yn)n∈N
tending to 0 such that |f(yn)| ≥ ε for all n ∈ N. The sequence (xn)n∈N defined
by xn = yn/f(yn) satisfies the desired properties. Now let z ∈ E not belonging to
ker f (this is possible because f is not zero since it is not continuous). We observe
that the sequence with general term z − f(z)xn is in (ker f)N and converges to
z. ■

From the above proof actually follows a much more precise result, namely:
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Corollary 4.3.1

A nonzero linear form on a normed vector space E is not continuous if and
only if its kernel is dense in E.

Theorem 4.3.3: Riesz’s theorem

Let (E, ∥ · ∥E) be a normed vector space and M a closed vector subspace
of E distinct from E. Then for every ε > 0, there exists xε ∈ E such that

∥xε∥E = 1 and inf
m∈M

∥xε −m∥ ≥ 1 − ε.

Proof. Let y ∈ E \ M . Set α def= d(y,M). Since M is closed and y /∈ M , we
have α > 0. For ε ∈ [0, 1[ fixed, we then choose mε ∈ M such that ∥y−mε∥E ≤
α/(1 − ε). An easy calculation shows that the point xε

def= y−mε

∥y−mε∥E
answers the

question. ■

Remark 4.5. In a Euclidean space, by using orthogonality, one can easily con-
struct an x ∈ E corresponding to ε = 0. But for a ”general” normed vector
space, one cannot do better than Riesz’s theorem.

§4.4 Banach Spaces

Definition 4.4.1

A complete normed vector space is called a Banach space.

Example 4.6. 1. We will see in Chapter 5 that the normed vector space
C([0, 1];R) equipped with the norm ∥ · ∥L∞ is complete.

2. On the other hand, the space C([0, 1];R) equipped with the norm ∥ · ∥L1

is not complete. To see this, one can for example consider the sequence
(fn)n≥2 defined by

fn(t) =


1 if t ∈ [0, 1/2],
n(1

2 + 1
n − t) if t ∈ [1

2 ,
1
2 + 1

n ],
0 if t ∈ [1

2 + 1
n , 1].

It is Cauchy with respect to the norm ∥ · ∥L1 but does not converge in
C([0, 1];R).

3. We will see in the next section that all finite-dimensional normed vector
spaces are complete.
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Recall that a series ∑un of elements of E is said to be absolutely conver-
gent if ∑ ∥uk∥ converges.

Proposition 4.4.1

In a Banach space, every absolutely convergent series is convergent.

Proof. By virtue of the completeness property, it suffices to establish that the
sequence with general term ∑n

k=0 uk is Cauchy. This follows from the fact that
for all m > n, we have ∥∥∥∥∥

m∑
k=0

uk −
n∑
k=0

uk

∥∥∥∥∥ ≤
m∑

k=n+1
∥uk∥,

and that ∑ ∥uk∥ converges. ■

Exercise 4.4. Show that, conversely, if E is a normed vector space in which
every absolutely convergent series is convergent, then E is complete.

Let us give a very useful completeness result:

Proposition 4.4.2

Let (E, ∥ · ∥E) be a normed vector space and (F, ∥ · ∥F ) a Banach space.
Then (L(E;F ); ∥ · ∥L(E;F )) is a Banach space.

Proof. We only give the structure of the proof and leave the pleasure of writing
the details to the reader. So let (Ln)n∈N be a Cauchy sequence of elements of
L(E;F ). The goal is to show convergence to an element L of L(E;F ).

1. Pointwise convergence: We show that for every x ∈ E the sequence
(Ln(x))n∈N is a Cauchy sequence of elements of F . Since F is complete, it
converges to an element L(x) of F .

2. Study of the limit: We first verify that L ∈ L(E;F ) and then that L is
continuous.

3. Convergence in norm: We verify that (Ln)n∈N converges to L in
L(E;F ).

■

Corollary 4.4.1

Let E be a normed vector space (arbitrary). The set of continuous linear
forms on E is a Banach space.
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Definition 4.4.2

The set of continuous linear forms on E is called the topological dual of
E, and denoted E′. The norm ∥f∥′

E of an element of E′ is thus defined by

∥f∥′
E = sup

x̸=0

|f(x)|
∥x∥E

.

§4.5 The Case of Finite Dimension
The following result is fundamental:

Theorem 4.5.1

In a finite-dimensional vector space, the compact sets are the closed
bounded sets and all norms are equivalent.

Proof. We have already seen that a compact set is closed and bounded. It
therefore suffices to establish that in finite dimension every closed bounded set
is compact and that all norms are equivalent. So let E be a finite-dimensional
vector space of dimension p and (e1, · · · , ep) a basis of E. In all that follows, we
denote

∥x∥∞
E = max

1≤i≤p
|xi| for x =

p∑
i=1

xiei.

First step: We show that in (E, ∥·∥∞
E ) the closed bounded sets are compact.

So let A be a closed bounded subset of E in the sense of the norm ∥·∥∞
E . Assume

for simplicity that K = R (the adaptation to the case K = C is left to the reader).
Let

φ :
{

(Rp, ∥ · ∥∞) −→ (E, ∥ · ∥∞
E )

(x1, · · · , xp) 7−→
∑p
i=1 xiei.

Then φ is an isometric isomorphism between (Rp, ∥ · ∥∞) and (E, ∥ · ∥∞
E ). In

particular, φ−1 is continuous, so φ−1(A) is a closed bounded subset of (Rp, ∥·∥∞).
Let M ≥ 0 such that φ−1(A) ⊂ [−M,M ]p. The set [−M,M ]p is compact as a
Cartesian product of compacts. Since φ−1(A) is closed, we conclude that φ−1(A)
is compact, and then that A = φ(φ−1(A)) is also compact.

Second step: Equivalence of norms. Let now ∥ · ∥E be an arbitrary norm
on E. Define:

Ψ :
{

(E, ∥ · ∥∞
E ) −→ (R, | · |)

x 7−→ ∥x∥E .

For (x, y) ∈ E2, we have (with obvious notations) thanks to the reverse triangle
inequality,

|Ψ(y) − Ψ(x)| ≤ ∥y − x∥E ≤
∥∥∥∥∥
p∑
i=1

(yi − xi)ei
∥∥∥∥∥
E

≤
( p∑
i=1

∥ei∥E

)
∥y − x∥∞

E .
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Consequently, the map Ψ is continuous on E. Note in passing that the
previous calculation shows that the norm ∥ · ∥∞

E is stronger than ∥ · ∥E (take
y = 0 to see this).

Knowing that by the first step the unit sphere of E for the norm ∥ · ∥∞
E is

compact, we deduce that Ψ restricted to S is bounded and attains its bounds.
This means in particular that there exists an x0 such that

∥x0∥∞
E = 1 and ∥x∥E ≥ ∥x0∥E for all x ∈ E such that ∥x∥∞

E = 1.

By homogeneity, we conclude that

∀x ∈ E, ∥x∥E ≥ ∥x0∥E∥x∥∞
E .

Finally, it is clear that x0 cannot be zero. So ∥x0∥E > 0. Consequently, the
norm ∥ · ∥E is stronger than ∥ · ∥∞.

Finally, the two norms are therefore equivalent.
Third step: End of the proof of compactness. Knowing that every norm

of E is equivalent to ∥ · ∥∞
E , the first step now allows us to conclude that every

closed bounded set of E is compact. ■

Corollary 4.5.1

All finite-dimensional normed vector spaces are complete.

Proof. Let E be a finite-dimensional normed vector space. Since all norms on
E are equivalent we can, without loss of generality, assume that E is equipped
with the norm ∥·∥∞

E . With this choice of norm, it clearly appears that a sequence
(xn)n∈N is Cauchy in E if and only if the sequences of its components (xin)n∈N
for i ∈ {1, . . . , p} are Cauchy in K. Since K is complete, we deduce that the
sequences of the components converge, and then that (xn)n∈N also converges. ■

In infinite dimension, vector subspaces are not necessarily closed. For exam-
ple, if we consider the vector space c0 of real sequences tending to 0 at infinity,
equipped with the norm ∥x∥∞ = supn∈N |xn|, and the vector subspace F of c0
consisting of real sequences that are zero from some rank on, then F is a dense
vector subspace of c0 that is not closed.

We however have the following result:

Theorem 4.5.2

Let (E, ∥ · ∥E) be an arbitrary normed vector space and F a finite-
dimensional vector subspace of E. Then F is closed in E.

Proof. Fix a basis (e1, . . . , ep) of F . Since all norms are equivalent in finite
dimension, the norm of E restricted to F is equivalent to the norm ∥ · ∥∞ on F
associated to (e1, . . . , ep).
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Let (xn)n∈N be a convergent sequence in F . It is thus Cauchy in the sense of
the norm ∥·∥∞ introduced above and it is then immediate that all the components
of the sequence with respect to (e1, . . . , ep) are Cauchy sequences in K, hence
convergent. ■

Theorem 4.5.3

The closed unit ball of the normed vector space E is compact if and only if
E is finite-dimensional.

Proof. Only the direct implication remains to be proven. We reason by contra-
position: assume E is infinite-dimensional. We can then construct by recurrence
a sequence (ek)k∈N of linearly independent vectors. The sequence (Vk)k∈N of vec-
tor subspaces defined by Vk

def= Vect(e0, . . . , ek) is a strictly increasing sequence
of closed vector subspaces distinct from E. By applying Riesz’s theorem, we
can then construct by recurrence a sequence (xn)n∈N of unit vectors such that
d(xn, Vn−1) ≥ 1/2 and xn ∈ Vn. We visibly have ∥xn − xm∥ ≥ 1/2 for n ̸= m.
Consequently the sequence (xn)n∈N has no cluster point and the ball BE(0, 1) is
therefore not compact. ■

Corollary 4.5.2

Let E be a finite-dimensional normed vector space. Then

1. every bounded sequence in E admits a cluster point,

2. every bounded sequence having a unique cluster point converges.

Example 4.7. Consider the space E = C([0, π];R) equipped with the norm

∥f∥L2
def=
√

1
π

∫ π

0
|f(t)|2dt.

For n ∈ N∗, set fn(x) = sinnx. It is clear that ∥fn∥2
L2 = 1/2 and that ∥fn −

fm∥L2 = 1 for n ̸= m. So the sequence (fn)n∈N is a sequence in BE(0, 1) that
has no cluster point. We conclude that E is infinite-dimensional.

Remark 4.6. In a normed vector space (E, ∥ · ∥E) of infinite dimension, all
compacts have empty interior. Indeed if the set K does not have empty interior
then it contains a closed ball BE(x0, r) with r > 0. If K were compact then the
closed ball BE(x0, r) would also be compact and hence E, of finite dimension.

Theorem 4.5.4

Let (E, ∥ ·∥E) and (F, ∥·∥F ) be two normed vector spaces, and f ∈ L(E;F )
a linear map. If E is finite-dimensional then f is necessarily continuous.
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Proof. Fix a basis (e1, · · · , ep) of E. Since on E all norms are equivalent, we
can assume that ∥x∥E = max1≤i≤p |xi| where (x1, · · · , xp) are the coordinates of
x with respect to (e1, · · · , ep).

We thus have, by the triangle inequality and the linearity of f ,

∥f(x)∥F = ∥
p∑
i=1

xif(ei)∥F ≤
( p∑
i=1

∥f(ei)∥F
)

∥x∥E ,

whence the continuity of f . ■

The reader may verify that more generally we have the following result:

Theorem 4.5.5

Suppose that E1, · · · , Ep are finite-dimensional. Then every p-linear map
from E1 × · · · × Ep to F is continuous.

§4.6 Exercices
Exercice 6. Let E = C([0, 1],R). For f ∈ E, we give

∥f∥1 =
∫ 1

0
|f(t)|dt,

and let ϕ be the endomorphism of E defined by

ϕ(f)(x) =
∫ x

0
f(t)dt.

1. Show that ∥ · ∥1 is a norm on E.

2. Justify the sentence: “ϕ is an endomorphism of E”.

3. Demonstrate that ϕ is continuous.

4. For n ≥ 0, we consider fn the elements of E defined by fn(x) = ne−nx, x ∈
[0, 1]. Calculate ∥fn∥1 and ∥ϕ (fn)∥1.

5. We put ϕ = supf ̸=0E

∥ϕ(f)∥1
∥f∥1

. Determine ϕ.

Exercice 7. Let E = C∞([0, 1],R). We consider the operator of differentiation

D : E → E

f 7→ f ′.

Show that, regardless of the norm N that we endow E with, D is never a con-
tinuous linear application from (E,N) to (E,N).

Exercice 8. Let E be a normed vector space and u ∈ L(E). Prove that u is
continuous if and only if {x ∈ E; ∥u(x)∥ = 1} is closed.
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Exercice 9. Let E be a normed vector space and u an endomorphism of E such
that for all x ∈ E, ∥u(x)∥ ≤ ∥x∥. For all n ∈ N, we define

vn = 1
n+ 1

n∑
k=0

uk.

1. Simplify vn ◦ (u− Id).

2. Show that ker(u− Id) ∩ Im(u− Id) = {0}.

3. Now suppose that E is finite-dimensional. Prove that

ker(u− Id) ⊕ Im(u− Id) = E.

4. Let p be the projection onto ker(u− Id) parallel to Im(u− Id). Prove that
for all x ∈ E, vn(x) → p(x).



Chapter 5

Connectedness and Convexity

§5.1 Connectedness
The notion of connectedness is very important in topology. If one seeks to have
an intuitive representation of it, one will remember that a connected subset
consists of ”only one piece”.

§5.1.1 General Framework
The mathematical definition of connectedness that we give below may seem at
first glance rather far from the intuitive representation we have tried to impose
on the reader:

Proposition 5.1.1

Let (X,O) be a topological space and A a subset of X. The following three
properties are equivalent:

1. A and ∅ are the only open and closed subsets of A,

2. there is no pair of nonempty open subsets of A, disjoint and whose
union equals A,

3. there is no pair of closed subsets of A nonempty, disjoint and whose
union equals A.

If one of these three properties is verified, we say that A is a connected
subset of X.

Proof. (i) ⇒ (ii): Let Ω1 and Ω2 be two disjoint open sets whose union equals
A. Then Ω2 = A \ Ω1 so Ω2 is both open and closed. We deduce that Ω2 is
either ∅ or A. (ii) ⇒ (i): Let Ω be an open and closed subset of A. Then the
same is true for A \ Ω, so one of the two sets Ω and A \ Ω must be empty. (ii)
⇐⇒ (iii): It suffices to take complements. ■

Example 5.1. 1. Let (X,O) be a Hausdorff topological space and A a finite
subset of X having at least two elements. It is easy to see that all the
singletons of A are both open and closed. Consequently A is not connected.

2. Every normed vector space is connected.

47
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Proposition 5.1.2

The image of a connected subset by a continuous map is connected.

Proof. Let (X,O) and (X ′,O′) be two topological spaces, A a connected subset
of X and f ∈ C(A;X ′). Denote B = f(A). Let U be an open and closed subset
of B (for the induced topology). By continuity of f , the subset f−1(U) is open
and closed in A. Since A is connected, we therefore have f−1(U) = ∅ (in which
case U = ∅) or else f−1(U) = A (and then U = B). ■

Corollary 5.1.1

A subset A of the topological space (X,O) is connected if and only if every
continuous map from A to {0, 1} equipped with the discrete topology is
constant.

Proof. Let A be connected and f a continuous map from A to {0, 1}. Then
f(A) must be a connected subset of {0, 1}. Knowing that {0, 1} is not connected,
this means that f(A) must consist of only one element.

To show the converse, let us proceed by contraposition. Suppose therefore
that A is not connected. Then there exist two closed sets B and C nonempty,
disjoint and such that A = B ∪ C. We define the function f on A by f(x) = 0
if x ∈ B and f(x) = 1 if x ∈ C. By construction of f , one easily verifies that
for every closed set F of {0, 1}, the set f−1(F ) is a closed set of A. So f is
continuous and nonconstant. ■

Corollary 5.1.2

The union of a family of connected subsets with nonempty intersection is
connected.

Proof. Let (Ai)i∈I be a family of connected sets with intersection B nonempty
and f a continuous map from ⋃

i∈I Ai to {0, 1}. By connectedness of Ai, f is
constant on each Ai. If we denote by ai the value of this constant, we deduce
that f restricted to B (which is not empty) must be constant and equal to ai for
all i. Consequently, all the ai are equal to each other, and f is therefore constant
on ⋃i∈I Ai. We conclude thanks to the previous corollary. ■

Remark 5.1. The union of an arbitrary family of connected sets is not con-
nected in general. Similarly, the intersection of two connected sets is not always
connected (in R2, consider for example the intersection of an annulus and a
rectangle).
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Corollary 5.1.3

Let A be a connected subset of (X,O). Then every subset B of X such
that A ⊂ B ⊂ A is connected.

Proof. Let f be a continuous map from B to {0, 1} and b a point of B. Then f
restricted to A is constant. Suppose for example that f is 0 on A. Since b ∈ A,
we have

f(b) = lim
a→b
a∈A

f(a) = 0.

We conclude that f is zero on B. So B is connected. ■

§5.1.2 Connected Subsets of R

Theorem 5.1.1

The connected subsets of R are the intervals.

Proof. Consider first the case of a closed bounded interval of R : I = [a, b]. Let
F1 and F2 be two disjoint closed subsets of [a, b]. Since [a, b] is closed in R, F1 and
F2 are in fact two closed sets of R, and since they are bounded, they are compact.
Suppose by contradiction that these two compacts are nonempty. Since they are
disjoint, we have d(F1, F2) > 0, and there exist x1 ∈ F1 and x2 ∈ F2 such that
d(F1, F2) = |x1 − x2| (exercise: prove it). The point (x1 + x2)/2 also belongs
to the interval [a, b] and must therefore belong to one of the two closed sets, for
example F1. But

d

(
x1 + x2

2 , x2

)
=
∣∣∣∣x1 − x2

2

∣∣∣∣ = d(F1, F2)
2 ,

which is absurd. So F1 or F2 is empty and [a, b] is indeed connected.
Since every interval of R is an increasing union of closed bounded intervals,

Corollary 2 of page 38 allows us to conclude that every interval of R is connected.
If A ⊂ R is not an interval, there exist two points x and y of A such that

x < y and [x, y] ̸⊂ A. Taking y0 ∈ [x, y] \ A, we observe that A∩] − ∞, y0[ and
A ∩ [y0,+∞[ are two nonempty disjoint closed subsets of A whose union equals
A. So A is not connected. ■

Theorem 5.1.2: Intermediate value theorem

Let A be a connected subset of a topological space (X,O), and f a contin-
uous map from A to R. Then f(A) is an interval of R.

Proof. We know that f(A) is a connected subset of R. It only remains to apply
the previous theorem. ■
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Corollary 5.1.4

Let f be a continuous function from A to R with A both compact and
connected. Then there exists (a, b) ∈ R2 with a ≤ b such that f(A) = [a, b].

Proof. By the intermediate value theorem, the set f(A) is an interval. More-
over, by compactness of A, the set f(A) must be a compact subset of R. Con-
sequently, it is a closed bounded interval. ■

§5.1.3 Arcwise Connectedness

Definition 5.1.1

Let (X,O) be a topological space, and A a nonempty subset of X. Let
(a, b) be a pair of points of A. We say that a map φ defined on [0, 1] is
a path in A from a to b if it is continuous from [0, 1] to A, and satisfies
φ(0) = a and φ(1) = b.

Remark 5.2. The image of [0, 1] by φ is a continuous curve with endpoints a
and b.

Example 5.2. Let E be a vector space equipped with a topology for which vector
addition and scalar multiplication are continuous operations (we speak of a topo-
logical vector space). To every closed segment [a, b] = {(1 − t)a+ tb, t ∈ [0, 1]} of
E, we can associate a path from a to b. It suffices to consider φ : t 7→ (1−t)a+tb.

Definition 5.1.2

We say that the subset A of X is arcwise connected if for every pair (a, b)
of points of A there exists a path in A from a to b.

Proposition 5.1.3

Every arcwise connected subset is connected.

Proof. We will use the characterization of connectedness given by Corollary 1.
So let A be arcwise connected and f ∈ C(A; {0, 1}). Let a and b be two arbitrary
points of A. There exists a path φ ∈ C([0, 1];A) such that φ(0) = a, φ(1) = b.
The map f ◦ φ is continuous from [0, 1] (a connected subset of R) to {0, 1} and
is therefore constant. In particular

f(a) = f ◦ φ(0) = f ◦ φ(1) = f(b).

So f is constant. ■
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Remark 5.3. The converse is, in general, false.

We however have the following result:

Theorem 5.1.3

For open subsets of normed vector spaces, connectedness is equivalent to
arcwise connectedness.

Proof. Let A be a nonempty connected open subset of E. Fix a ∈ A and
consider the set

B
def= {b ∈ A | there exists a path in A joining a and b}.

By definition itself, the set B is arcwise connected. It remains to show that
B = A.

• B is not empty because it contains the point a.

• The set B is open. Indeed, if b ∈ B, there exists a path in A from a to
b and, since A is open, a nonempty ball B(b, r) included in A. For every
point c of B(b, r), the segment [b, c] is included in B(b, r) and hence in A.
There therefore exists a path in A from b to c. Finally, the union of a path
from a to b with a path from b to c is a path from a to c. We therefore
conclude that c ∈ B, and then that B(b, r) ⊆ B.

• The set B is closed. Let b ∈ B ∩ A. Choose r > 0 such that B(b, r) ⊆ A.
Since b ∈ B, the set B(b, r) ∩ B is not empty and therefore contains a
point c. By definition of the set B, there exists a path in A joining a to
c. Moreover, the segment [b, c] belongs to B(b, r) and is thus included in
A, and we finally deduce that b ∈ B. Since the set A is connected, we
conclude that B = A.

■

§5.2 A Bit of Convexity

Definition 5.2.1

A subset A of a vector space E is said to be convex if

∀(x, y) ∈ A×A, [x, y] ⊆ A.

Remark 5.4. The notions of convexity and arcwise connectedness are topo-
logical notions (i.e., they depend only on the chosen topology). In the case of a
normed vector space, they are therefore invariant under changing the norm to an
equivalent norm. The notion of convexity is an algebraic notion and is therefore
independent of the chosen topology.
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Proposition 5.2.1

In a topological vector space, every convex set is arcwise connected.

Proof. Let A be a convex subset of E. Let (x, y) ∈ A2. By convexity, the
image of the continuous map{

[0, 1] −→ E

t 7−→ tx+ (1 − t)y

is included in A. So A is indeed arcwise connected. ■

Proposition 5.2.2

Let A be convex. Then for every n-tuple (x1, · · · , xn) of elements of A and
every n-tuple (α1, · · · , αn) ∈ [0, 1]n satisfying α1 + · · · + αn = 1, we have

n∑
i=1

αixi ∈ A.

Proof. We reason by induction on n. The case n = 1 is evident. Assume
the result established for every (x1, · · · , xn) ∈ En and (α1, · · · , αn) ∈ [0, 1]n
satisfying α1 + · · · + αn = 1. Let (x1, · · · , xn+1) ∈ An+1 and (β1, · · · , βn+1) ∈
[0, 1]n+1 such that β1 + · · · + βn+1 = 1. We can moreover assume that all
coefficients βi are in [0, 1] (otherwise the result is contained in the induction
hypothesis). Let x = ∑n+1

i=1 βixi. We observe that

x = βn+1xn+1 + (1 − βn+1)y with y =
n∑
i=1

βi
1 − βn+1

xi.

Since ∑n
i=1

βi
1−βn+1

= 1, the induction hypothesis ensures that y ∈ A. By
convexity of A, we therefore have x ∈ A as desired. ■

We leave it to the reader to verify the following properties:

1. The image of a convex subset by a linear map is convex.

2. The preimage of a convex set by a linear map is convex.

3. The intersection of an arbitrary family of convex sets is convex.

4. Let A and B be two convex sets, and (α, β) ∈ R2. Then αA+βB is convex.

Definition 5.2.2

Let A be an arbitrary subset of E. The convex hull of A is the smallest
convex set containing A.
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Proposition 5.2.3

Let A be a subset of E. The convex hull of A is the set of finite linear
combinations with positive coefficients whose sum is 1, of elements of A.

Proof. Denote by B the set of finite linear combinations with positive coef-
ficients whose sum is 1, of elements of A. It is clear that this set is convex.
Moreover, if C is another convex set containing A, it must in particular contain
all convex combinations of elements of A, so B. ■

Proposition 5.2.4

In a normed vector space, the closure and the interior of a convex set are
convex.

Proof. Let A be a nonempty convex set, (x, y) ∈ A
2 and t ∈ [0, 1]. Then there

exist two sequences (xn)n∈N and (yn)n∈N of elements of A such that

lim
n→+∞

xn = x and lim
n→+∞

yn = y.

By convexity of A, we have txn + (1 − t)yn ∈ A for all n ∈ N. Moreover it is
clear that

lim
n→+∞

txn + (1 − t)yn = tx+ (1 − t)y

so tx+ (1 − t)y ∈ A. This shows that A is convex.
Let us now show that Â is also convex. We exclude the case Â = ∅ which

is trivial. Let (x, y) ∈ Â2. Then there exists r > 0 such that the open balls
B(x, r) and B(y, r) are included in A. By convexity of A, we therefore have
tB(x, r) + (1 − t)B(y, r) ⊂ A for all t ∈ [0, 1]. One easily establishes that

tB(x, r) + (1 − t)B(y, r) = B(tx+ (1 − t)y, r).

So tx+ (1 − t)y ∈ Â, and Â is indeed convex. ■

Definition 5.2.3

Let A be a convex subset of E and f : A → R. We say that f is convex if

∀α ∈ [0, 1], ∀(x, y) ∈ A2, f(αx+ (1 − α)y) ≤ αf(x) + (1 − α)f(y).

Proposition 5.2.5

Let f : A → R be a convex function. Then for every real number c the sets
f−1(] − ∞, c]) and f−1(] − ∞, c[) are convex.
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Proof. Suppose f−1(] − ∞, c]) is nonempty and give us x and y two elements
of f−1(] − ∞, c]) and t ∈ [0, 1]. By convexity of f , we have

f(tx+ (1 − t)y) ≤ tf(x) + (1 − t)f(y) ≤ tc+ (1 − t)c = c,

whence the result. The proof of the convexity of f−1(] − ∞, c[) is similar. ■

Example 5.3. Let f : E → R be an affine function, and a ∈ R. Then the sets
f−1([a,+∞[), f−1(]a,+∞[), f−1(] − ∞, a]) and f−1(] − ∞, a[) are convex.

Proposition 5.2.6

If f : A → R is a convex function then for every (α1, · · · , αn) ∈ [0, 1]n such
that ∑n

i=1 αi = 1, we have

f

(
n∑
i=1

αixi

)
≤

n∑
i=1

αif(xi).

Theorem 5.2.1

Let E be a finite-dimensional normed vector space and U an open convex
subset of E. Then every convex function defined on U is continuous.

Proof. Let f : U → R be a convex function. We fix a basis (e1, · · · , en) of E
and we equip E with the norm ∥x∥ = ∑n

i=1 |xi| for x = ∑n
i=1 xiei (this does

not affect the continuity properties of f since in finite dimension all norms are
equivalent). Fix a b ∈ U . The goal is to show the continuity of f at b.

1. Reduction to the case b = 0, f(0) = 0 and B(0, 1) ⊂ U .
By considering the function g : x 7→ f(λx + b) − f(b) with λ > 0 such
that B(b, λ) ⊂ U , we can reduce to studying continuity at 0 for a convex
function defined on an open set containing the closed unit ball B(0, 1) and
vanishing at 0. Note indeed that f and g are simultaneously convex and
that f is continuous at b if and only if g is continuous at 0.

2. Bounding g on B(0, 1).
Denote a0 the origin, a+

i = ei and a−
i = −ei for i = 1, · · · , n. We remark

that every point x = ∑n
i=1 xiei of B(0, 1) decomposes as

x = (1 − ∥x∥)a0 +
n∑
i=1

|xi|aεi
i ,

εi =
{

+, if xi ≥ 0,
−, otherwise.
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It is clear that 1 − ∥x∥ ∈ [0, 1], |xi| ∈ [0, 1] for i ∈ {1, · · · , n} and 1 − ∥x∥ +∑n
i=1 |xi| = 1. By convexity of g and since g(a0) = 0, we therefore have,

by the previous proposition,

g(x) ≤ M∥x∥,
M = max{g(a+

1 ), · · · , g(a+
n ), g(a−

1 ), · · · , g(a−
n )}.

(4.1)

3. End of the proof.
Writing that 0 = x

2 + (−x)
2 and using g(0) = 0, we obtain

g(x) ≥ −g(−x) ≥ −M∥x∥.

We conclude that
∀x ∈ B(0, 1), |g(x)| ≤ M∥x∥.

So g is continuous at 0, and f , at b.

■

Remark 5.5. The above result is false in general if we do not assume that U is
open or if we are in infinite dimension.

§5.3 Exercices
Exercice 10. Let E be a normed vector space and A,B two arc-connected subsets
of E.

1. Prove that A×B is arc-connected.

2. Deduce that A+B is arc-connected.

3. Is the interior of A always arc-connected?

Exercice 11. Let (Ai)i∈I be a family of arc-connected subsets of the normed
vector space E such that

⋂
i∈I Ai ̸= ∅. Prove that

⋃
i∈I Ai is arc-connected.

Exercice 12. Let ϕ, ψ : C → C be continuous functions such that, for all z ∈ C,
exp(ϕ(z)) = exp(ψ(z)). Prove that there exists k ∈ Z such that, for all z ∈ C,
ϕ(z) = ψ(z) + 2ikπ.

Exercice 13. Let I be an interval in R and f : I → R. We want to demonstrate
using arc-connectedness the classical result: if f is continuous and injective,
then f is strictly monotonic. To do this, we define C = {(x, y) ∈ R2;x > y} and
F (x, y) = f(x) − f(y) for (x, y) ∈ C.

1. Prove that F (C) is an interval.

2. Conclude.
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Exercice 14. We say that two subsets A and B of two normed vector spaces E
and F are homeomorphic if there exists a bijection f : A → B such that both f
and f−1 are continuous.

1. Prove that R2\{0} is arc-connected.

2. Prove that R and R2 are not homeomorphic.

3. Prove that [0, 1] and the unit circle are not homeomorphic.

Exercice 15. Let E be a normed vector space of dimension two or higher (pos-
sibly infinite-dimensional). Prove that its unit sphere SE is arc-connected.

Exercice 16. Let I be an open interval in R and let f : I → R be a differentiable
function. We denote A = {(x, y) ∈ I × I;x < y}.

1. Prove that A is an arc-connected subset of R2.

2. For (x, y) ∈ A, define g(x, y) = f(y)−f(x)
y−x . Prove that g(A) ⊂ f ′(I) ⊂ g(A).

3. Prove that f ′(I) is an interval.

Exercice 17. Let E be a finite-dimensional normed vector space and let p :
[0, 1] → L(E) be a continuous function such that for all t ∈ [0, 1], p(t) is a
projection. Prove that the map t 7→ rg(p(t)) is constant.

Exercice 18. Let A be a subset of a normed vector space E, and let f : A → F
be a continuous function, where F is a normed vector space. We say that f is
locally constant if, for every a ∈ A, there exists r > 0 such that f is constant on
B(a, r) ∩ A. The goal of this exercise is to prove that if A is arc-connected and
f is locally constant, then f is constant. To do this, we fix a, b ∈ A and consider
a continuous path ϕ : [0, 1] → A such that ϕ(0) = a and ϕ(1) = b. We define
t = sup{s ∈ [0, 1]; f(ϕ(s)) = f(a)}.

1. Prove that t = 1.

2. Conclude.

Exercice 19. Let A be an arc-connected subset of a normed vector space, and
let B be a subset of A that is both open and closed relative to A. Define the
function f : A → R by

f(x) =
{

1 if x ∈ B

0 if x /∈ B

1. Prove that f is continuous.

2. Deduce that B = ∅ or B = A.

Exercice 20. 1. Prove that the arc-connected components of an open subset
of Rn are open.
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2. Deduce that any open subset of R is a union of pairwise disjoint open
intervals.

3. Prove that this union is either finite or countably infinite.

Exercice 21. Determine all continuous functions f : C → C such that, for all
z ∈ C, (f(z))2 = z2.

Exercice 22. Let E be a normed vector space, C a convex subset of E, and D
a set such that C ⊂ D ⊂ C̄. Prove that D is arc-connected.

Exercice 23. Let A,B be two subsets of a normed vector space E. Are the
following assertions true or false?

1. If A is connected, then its boundary is connected.

2. If Ā is connected, then A is connected.

3. If A and B are connected, then A ∩B is connected.

4. If A and B are convex, then A ∩B is connected.

5. If A and B are connected, then A ∪B is connected.

6. If f : A → F is continuous, with A convex and F a normed vector space,
then f(A) is convex.



Chapter 6

The Great Theorems of
Functional Analysis

§6.1 The Baire Theorem

Theorem 6.1.1: Baire, first form

Let (X, d) be a complete metric space and (Fn)n∈N a sequence of closed
subsets of X, with empty interior. Then ⋃n∈N Fn has empty interior.

Theorem 6.1.2: Baire, second form

Let (X, d) be a complete metric space and (Ωn)n∈N a sequence of dense
open subsets of X. Then ⋂n∈N Ωn is dense in X.

Proof. Let us show the second form. Let (Ωn)n∈N be a sequence of dense open
sets and V a nonempty open set of X. The goal is to show that V ∩(⋂n∈N Ωn) ̸=
∅.

1. By density of Ω0, the open set Ω0 ∩V is nonempty. So there exists x0 ∈ X
and r0 > 0 such that B(x0, r0) ⊂ Ω0 ∩ V .

2. By recurrence, we construct a sequence (xn)n∈N of points of X and a
sequence (rn)n∈N of strictly positive real numbers such that for every n ∈ N:

• B(xn+1, rn+1) ⊂ Ωn+1 ∩B(xn, rn)
• rn+1 ≤ rn

2

3. The sequence (xn)n∈N is Cauchy because for m > n:

d(xm, xn) ≤
m−1∑
k=n

d(xk+1, xk) ≤
m−1∑
k=n

rk ≤ rn

∞∑
k=0

1
2k = 2rn

and rn → 0.

4. Since X is complete, (xn) converges to a point x ∈ X. By construction,
x ∈ B(xn, rn) for every n, so x ∈ V ∩ (⋂n∈N Ωn).

■

58
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Definition 6.1.1

We say that a Hausdorff topological space (X,O) has the Baire property
if for every sequence (Ωn)n∈N of dense open subsets of X, the set ⋂n∈N Ωn

is dense.

Proposition 6.1.1

Let X be a Hausdorff topological space having the Baire property and Ω
an open subset of X. Then Ω equipped with the topology induced by X
also has the Baire property.

Proof. Let (Ωn)n∈N be a sequence of dense open subsets of Ω. Since Ω is open,
one verifies that (Ωn ∪ (X \ Ω))n∈N is a sequence of dense open subsets of X. By
the Baire property of X, ⋂n∈N(Ωn ∪ (X \ Ω)) is dense in X.

Let V be an open subset of Ω. Then V is an open subset of X and:

V ∩

⋂
n∈N

(Ωn ∪ (X \ Ω))

 = V ∩

⋂
n∈N

Ωn


is nonempty, so ⋂n∈N Ωn is dense in Ω. ■

§6.1.1 The Banach-Steinhaus Theorem

Theorem 6.1.3: Banach-Steinhaus

Let E be a Banach space, F a normed vector space and (Ti)i∈I a family
of maps in L(E;F ). Assume that for every x ∈ E, the set {Ti(x)|i ∈ I} is
bounded in F . Then there exists M ≥ 0 such that ∀i ∈ I, ∥Ti∥L(E;F ) ≤ M .

Proof. For every n ∈ N, define:

An = {x ∈ E|∀i ∈ I, ∥Ti(x)∥F ≤ n}

Each An is closed (as an intersection of the closed sets T−1
i (BF (0, n))) and we

have ⋃n∈NAn = E.
By the Baire theorem, there exists n0 ∈ N such that An0 has a nonempty

interior. Let x0 ∈ E and r0 > 0 such that B(x0, r0) ⊂ An0 .
Then for every i ∈ I and every y ∈ BE(0, 1), we have:

∥Ti(y)∥F = 1
r0

∥Ti(r0y)∥F ≤ 1
r0

(∥Ti(x0 + r0y)∥F + ∥Ti(x0)∥F ) ≤ 2n0
r0

So ∥Ti∥L(E;F ) ≤ 2n0
r0

for every i ∈ I. ■
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Corollary 6.1.1

Let E be a Banach space, F a normed vector space, and (Tn)n∈N a se-
quence in L(E;F ). Assume that for every x ∈ E, the sequence (Tn(x))n∈N
converges in F to a limit denoted T (x). Then T ∈ L(E;F ).

Proof. The linearity of T follows from the linearity of the Tn. By the Banach-
Steinhaus theorem, there exists M ≥ 0 such that ∥Tn∥ ≤ M for every n. Then
for every x ∈ E:

∥T (x)∥F = lim
n→∞

∥Tn(x)∥F ≤ M∥x∥E
so T is continuous. ■

§6.1.2 The Open Mapping Theorem

Definition 6.1.2

Let (X,O), (X ′,O′) be two topological spaces. We say that f : X → X ′

is an open map if the image of every open subset of X by f is an open
subset of X ′.

Theorem 6.1.4: Open mapping theorem

Let E and F be two Banach spaces, and T ∈ L(E;F ) surjective. Then T
is an open map.

Proof. The proof is done in several steps:

1. We show that there exists c > 0 such that BF (0, c) ⊂ T (BE(0, 1)).
Indeed, let Xn = T (BE(0, n)). Since T is surjective, F = ⋃

n∈NXn. By
the Baire theorem, there exists n0 such that Xn0 has a nonempty interior.
So there exists y0 ∈ F and r > 0 such that BF (y0, r) ⊂ T (BE(0, n0)).
By linearity and convexity, we deduce that BF (0, r) ⊂ T (BE(0, 2n0)), and
then by homogeneity that BF (0, c) ⊂ T (BE(0, 1)) with c = r

2n0
.

2. We show that BF (0, c) ⊂ T (BE(0, 1)).
Let y ∈ BF (0, c). We construct by recurrence a sequence (xn) in E such
that:

• ∥xn∥E < 2−n

• ∥y − T (x1 + · · · + xn)∥F < 2−nc

The series ∑xn converges (since E is complete) to an element x with
∥x∥E < 1, and T (x) = y.

■
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Corollary 6.1.2

Let E and F be two Banach spaces, and T ∈ L(E;F ) bijective. Then T−1

is continuous.

Proof. Since T is open, the preimage by T−1 of an open subset of E is an open
subset of F , so T−1 is continuous. ■

§6.1.3 The Closed Graph Theorem

Definition 6.1.3

Let E,F be two normed vector spaces and T a linear map from E to F .
The graph of T (denoted G(T )) is the following subset of E × F :

G(T ) = {(x, y) ∈ E × F | y = T (x)}.

Theorem 6.1.5: Closed graph theorem

Let E and F be two Banach spaces, and T a linear map from E to F . Then
T is continuous if and only if G(T ) is a closed subset of E × F .

Proof. If T is continuous, then G(T ) is closed because if (xn, T (xn)) → (x, y),
then by continuity y = T (x).

Conversely, if G(T ) is closed, then it is a Banach space. The projection πE :
G(T ) → E defined by πE(x, T (x)) = x is continuous, bijective and linear. By the
open mapping theorem, π−1

E is continuous. So T = πF ◦ π−1
E is continuous. ■

§6.2 Exercices
Exercice 24. Let (E, d) be a complete metric space. We assume that E can be
written as the countable union of closed sets:

E =
⋃
n

Fn.

Then the set
Ω =

⋃
n

F̊n

is a dense open set in E.

Exercice 25. Let I be a non-empty open interval in R, and f : T −→ R be a
differentiable function. Then the derivative function f ′ is continuous at every
point of a dense subset of I.
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Exercice 26. Consider E = C([0, 1],C). We have two normed spaces: X =
(E, ∥·∥1) and Y = (E, ∥·∥∞), where ∥f∥∞ = sup |f(t)| /t ∈ [0, 1] and ∥f∥1 =∫ 1

0 |f(t)|dt. Let’s denote

Id : X → Y

x 7→ x

as the identity function.

1. Show that Id is a bijective and continuous function. What is its norm?

2. Show that I−1
d is not continuous.

3. Conclude.

Exercice 27. Let E and F be two normed vector spaces.

1. Show that if E is complete and F is a closed subspace of E, then the
quotient space

(
E/F, | · |E/F

)
is a Banach space.

2. Show that if T ∈ L(E,F ), then the application T̃ : E/ ker(T ) → F defined
as T̃ (x+ ker(T )) = T (x) is a continuous function, and |T̃ | = |T |.

3. Show that if T ∈ L(E,F ) has finite rank and ker(T ) is closed, then T is
continuous.

Exercice 28. Let X be a Banach space, Y be a normed vector space, and T :
X → Y be a continuous linear map. Suppose there exists a constant c > 0 such
that |Tx| ⩾ c|x| for all x ∈ X. Show that the image T (X) is closed in Y , and T
establishes an isomorphism between X and T (X).
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Hilbert Spaces

§7.1 Inner Product

Definition 7.1.1

Let E be a real vector space. A bilinear form b : E × E → R is an inner
product if:

1. It is symmetric: ∀x, y ∈ E, b(x, y) = b(y, x)

2. It is positive definite: ∀x ∈ E \ {0}, b(x, x) > 0

Definition 7.1.2: Complex case

Let E be a complex vector space. A map h : E × E → C is a Hermitian
inner product if:

1. It is linear with respect to the first variable

2. It is antilinear with respect to the second variable: h(x, y + λz) =
h(x, y) + λh(x, z)

3. It is Hermitian: ∀x, y ∈ E, h(y, x) = h(x, y)

4. It is positive definite: ∀x ∈ E \ {0}, h(x, x) > 0

Theorem 7.1.1: Cauchy-Schwarz inequality

Let E be a pre-Hilbert space. Then for every (x, y) ∈ E2, we have:

|(x | y)| ≤ ∥x∥∥y∥

with equality if and only if x and y are collinear.

Proof. In the real case, consider for λ ∈ R:

f(λ) = ∥x+ λy∥2 = ∥x∥2 + 2λ(x|y) + λ2∥y∥2

63
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This polynomial is always nonnegative, so its discriminant is non-positive:

∆ = 4(x|y)2 − 4∥x∥2∥y∥2 ≤ 0

whence the inequality.
In the complex case, write (x|y) = |(x|y)|eiθ and consider f(ρ) = ∥x+ρeiθy∥2

for ρ ∈ R. ■

Proposition 7.1.1: Important identities

In every pre-Hilbert space, we have:

1. Parallelogram identity:

∥x+ y∥2 + ∥x− y∥2 = 2∥x∥2 + 2∥y∥2

2. Polarization identity:

• Real case: (x|y) = 1
4(∥x+ y∥2 − ∥x− y∥2)

• Complex case: (x|y) = 1
4(∥x+y∥2 −∥x−y∥2 + i∥x+ iy∥2 − i∥x−

iy∥2)

§7.1.1 Orthogonality

Definition 7.1.3

We say that two elements x and y of a pre-Hilbert space E are orthogonal
if (x | y) = 0. We denote x ⊥ y.

Theorem 7.1.2: Pythagorean theorem

If x ⊥ y, then ∥x+ y∥2 = ∥x∥2 + ∥y∥2.

Definition 7.1.4

For every nonempty subset A of a pre-Hilbert space E, we define the or-
thogonal of A by:

A⊥ = {y ∈ E | ∀x ∈ A, (x | y) = 0}

Proposition 7.1.2

For every A ⊂ E nonempty, A⊥ is a closed vector subspace of E.
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Proof. Let (yn) be a sequence in A⊥ converging to y. For every x ∈ A:

|(x|y)| = lim
n→∞

|(x|yn)| = 0

so y ∈ A⊥. Stability under linear combinations is immediate. ■

Theorem 7.1.3: Gram-Schmidt orthonormalization process

Let (a1, · · · , ap) be a free family in a pre-Hilbert space E. Then there exists
a unique orthonormal family (e1, · · · , ep) such that:

1. ∀j ∈ {1, · · · , p}, Vect(e1, · · · , ej) = Vect(a1, · · · , aj)

2. ∀j ∈ {1, · · · , p}, (aj | ej) > 0

Proof. We construct the family by recurrence:

• e1 = a1
∥a1∥

• For k ≥ 1: ek+1 = ak+1−
∑k

i=1(ak+1|ei)ei

∥ak+1−
∑k

i=1(ak+1|ei)ei∥

■

§7.1.2 Hilbert Spaces

Definition 7.1.5

A pre-Hilbert space complete for the norm associated to the inner product
is called a Hilbert space.

Example 7.1. 1. Rn and Cn equipped with their usual inner product are
Hilbert spaces.

2. The space ℓ2 of square-summable sequences: (x|y) = ∑∞
n=0 xnyn

3. The space L2([a, b]) of square-integrable functions: (f |g) =
∫ b
a f(x)g(x)dx

Proposition 7.1.3

In a Hilbert space, every orthogonal series ∑xn such that ∑ ∥xn∥2 < ∞ is
convergent and we have Parseval’s equality:∥∥∥∥∥

∞∑
n=0

xn

∥∥∥∥∥
2

=
∞∑
n=0

∥xn∥2
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§7.1.3 Orthogonal Projections

Theorem 7.1.4

Let K be a nonempty closed convex subset of a Hilbert space H. Then for
every x ∈ H, there exists a unique point px ∈ K such that:

∥x− px∥ = d(x,K) = inf
y∈K

∥x− y∥

Moreover, px is characterized by the condition:

∀y ∈ K, Re(x− px | y − px) ≤ 0

Proof. Let (yn) be a sequence in K such that ∥x − yn∥ → d(x,K). By the
parallelogram identity:

∥yn − ym∥2 = 2∥x− yn∥2 + 2∥x− ym∥2 − 4
∥∥∥∥x− yn + ym

2

∥∥∥∥2

Since yn+ym

2 ∈ K (by convexity), we have
∥∥∥x− yn+ym

2

∥∥∥ ≥ d(x,K), so (yn) is
Cauchy. Its limit px satisfies ∥x− px∥ = d(x,K).

Uniqueness is also shown by the parallelogram identity. ■

Corollary 7.1.1

Let F be a closed vector subspace of H. For every x ∈ H, the projection
px of x onto F is the unique point of F such that x− px ∈ F⊥.

Proposition 7.1.4

Let F be a vector subspace of a Hilbert space H. The following assertions
are equivalent:

1. F is closed

2. H = F ⊕ F⊥

3. (F⊥)⊥ = F

§7.1.4 Riesz-Fréchet Representation Theorem
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Theorem 7.1.5: Riesz-Fréchet representation theorem

Let H be a Hilbert space. Then for every f ∈ H ′ (the topological dual of
H), there exists a unique xf ∈ H such that:

∀y ∈ H, f(y) = (y | xf )

Moreover, the map f 7→ xf is an antilinear isometry: ∥xf∥ = ∥f∥H′ .

Proof. If f = 0, take xf = 0. Otherwise, ker f is a closed hyperplane. Let
z ∈ (ker f)⊥ with ∥z∥ = 1. Then for every y ∈ H:

y − f(y)
f(z)z ∈ ker f

so (y | z) = f(y)
f(z) . Take xf = f(z)z.

The isometry comes from:

∥f∥ = sup
∥y∥=1

|f(y)| = sup
∥y∥=1

|(y|xf )| = ∥xf∥

by the Cauchy-Schwarz inequality. ■

§7.1.5 Lax-Milgram Theorem

Theorem 7.1.6: Lax-Milgram theorem

Let H be a Hilbert space and a : H × H → K a continuous and coercive
sesquilinear form, i.e., there exists c0 > 0 such that:

∀x ∈ H, Rea(x, x) ≥ c0∥x∥2

Then for every f ∈ H ′ there exists a unique x ∈ H satisfying:

∀y ∈ H, a(y, x) = f(y)

Proof. By the Riesz theorem, there exists u ∈ H such that f(y) = (y|u). The
map A : H → H defined by (y|Ax) = a(y, x) is linear continuous and coercive.
We then consider for ρ > 0 the map:

Sρ(x) = x+ ρ(u−Ax)

For ρ small enough, Sρ is contractive. By the fixed point theorem, it admits a
unique fixed point x which satisfies Ax = u. ■

§7.1.6 Hilbert Bases
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Definition 7.1.6

A subset A of a Hilbert space H is said to be total if Vect(A) = H.

Proposition 7.1.5

A subset A of H is total if and only if A⊥ = {0}.

Definition 7.1.7

Let H be a Hilbert space. A sequence (en)n∈N is a Hilbert basis of H if:

1. (en) is orthonormal: (ei|ej) = δij

2. (en) is total: Vect{en, n ∈ N} = H

Theorem 7.1.7: Fourier series decomposition

Let H be a separable Hilbert space and (en) a Hilbert basis of H. Then for
every x ∈ H, we have:

x =
∞∑
n=0

(x|en)en and ∥x∥2 =
∞∑
n=0

|(x|en)|2 (Parseval’s equality)

Proof. Let xN = ∑N
n=0(x|en)en. For M > N :

∥xM − xN∥2 =
M∑

n=N+1
|(x|en)|2

The series ∑ |(x|en)|2 converges (since bounded by ∥x∥2), so (xN ) is Cauchy.
Let y be its limit. Then (x− y|en) = 0 for every n, so x = y. ■

§7.1.7 Weak Convergence

Definition 7.1.8

Let (xn) be a sequence in a Hilbert space H and x ∈ H. We say that (xn)
converges weakly to x if:

∀y ∈ H, lim
n→∞

(y|xn) = (y|x)

We denote xn ⇀ x.



CHAPTER 7. HILBERT SPACES 69

Theorem 7.1.8: Weak compactness

From every bounded sequence in a Hilbert space, one can extract a weakly
convergent subsequence.

Proof. Let (xn) be a bounded sequence. If H is separable, let (ek) be a Hilbert
basis. By Cantor’s diagonal argument, we extract a subsequence (xφ(n)) such
that for every k, ((ek|xφ(n))) converges. We then define a linear form on Vect{ek}
by:

L
(∑

αkek
)

= lim
n→∞

(∑
αkek

∣∣∣xφ(n)
)

and we extend it by continuity to H. By Riesz, there exists x such that L(y) =
(y|x) for every y. ■

§7.1.8 Application to L2 Spaces

Theorem 7.1.9

The space L2(Ω) equipped with the inner product:

(f |g) =
∫

Ω
f(x)g(x)dx

is a Hilbert space.

Proof. The completeness of L2 is a consequence of the Riesz-Fischer theorem.
If (fn) is Cauchy in L2, we extract a subsequence convergent almost everywhere,
and the limit belongs to L2. ■

Theorem 7.1.10: Hilbert basis of L2([0, 2π])

The trigonometric system{ 1√
2π
,
cosnx√

π
,
sinnx√

π

}
n≥1

is a Hilbert basis of L2([0, 2π]).

§7.2 Exercices
Exercice 29. Let E = C([0, π] ,R) equipped with the infinity norm ∥f∥∞ =
supt∈[0,π] |f(t)|. We fix a function φ ∈ E and define the following operator:

T : E −→ R

f 7−→
∫ π

0
f(t)φ(t)dt
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1. Show that the operator T is a linear continuous operator.

2. Assume that ∀t ∈ [0, π] , φ(t) ≥ 0. Calculate ∥T∥.

3. Set φ(t) = cos(t). Calculate ∥T∥.

Exercice 30. Let H be a Hilbert space over R and T : H −→ H be a linear
application. We assume that

⟨T (x), x⟩ ≥ 0, ∀x ∈ H

(we say that T is positive). Show that T is continuous. (Hint: Show that its
graph is closed).

Exercice 31. Consider the Banach space E = C([0, 1] ,R) equipped with the
norm ∥·∥∞. Show that the following operator:

T : E −→ R

f 7−→
∫ 1

2

0
f(t)dt−

∫ 1

1
2

f(t)dt,

is a linear continuous operator and calculate its norm.

Exercice 32. Consider the Banach space

c0 =
{

(xn)n≥1 ⊂ C : lim
n→∞

xn = 0
}

which is the space of complex sequences that tend to 0, equipped with the norm
∥x∥∞ = Supn≥1 |xn| where x = (xn)n≥1 ∈ c0.

Let a = (an)n≥1 ⊂ C be a sequence that satisfies for all sequence x =
(xn)n≥1 ∈ c0, the series ∑

n≥1
anxn is convergent

For all N ≥ 1, we define the linear form

ΦN : c0 −→ C

x 7−→
N∑
n=1

anxn.

1. Show that the form ΦN is continuous and calculate its norm.

2. Show that the sequence a ∈ ℓ1, where

ℓ1 =

x = (xn)n≥1 ∈ C; ∥x∥1 =
∑
n≥1

|xn| < ∞

 .
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