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Abstract— Testing analog integrated circuits is expensive in
terms of both test equipment and time. To reduce the cost, Design-
For-Test techniques (DFT) such as Built-In Self-Test (BIST) have
been developed. The quality of a test technique is measured
in relation to its test metrics. To obtain an estimation of these
metrics at the ppm (parts-per-million) level, it is first necessary
to obtain a sample of the circuit output parameters via a circuit-
level Monte Carlo simulation. The joint Cumulative Distribution
Function (CDF) of these parameters can next be estimated.
Finally, an arbitrarily large sample of circuits can be sampled
from this function to calculate the test metrics. In this work,
we have developed a tool which automates the task of fitting
a multivariate Gaussian or a Copula-based CDF to the initial
sample of output parameters. The tool generates a large sample of
circuits for the estimation of test metrics and for setting optimal
test limits.

I. INTRODUCTION

An integrated test technique for analog circuits needs in
general to be evaluated at the design stage, taking into account
multiple variations of the circuit parameters. This evaluation
requires the calculation of several test metrics or probabilities
of error such as the defect level (the probability of a faulty
circuit to pass the test) and the yield loss (the probability of
a functional circuit to fail the test). A direct calculation of
these test metrics from the Monte Carlo simulation is almost
impossible, since the data volume that can be generated in
a reasonable amount of time is not sufficient to correctly
represent the space of faulty circuits. To obtain a precision
at the ppm level, the generation of a population of several
millions of circuits is necessary.

In previous work, we have considered a statistical model
of the circuit output space that can be extracted from a
small sample of circuits obtained via Monte Carlo simulation.
Next, an arbitrarily large sample of circuits can be generated.
The test metrics can then be calculated with high precision
using relative frequencies, and optimal test limits can be set.
Figure 1 illustrates this approach. The new set is generated by
estimating the statistical model of the initial set. This model
may be multinormal [1], non-parametric [2], or based on the
theory of copulas [3][4]. In this work, we describe a Computer-

Aided-Test (CAT) tool for the evaluation of an analog test
technique at the design stage. Our tool is intended to complete
the CAT platform developed in [5][6].

Initial  
Sample 

 
(small sample) 

Density  
Estimation 

Sampling 
 

(New large sample) 

Estimation 
at 

ppm level 

Fig. 1. Statistical methods for the generation of a large circuit population
using density estimation.

This paper is organized as follows. In Section II we present
the theory allowing to generate a large sample of circuits by
means of Archimedean copulas. Section III is devoted to the
presentation of the developed tool. The case study representing
a BIST technique for CMOS imager pixels together with the
results of its evaluation will be the subject of Section IV. The
last Section contains our conclusions.

II. THE THEORY OF ARCHIMEDEAN COPULAS

In this Section we will briefly describe the fundamentals of
the theory of copulas. We will mainly focus on the copula of
Clayton for illustration, although our tool allows the generation
of other non-Gaussian copulas such as the Gumbel one. Since
the latter is not used in our example case-study, it will be
omitted here.

A. Sample generation using copulas

The theory of copulas allows the estimation of a multidi-
mensional distribution by separating the dependence structure
between the variables (of each dimension) and the marginal
distributions. The theory is applied to generate from an initial
Monte Carlo simulated sample, a much larger sample for the
circuit under study. For basic definitions and properties of
copulas we refer to [7]. A short introduction to copulas for
test metrics estimation is given in [3]. To illustrate the appli-
cation of the theory of copulas to the generation of a larger



sample, we consider an example of a bivariate distribution as
represented in Figure 2.

Fig. 2. Calculating the copula from an initial circuit sample.

The scatter plot of a bivariate random vector X = (X1, X2)
is shown in the upper right corner (purple colour) of Figure 2.
In order to separate the dependencies between these two
random variables from their marginal distributions, we apply
the transformation ui = Fi(xi), where each initial sample
point (x1, x2) is transformed into a new point (u1, u2), using
the marginal CDF of each variable (F1 for x1 and F2 for x2).
The result of this transformation is the bivariate random vector
U = (U1, U2) shown in the lower left corner (blue colour).
This new sample distribution corresponds to an empirical
copula for which the marginal distributions are uniform. This
complete and scale-free description of dependence is more
suitable to be fitted to well known multivariate parametric laws
called copulas.

Once a parametric form of the copula has been fitted, we
can use it for the generation of a much larger sample. We can
sample an arbitrary large number of points from the estimated
copula, and each point can be transformed back to the initial
distribution using the inverse CDF of each marginal variable
xi = F−1i (ui). The sample data generated will then have the
same joint CDF as the initial set of data. This is illustrated
in Figure 3. As in [3], we have considered a Gaussian copula
for this example that can easily be recognized by his eye-
like elliptical form (blue colour). To sample the Gaussian
copula, we first transform the initial empirical copula into a
multivariate Gaussian distribution using standardised marginal
distributions. We next fit a multivariate Gaussian distribution
to this data which is easy to sample using readily available
techniques (black colour). Each generated point in the multi-
variate Gaussian distribution is transformed back to the copula
using the standardized marginals (blue colour). Finally, each
copula point is transformed to the initial distribution using the
inverse CDF of each marginal variable (purple colour).

B. Archimedean copulas
In the sequel we will illustrate the use for test metrics esti-

mation of another kind of copula which belongs to the family

Fig. 3. Sample generation using a Gaussian copula.

of Archimedean copulas. Archimedean copulas include a large
variety of copula families that can be easily constructed to
model non linear dependencies and non elliptical distributions.
For example, Archimedean copulas can describe asymmetric
dependencies, where the dependence coefficients in the upper
and the lower tails are different. In this work, we will use
as dependence coefficient Kendall’s τ instead of the classical
linear correlation factor ρ. An estimator τ̂ of this coefficient
is calculated as follows:

τ̂ =
2

n(n− 1)

∑
i<j

sgn[(xi−xj)(yi−yj)], i, j = 1, ..., n (1)

where
sgn(z) =

{
1 if z ≥ 0
−1 if z < 0

and where (x1, y1), . . . , (xn, yn) are n observations from a
vector (X,Y ) of continuous random variables.

Archimedean copulas have the following form:

C(u1, u2) =

 ϕ−1(ϕ(u1) + ϕ(u2)) if
ϕ(u1) + ϕ(u2) ≤ ϕ(0)

0 otherwise
(2)

where ϕ is called the generator function of the Archimedean
copula. Notice that the generator function allows to write the
copula as a sum of functions of the marginals. For 0 ≤ u ≤ 1,
ϕ is defined as ϕ(1) = 0, ϕ′(u) < 0 and, ϕ′′(u) > 0. This
equation can be generalized to d dimensions.

Using the generator function ϕ, the Kendall’s τ of an
archimedean copula can be written as follows :

τ = 1 + 4

∫ 1

0

ϕ(u)

ϕ′(u)
du (3)

It is estimated using Equation (1).



C. Clayton Copula

The Clayton copula [8][9] is an archimedean copula whose
generator function is defined as:

ϕ(u) =
1

θ
(u−θ − 1) (4)

with, θ ∈] − 1, 0[∪]0,∞[. For the two dimensional case
C(u1, u2) can be written as follows:

C(u1, u2) = max

{(
u−θ1 + u−θ2 − 1

)− 1
θ , 0

}
(5)

The generalized form of this equation is given in [7]. The
parameter θ depends on Kendall’s τ and is calculated as
follows:

θ = − 2τ

τ − 1
(6)

Figure 4(a) shows the CDF of the Clayton copula with a
parameter θ = −0.63 and Figure 4(b) shows a set of 1000
samples generated from this copula.

(a) (b)

Fig. 4. (a) CDF of a Clayton copula with θ = −0.63, (b) 1000 samples
generated from the Clayton copula.

D. Simulating a Clayton copula

To generate a set of points by means of the bivariate
copula of Clayton, we will apply the algorithm of conditional
distributions [9]. A point (u1, u2) is generated in two steps as
follows:
• Generate two independent random variables, u1 and v

uniformly distributed over [0, 1].
• Calculate u2 =

[
u−θ1

(
v−θ/(1+θ)

)
+ 1
]−1/θ

.
Executing these two steps n times, it is possible to generate

a set of n samples (u11, u
1
2), (u

2
1, u

2
2), . . . , (u

n
1 , u

n
2 ).

III. THE NEW TOOL

The developed tool allows the generation of multidimen-
sional samples following either a multivariate Gaussian distri-
bution or a copula-based distribution with arbitrary marginals
(Gaussian, Clayton or Gumbel copulas).

Figure 5 shows the architecture of the tool where a data file
originating from a Monte Carlo simulation of the circuit under
test is first loaded. The file contains the set of output parameter
values (performances and test measures) of the circuit. From
this sample, the joint CDF of all output parameters must be
estimated. The tool considers two cases. If the data follow a

Calculation of 

inverse CDFs  

Loading the file of data resulting 

from Monte Carlo circuit simulation  

Multinormal  Empirical copula 

Adjustment of the 

marginal 

distribution CDFs  

Gaussian Clayton Gumbel 

Generation of a large sample 

of instances from this copula  

Generation of a large 

sample of instances 

from the multinormal 

model    

Calculation of the 

test metrics on this 

new sample  

Fig. 5. Architecture of the developed tool.

gaussian distribution, the parameters of a multivariate normal
distribution are fitted and a large sample is generated from
this model. If the multinormal model cannot be fitted, the tool
proceeds with the estimation of the copula. First, the CDFs of
each marginal distribution are calculated. The transformation
of the points in the initial sample using the marginal CDFs
results in an empirical copula to which a Gaussian, Clayton
or Gumbel copula will be fitted. If this fitting is successful,
an arbitrarily large sample of circuits can be generated from
the copula-based model. New points are sampled from the
estimated copula, and these points are transformed using the
inverse of the estimated marginal CDFs. Finally, the test
metrics will be estimated on the basis of this new large sample.

Figure 6 shows the interface of the tool: a set of 10000
circuits (in black) is generated by means of a copula of
Clayton, which itself has been estimated from a set of 1000
circuits (in red).

IV. CASE STUDY AND RESULTS

In our case study we consider a BIST technique for the
pixels of a CMOS imager as presented in [10]. For illustration
purposes, we will consider one typical functional performance
that will be replaced by a simple test measure.

The circuit performance is the pixel Dark Signal Non
Uniformity (DSNU). The DSNU is a measurement of a pixel
output when the imager receives no illumination (dark signal).
This output parameter measures the variability on the pixel
performance, typically depending on circuit parameters such
as transistor thresholds and leakages. This test is costly since
it requires a carefully controlled dark condition and a large



Fig. 6. Interface of the tool.

integration time to measure the effects of dark currents. The
specification for this imager is DSNU ∈ [−0.032, 0.032] V,
fixed at 3σ which leads to a yield of ' 3000dppm (defect
parts-per-million, i.e. 3000 pixels out of specifications in 1
million).

The low-cost test measurement that we consider is a purely
electrical test signal that is measured very fast and is thus
independent of the optical condition of the imager. The pixel
is electrically stimulated as indicated in [10] and the pixel
output is measured in a very short time response. We call this
test measure VA. By simulation, we have observed a non-
linear relationship between the functional DSNU performance
and the purely electrical BIST measurement VA.

A. The statistical model of the pixel behaviour

Figure 7 shows the statistical model (joint distribution) of
1000 pixels. Clearly, this model (in black) does not follow a
multivariate Gaussian distribution (in gray).
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Fig. 7. Initial set of 1000 pixels obtained from circuit-level Monte Carlo
simulation (black) vs. set of 1000 samples obtained from a multivariate
Gaussian distribution (gray).

Since the statistical model of this joint distribution is
unknown, we are going to calculate the empirical copula of
this set to check whether it follows a known copula. Figure 8

shows the estimated copula of the pixels. It is obtained by
transforming each point of the initial sample by the CDF of
each marginal. It does not have the typical elliptic shape of a
Gaussian copula. However, by comparing it to the sample of
Figure 4, we conclude that its form is identical to that of the
bivariate copula of Clayton. For a formal verification of this,
we have applied the fitting test for Archimedean copulas as
presented in [11].

Fig. 8. Empirical copula of the initial set.

B. Generation of a large sample

To generate a sample of large size from the Clayton cop-
ula, we make use of the conditional distribution algorithm
presented in Section II.D. Next, by calculating the inverse
CDFs of the marginals we will obtain a large sample with
the same statistical model than that of the pixels. To be able
to calculate the inverse CDFs, we have observed the marginal
distributions of the output parameters (DSNU and VA). Figure
9 indicates that these distributions are Gaussian. They have
been validated by the classical univariate adjustment test of
Kolmogorov-Smirnov. The parameters of these Gaussians are
given as follows:
• DSNU : µ=1.7mV , σ=10mV
• VA : µ=513mV , σ=9mV

(a) DSNU (b) VA

Fig. 9. The marginal distributions of the output parameters of the pixels.

Thereafter, we have estimated the parameter θ̂ of the copula
of Clayton from the initial sample of pixels by means of
Equation (6). This parameter is calculated from Kendall’s τ ,
in our case: θ̂ = - 0,77 and τ = - 0,63. Using this parameter
we have generated a set of 16000 pixels based on the copula



of Clayton. Figure 10 shows this set (in black) in comparison
to the initial one of 1000 pixels (in red).

Fig. 10. 1000 pixels generated from circuit-level Monte Carlo simulation
(red) vs. 16000 generated from the Clayton copula (black).

C. Test metrics estimation

To estimate the test metrics, a sample of one million pixels
has been generated following the method presented in the
previous section. This sample will be used to fix the test limits
of the measure VA on the basis of a compromise between
the Defect Level (DL) and the Yield Loss (YL) of the test
technique. These test metrics are defined as follows:

DL = is the proportion of the faulty circuits that pass the test;
YL = is the proportion of the circuits failing the test within

those that are functional.

where the faulty circuits are those whose DSNU does not
verify the above given specification ([-0.032, 0.032]); the
functional circuits are those which respect this specification.
The circuits passing the test are those verifying the test limits
fixed by the test engineer, and those failing the test are those
not verifying these limits.

Figure 11 illustrates, for different test limits, the values of
the defect level together with the corresponding yield loss. The
test limits have been chosen in the interval [0.51−k, 0.51+k]
V where the factor k varies between 0 and 0.06 with a step
of 0.001. The chosen test limit is the one where DL = YL =
2124ppm.

V. CONCLUSIONS AND FUTURE WORK

In this paper we have presented a tool allowing the gener-
ation of a very large sample of circuits from an initial one of
much smaller size obtained from circuit-level Monte Carlo
simulation. The new sample is obtained from a statistical
model obtained from the data in the initial sample. The tool
can use either the multivariate Gaussian model or models
based on Gaussian as well as Archimedean copulas (of Clayton
and Gumbel type). The tool has been validated on a case-study
that represents a BIST technique for CMOS imager pixels. The
statistical model for this case-study has required a Clayton

Fig. 11. Test metrics vs. test limits estimated form the set of 106 circuits
generated from the Clayton copula.

copula and we have shown how to generate a large sample of
one million pixels from an initial sample of one thousand. The
new sample has been used to estimate the test metrics (defect
level and yield loss) with high precision and to set the test
limits.
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